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ABSTRACT
In this dissertation we discuss several aspects of compact objects, i.e. neutron stars
and black holes, in relativistic theories of gravity. We start by studying the role of nuclear
physics (encoded in the so-called equation of state) in determining the properties of neu-
tron stars in general relativity. We show that low-mass neutron stars are potentially useful
astrophysical laboratories that can be used to constrain the properties of the equation of
state. More specifically, we show that various bulk properties of these objects, such as their
quadrupole moment and tidal deformability, are tightly correlated.
Next, we develop a formalism that aims to capture how generic modifications from
general relativity affect the structure of neutron stars, as predicted by a broad class of gravity
theories, in the spirit of the parametrized post-Newtonian formalism (PPN). Our “post-
Tolman-Oppenheimer-Volkoff” formalism provides a toolbox to study both stellar structure
and the interior/exterior geometries of static, spherically symmetric relativistic stars. We also
apply the formalism to parametrize deviations from general relativity in various astrophysical
observables related with neutron stars, including surface redshift, apparent radius, Eddington
luminosity.
We then turn our attention to what is arguably the most well-motivated and well-
investigated generalization of general relativity: scalar-tensor theory. We start by considering
theories where gravity is mediated by a single extra scalar degree of freedom (in addition
to the metric tensor). An interesting class of scalar-tensor theories passes all experimental
tests in the weak-field regime of gravity, yet considerably deviates from general relativity
in the strong-field regime in the presence of matter. A common assumption in modeling
neutron stars is that the pressure within these object is spatially isotropic. We relax this
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assumption and examine how pressure anisotropy affects the mass, radius and moment of
inertia of slowly rotating neutron stars, both in general relativity and in scalar-tensor gravity.
We show that a sufficient amount of pressure anisotropy results in neutron star models
whose properties in scalar-tensor theory deviate significantly from their general relativistic
counterparts. Moreover, the presence of anisotropy allows these deviations to be considerable
even for values of the theory’s coupling parameter for which neutron stars in scalar-tensor
theory would be otherwise indistinguishable from those in general relativity.
Within scalar-tensor theory we also investigate the effects of the scalar field on the
crustal torsional oscillations of neutron stars, which have been associated to quasi-periodic
oscillations in the X-ray spectra in the aftermath of giant flares. We show that the presence
of the scalar field has an influence on the thickness of the stellar crust, and investigate how
it affects the oscillation frequencies. Deviations from the predictions of general relativity can
be large for certain values of the theory’s coupling parameter. However, the influence of the
scalar field is degenerate with uncertainties in the equation of state of the star’s crust and
microphysics effects (electron screening) for values of the coupling allowed by binary pulsar
observations.
We also derive the stellar structure equations for slowly-rotating neutron stars in a
broader class of scalar-tensor theories in which matter and scalar field are coupled through
the so-called disformal coupling. We study in great detail how the disformal coupling affects
the structure of neutron stars, and we investigate the existence of universal (equation of
state-independent) relations connecting the stellar compactness and moment of inertia. In
particular, we find that these universal relations can deviate considerably from the predic-
tions of general relativity.
We then study neutron stars in tensor-multi-scalar theories, focusing on a particular
model with two scalar degrees of freedom. We start with a detailed exposition of the formula-
tion of this theory and, in particular, we show that it can be transformed into a scalar-tensor
theory for a single complex-valued field with non-trivial kinetic term in the action. This
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theory possesses a larger parameter space in comparison with the single-field scalar-tensor
gravity, and certain combinations of these parameters are currently unconstrained by obser-
vations. After a discussion of the formal aspects of the theory, we derive the stellar structure
equations for slowly-rotating relativistic stars. Our numerical results reveal that the theory
possesses a very rich phenomenology. Additionally, we present the 3 + 1 decomposition of
the field equations, a fundamental requirement to perform numerical relativity evolutions.
Finally, we consider the most general scalar-tensor theory that yields second-order
field equations: Horndeski gravity. We first study black hole solutions, and we generalize
existing no-hair theorems to the case of slowly rotating black holes. Only a subclass of Horn-
deski gravity (namely Einstein-dilaton-Gauss-Bonnet gravity) supports asymptotically flat
black holes with nontrivial scalar field configurations in first perturbative order in rotation.
We also explore the existence of neutron stars in Horndeski gravity. We show that certain
subclasses of the theory do not admit neutron star solutions. For the subclasses of the
theory were these solutions exist, we study the properties of slowly rotating neutron stars,
and obtain novel equation of state-independent relations connecting their compactness and
moment of inertia.
iv
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PREFACE
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Astrophysical applications of the post-Tolman-Oppenheimer-Volkoff formalism
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• Chapter 6 is based on:
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M. Horbatsch, H. O. Silva, D. Gerosa, P. Pani, E. Berti, L. Gualtieri and U. Sperhake
Class. Quantum Grav. 32 204001 (2015)
• Chapter 9 is based on:
Slowly rotating black hole solutions in Horndeski gravity
A. Maselli, H. O. Silva, M. Minamitsuji and E. Berti
Phys. Rev. D 92 104049 (2015)
Compact objects in Horndeski gravity
H. O. Silva, A. Maselli, M. Minamitsuji and E. Berti
Int. J. Mod. Phys. D 25 1641006 (2016)
• Chapter 10 is based on:
Neutron stars in Horndeski gravity
A. Maselli, H. O. Silva, M. Minamitsuji and E. Berti
Phys. Rev. D 93 124056 (2016)
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Another investigation carried out during this period, but not included here is:
• New signatures of the dynamical Casimir effect in a superconducting circuit
A. L. C. Rego, H. O. Silva, D. T. Alves and C. Farina
Phys. Rev. D 90 025003 (2014)
because its falls outside the main theme of this dissertation.
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2.1 Mass-radius curves of NSs for a variety of unified EOSs. Mass-radius rela-
tions for the EOSs adopted in this chapter, and discussed in Sec. 2.2. The
curves span NS models starting from uc = ρc/ρ0 = 0.9 up to the value of
uc resulting in the maximum mass allowed by each EOS. The solid horizon-
tal band corresponds to the lowest high-precision NS mass measurement of
M/M = 1.174 ± 0.004 [303]. The dotted horizontal line indicates a conser-
vative lower bound on the mass of M/M = 0.89, see e.g. [459]. Symbols on
each line correspond to uc = 1.5 and uc = 2.0, respectively. . . . . . . . . . . 15
2.2 Some properties of static NSs. Left: Dependence of the NS mass M for a
nonrotating star on the parameter η introduced in Eq. (2.1) at three given
values of the central density: uc ≡ ρc/ρ0 = 1.0, 1.5, 2.0. Right: same, but
for the surface gravitational redshift z defined in Eq. (2.4). In both cases, the
solid lines represent the fit given in Eq. (2.5) using the fitting parameters listed
in Table 2.2. The lower panels show the relative error of the fit with respect
to the numerical data, |ydata − yfit|/ydata, as a function of η. The shaded area
corresponds to the most plausible range of values for η, namely 67 < η < 120
(see Sec. 2.2.2). This plot reproduces and extends Fig. 2 of [437]. Horizontal
dashed lines correspond to a NS with M/M = 0.89 (the value of z was
computed using the Shen EOS). . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.3 The EOS-independent I-Love-Q relations [514, 515] in the low-mass regime.
The different panels show the I-Q (left), I-Love (center) and Love-Q (right)
relations within the range of central energy densities considered here. For
reference, the vertical dashed line corresponds to the values of Q¯ and λ¯(tid)
of a NS model using the Shen EOS with M/M = 0.89. The lower panels
show that the fractional deviations in the I-Love-Q relations increase for very
low mass (i.e., larger values of Q¯ and λ¯(tid)). Nevertheless, near and above
the minimum mass value 0.89M the relations hold within an accuracy < 2%.
The explicit functional form of the I-Love-Q relations can be found in Eq. (54)
and Table 1 of [515]. Observe that even for very low-mass NSs the universality
remains, although it is not captured by the I-Love-Q relations. . . . . . . . . 23
2.4 The EOS independent Love-Love relations in the low-mass regime. The Love-
Love relation between λ¯(tid) and λ¯(rot) becomes an equality in the Newtonian
– i.e., small-M – limit [325], and deviates from unity (solid line) for more
relativistic stars. To make our fits of λ¯(tid) and λ¯(rot) with respect to η useful
in combination with the Love-Love relation, we derived the improved fit of
Eq. (2.8), corresponding to the dash-dotted line. This fit is accurate within
< 1% for M/M ≥ 0.89 (lower panel). The vertical dashed line corresponds
to NS model with mass M/M = 0.89 using the Shen EOS. . . . . . . . . . . 24
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2.5 Fitting coefficients. Illustration of the behavior of c0 (circles) and c1 (squares),
appearing in the fitting expressions (2.5) and (2.9), as functions of uc. The
ci’s are shown for three representative bulk properties of NSs: the mass M
(top) fitted using Eqs. (2.5) and (2.6); the dimensionless moment of inertia I¯
(center) fitted using Eqs. (2.9) and (2.6); and the dimensionless quadrupole
moment Q¯ (bottom) fitted using Eqs. (2.9) and (2.6). . . . . . . . . . . . . . 25
2.6 Some properties of slowly-rotating NSs - Part I. Left: fit of I¯ ≡ I/M3. Right:
Fit of the reduced quadrupole moment Q¯ ≡ Q(rot)∗/(M3χ2). The horizontal
dashed line in the left (right) panel marks the value of I¯ (Q¯) for a NS with
M/M = 0.89 and the Shen EOS. . . . . . . . . . . . . . . . . . . . . . . . . 26
2.7 Rotational and tidal Love numbers. Left: Fit of the rotational Love number
λ¯(rot). Right: Fit of the tidal Love number λ¯tid. The horizontal dashed line in
the left (right) panel marks the value of λ¯(rot) (λ¯(tid)) for a NS with M/M =
0.89 and the Shen EOS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.8 Some properties of slowly-rotating NSs - Part II. Left: Fit of the quadrupole
ellipticity e∗Q. Right: fit of the ` = 2 rotational apsidal constant k
(rot)
2 . Both
quantities behave similarly, becoming nearly independent of η for ρc = 2.0ρ0.
For large value of η, we see that krot2 ≈ 0.7 irrespective of the central density.
The horizontal dashed line in the left (right) panel marks the value of e∗Q (k
(rot)
2 )
for a NS with M/M = 0.89 and the Shen EOS. . . . . . . . . . . . . . . . . 27
3.1 The gravity-theory degeneracy problem. The mass-radius relations in different
modified theories of gravity for EOS APR [10]. Masses are measured in solar
masses, and radii in kilometers. The theory parameters used for this plot
are: α = 20M2 and β
2 = 1 (EdGB [355]); c14 = 0.3 (Einstein-Aether [508]);
β = −4.5 (ST theory [353]) and κ = ±0.005 (Eddington-inspired-Born-Infeld
gravity [431]). Even if the high-density EOS were known, it would be hard to
distinguish the effects of competing theories of gravity on the bulk properties
of NSs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
3.2 2PN-order post-TOV corrections on the mass-radius curves. We show the
modification induced by different families of post-TOV terms on the general
relativistic mass-radius curve, assuming the APR EOS. Left to right and top to
bottom, the different panels show the effect of the pressure terms, proportional
to pii (i = 1, . . . , 4), and of the mass terms, proportional to µi (i = 1, . . . , 5). . 34
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3.3 The radial profile of the Λ2-function. We exhibit the behavior of ρ¯Λ2, where
ρ¯ = ρ/ρc and Λ2 is given in Eq. (3.47), for a stellar model using the APR EOS,
with c/c
2 = 0.86 × 1015 g/cm3, M = 1.51M and R = 12.3 km. The curves
are labelled according to the respective values of (α, β, θ). From the top row to
the bottom row the index θ takes on the values (0, 1, 2, 3), respectively. Despite
the multitude of possible dimensionally correct 2PN terms, their self-similarity
– which is clear when we compare terms along the bottom-left to top-right
diagonals in this “grid” of plots – allows us to group them into a relatively
small number of families (see text for details). The contributions plotted in
three panels at the bottom right of the grid (marked as “Excluded”) would lead
to divergences in the hydrostatic equilibrium equations, and therefore they can
be discarded as unphysical. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
3.4 The family-representative 2PN terms. Here we show the selected representative
terms from each of the families depicted in Fig. 3.3, as listed in Eq. (3.53), for
three different EOSs: FPS (left panel), APR (middle panel) and an n = 0.6
polytrope (right panel). Each term illustrates the qualitative behavior of each
family of possible 2PN contributions to the structure equations. The high
degree of invariance of the Λ2-profiles with respect to the EOS is evident in
this figure. The GR background stellar models utilized in the figure have the
following bulk properties: c = 0.861 × 1015 g/cm3 (λ ≡ pc/c = 0.165), M =
1.51M and R = 12.3 km (left panel); c = 1.450 × 1015 g/cm3 (λ = 0.198),
M = 1.50M and R = 10.7 km (center panel); λ = 0.165, M = 1.50M and
R = 11.75 km (right panel). . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
3.5 The family-representative terms in the structure equations. This figure il-
lustrates the behavior of each of the family-representative 2PN terms [see
Eq. (3.53)] multiplied by the Newtonian prefactors in the post-TOV equa-
tions. The stellar parameters are identical to the ones used in Fig. 3.4. Left
panel: the combination (ρm/r2) Λ2(α, β, θ) appearing in the pressure equation.
Right panel: the combination ρr2 Λ2(α, β, θ) appearing in the mass equation.
The top panels correspond to EOS APR; the bottom panels correspond to a
relativistic polytrope with polytropic index n = 0.6. The divergence at the
origin of the F5 term justifies its exclusion from the pressure equation. . . . 55
3.6 Self-similarity in mass-radius curves - I. Numerical integrations show that 2PN
terms belonging to the same family result in self-similar deviations from GR
in the mass-radius relation. This figure illustrates this remarkable property for
pressure terms (top row) and mass terms (bottom row) belonging to families
F2, F3 and F4 (from left to right). In each panel, the solid line corresponds to
GR; the long-dashed line to a positive-sign correction due to the chosen term
in each family; the short-dashed line to a negative-sign correction due to the
chosen term in each family. The various symbols show that nearly identical
corrections can be produced using different terms belonging to the same family,
as long as we appropriately rescale their post-TOV coefficients. . . . . . . . . 63
3.7 Self-similarity in mass-radius curves - II. Same as in Fig. 3.6, but for the F5
family, which only admits post-TOV corrections with µ5 < 0 (see text). . . . 64
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3.8 Fractional deviations induced by the post-TOV parameters on the stellar mass
and radius. Here we illustrate the fractional changes caused by the post-
TOV parameters in NS masses and radii. For a fixed central energy density
and EOS APR, we plot the relative deviations from GR in mass and radius
that result from varying the post-TOV parameters within the range indicated
in the legends. Top row: c/c
2 = 8.61 × 1014 g/cm3, MGR = 1.51M and
RGR = 12.3 km. Bottom row: c/c
2 = 1.20× 1015 g/cm3, MGR = 2.04M and
RGR = 11.9 km. Left panels: Effect of the post-TOV terms that enter in the
pressure equation. Right panels: Effect of the post-TOV terms that enter in
the mass equation. The circles represent contours of fixed relative deviation
from GR. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
3.9 Directions of the post-TOV induced deviations. This schematic diagram shows
which sign of individual post-TOV parameters produces smaller or larger
masses/radii with respect to GR, cf. Fig. 3.8. . . . . . . . . . . . . . . . . . . 69
3.10 Deviations induced by the post-TOV parameters on the stellar compactness.
Here we consider the influence of the post-TOV parameters on the compactness
C = M/R of NSs. Deviations from GR are calculated assuming the same APR
EOS models as in the top and bottom rows of Fig. 3.8. Left panels: Effect of
the post-TOV terms appearing in the pressure equation. Right panels: Effect
of the post-TOV terms appearing in the mass equation. . . . . . . . . . . . . 70
4.1 Errors in M∞. We show the percent error [% error ≡ 100×(xvalue−xref)/xref ] in
calculating M∞ using Eqs. (4.17) and (4.18) with respect to (4.15) for various
values of µ1 using EOS SLy4. The range of µ1 is chosen such that using any
of Eqs. (4.15), (4.17) or (4.18) one can obtain a real root corresponding to
M∞. The post-TOV models are constructed using a fixed central value of the
energy density, which results in either a canonical (1.4M) or a maximum-
mass (2.05M) NS in GR. Top panel: errors for a maximum-mass GR star.
Bottom panel: errors for a canonical-mass GR star. Right panel: the absolute
value of the post-TOV correction F = 4piµ1(M∞/R)2 as a function of µ1. The
condition F  1 bounds the range of acceptable values of µ1 for which the
expansions leading to Eqs. (4.17) and (4.18) are valid. Errors are below 5 %
when µ1 ∈ [−1.0, 0.1]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
4.2 Surface redshift and stellar compactness. Relative percent changes with respect
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4.3 Bursting NS constraints. The surfaces are contours of constant [ 1 + (2/3)χz2s ] zs(2+
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4 in the (zs, χ) plane. This quantity is a combination of observables
– cf. the right-hand side of Eq. (4.48) – and therefore it is potentially measur-
able; a measurement will single out a specific contour in this plot. A further
measurement of (say) the redshift zs corresponds to the intersection between
one such contour and a line with zs = const, so it can lead to a determination
of χ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
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4.4 ISCO quantities. ISCO quantities as functions of χ. The solid curve corre-
sponds to the relative difference (in percent) of risco with respect to GR, while
the dashed curve corresponds to the relative difference of the orbital frequency
at the ISCO, (Ωϕ)isco. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
4.5 Orbital frequencies. Plots of Ωr against Ωϕ for different values of χ = ±0.1, ±0.5
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CHAPTER 1
INTRODUCTION
1.1 General relativity and beyond
General Relativity (GR) is the theory of spacetime and gravity, formulated in final
form by Albert Einstein in 1915. The theory superseded the gravitational theory of Isaac
Newton, formulated in the mid-17th century, which had so accurately explained gravitational
phenomena on a vast scale, from the falling of objects on Earth to the motion of celestial
bodies.
In the years following 1905, when Einstein presented his theory of special relativity, he
embarked on an effort to formulate a relativistic theory of gravity. As early as 1907, he had
already introduced the core idea behind what would later become GR. In a 1907 paper, in
addition to assuming the weak equivalence principle (WEP), Einstein argues that given two
systems, one in a static uniform gravitational field and one in uniform accelerated motion
with respect to the first, one cannot use the laws of physics to distinguish them. He writes
that “we shall therefore assume complete physical equivalence between the gravitational field
and the corresponding acceleration of the reference system.” From this assumption it follows
that time flows faster in a gravitational potential. This effect is known as gravitational
redshift. Morever, light would be deflected by the gravitational field of a massive body.
During this period Einstein’s attention was much more focused on the fast development of
quantum mechanics. It would not be until 1911 that he would turn his efforts back to the
development of a relativistic theory of gravity. This culminated with a series of four papers
in November 1915 [310]. The last of these paper contains the final formulation of GR.
For a long time it was generally accepted that GR would have little or negligible
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effects in astrophysics. This scenario started to change in the 1960s in a quick succession of
events (narrated in [502, 503]). Important for us are: (i) the discovery of the first quasar,
a small region of spacetime sourcing the emission of a very large amount of energy through
electromagnetic radiation, and (ii) the development of a competing theory to GR (Brans-
Dicke theory [64]). The first discovery led astrophysicists to consider GR to explain quasars.
At present, the outpouring of energy from quasars is understood as sourced by the accretion
of matter by supermassive BHs. As for Brans-Dicke theory, it showed that it was possible
to formulate consistent alternatives theories to GR that were compatible (at the time) with
available experimental tests of relativistic gravity. Shortly after the discovery of the first
quasar, in 1967 Bell and Hewish discovered the first pulsar, a magnetized rotating NS1. This
class of stars were first proposed by Baade and Zwicky in 1934. Estimates of their masses
and radii revealed that these object are very dense and possess strong gravitational fields
which prompts the use GR in their description [343].
It quickly became clear that relativistic gravity does play an important role in the
description of certain systems in the Universe, and the field of relativistic astrophysics was
born. In this context it is natural to ask whether GR is the correct description of relativistic
gravity. The following decades witnessed a flourishing of precision tests of relativistic grav-
ity, made possible by technological advances and theoretical progress in the understanding
of metric theories of gravity, epitomized by the parametrized post-Newtonian (PPN) formal-
ism [502, 335]. Over the years we have seen GR passing with flying colors all the stringent
experimental tests it was subjected to [499]. However, all of these tests probe gravity in the
weak-field regime [51], with the possible exception of compact binary systems [496]. GR, and
all metric theories of gravity for that matter, predict the emission of gravitational radiation
from binary systems consisting of a pair of objects (stars and/or BHs) orbiting each other.
While the motion of the binary constituents is not highly relativistic, they are strongly self-
1The combined effect of magnetic field and rotation causes these NSs to emit radiation from their magnetic
poles. This signal is detectable by telescopes only when the radiation is pointed towards Earth. Since the
star rotates, the signal appears and fades periodically, much like as if we were facing a light-house, hence
the name pulsar.
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gravitating objects. The energy lost in the process causes a shrinking of the system’s orbit,
which can be measured with great precision. The study of binary systems provides us with
an indirect verification of the existence of gravitational waves. The agreement between the
general relativistic predictions and the observational data from PSR B1913+16 (a double
NS system) resulted in the Nobel Prize won by Hulse and Taylor in 1993. More recently,
the (two) spectacular direct detections of gravitational-waves produced by the late inspiral
and merger of two black holes (BHs) by the LIGO/Virgo Scientific Collaboration [3, 2] has
offered us the first glimpse of the highly dynamical, fully nonlinear, strong-field regime of
gravity, and GR is consistent with the observational data [4, 527]. We can anticipate that the
new field of gravitational wave astronomy opens to us a new window to explore the nature
of gravity in its most extremal manifestations.
At present there are compelling reasons to believe that GR must be modified in both
its low- and large-energy limits [51]. In the infrared (low-energy) limit, cosmology tells us
that a large fraction of the energy content of the Universe is due to dark matter (accounting
for e.g, the “missing mass” in galactic systems) and dark energy (responsible for the small
cosmological constant that makes the Universe expand at an accelerating rate). Attempts
have been made to explain these entities in terms of modifications of GR. In the ultraviolet
(high-energy) limit, GR is non-renormalizable; this problem can be cured by high-energy
corrections to the theory. Corrections to GR appear, for instance, in the low-energy limit of
string theory.
1.2 Compact objects as strong-gravity probes
As we have discussed there are classes of objects in our Universe whose description
requires relativistic gravity. We elaborate more on NSs and BHs next.
1.2.1 Neutron stars
NSs [193] are the remnants of supernovae, the most energetic events in the Universe
since the Big Bang. They are extremely compact and dense stars, with a typical mass of
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M = 1.4M (M ≈ 2× 1030 kg denotes the Sun’s mass) packed in a small sphere of merely
10 km. Moreover, NSs known as magnetars can harbor ultra-strong magnetic fields [478],
about 1013 times stronger than the Earth’s. Other NSs, known as pulsars, can spin incredibly
fast, with periods of revolution of the order of a dozen milliseconds [292]. In their interior,
gravity is so strong and matter has such high densities (supranuclear) that these conditions
are not reproducible by any terrestrial experiment. In fact, one of the greatest uncertainties
in the description of these objects is in the equation of state of matter: we do not know with
certainty the correct description of matter at the supranuclear densities in the interior of
NSs. This translates into uncertainties in the bulk properties of NSs, such as the mass and
radius. On the gravitational side, NSs are relativistic objects requiring the use of general
relativity in their description. It is therefore natural to ask if NSs can carry observable
imprints of gravitational theories beyond GR.
In summary, these celestial bodies provide us with a unique astrophysical laboratory
for testing our understanding of fundamental aspects of physics. Future Earth and space-
based experiments such as the SKA [493], NICER [25], AXTAR [386] and eXTP [529] will
open a new era of precision measurements of NS properties and thereby allow us to test
fundamental physics.
1.2.2 Black holes
One of the most surprising consequences of GR is the prediction of the existence of
objects whose gravity is so strong that even light can not escape from their attraction. They
are characterized by the presence of an event horizon, a no-return boundary in spacetime.
These objects, called BHs by Wheeler, are poetically described by Chandrasekhar [93] as
“the most perfect macroscopic objects there are in the Universe”, for “the only elements in
their construction are our concepts of space and time”. BHs are not only perfect, in the sense
described by Chandrasekhar, but they are also the simplest objects, since the uniqueness
theorems developed during the 1970s – the so-called “Golden Age” of relativity – state
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that the most general BH solution in vacuum in GR is completely described by only two
parameters: their mass M and angular momentum J . This solution, obtained by Kerr [244],
is expected to describe astrophysical BHs such as Sagittarius A∗ at the center of our own
galaxy. The uniqueness theorem led to what became known as the no-hair conjecture, which
states that the final outcome of gravitational collapse must be a Kerr BH.
BHs are also predicted in many gravitational theories which contain extra scalar
degrees of freedom (such as Brans-Dicke theory [205]). Under certain assumptions, the no-
hair conjecture holds and BH solutions in these theories are the same as in GR. BH solutions
with some type of hair can be constructed either by relaxing some the theorem’s assumptions,
or by considering different types of fields [213].
BHs as predicted in some modified theories of gravity will differ from the Kerr solution,
and therefore could lead to potentially observable effects in different astrophysical scenarios.
It is expected that within the few next years we will be able to study with unprecedent levels
of accuracy (e.g. with the Event Horizon Telescope [166, 165]) our galaxy’s very own BH.
Therefore, it is important to investigate these objects in modified theories of gravity [488]
and to confront the predictions of these theories against observations [378, 73, 236, 380, 31].
In summary, the next generation of astrophysical observatories combined with the
emergence of gravitational wave astronomy, will allows us to probe the strong-field limit of
relativistic gravity for the first time. In some sense, the situation is similar to that of the
1960s and 1970s, when technology allowed us for the first time to do precision measurements
of relativistic effects within of our Solar System.
1.3 Outline of this work
The present work on compact objects is organized in nine chapters, eight of which
concern NSs and one focusing on BHs.
We start our investigation with Chapter 2, examining the interplay between nuclear
physics and NSs in GR. As already mentioned, one of the outstanding problems in astro-
5
physics is the determination of the equation of state at the supranuclear densities found
inside NSs. As a small contribution to help solving this problem, we show that various prop-
erties of low-mass NSs (e.g. their tidal deformability and quadrupole moment) are tightly
correlated with certain parameters that describe the equation of state. This opens the pos-
sibility to use future NS observations to extract information about nuclear matter within
these objects.
Chapter 3 addresses one of the most important difficulties in testing GR with NSs: the
gravity theory-equation of state degeneracy, i.e., how can we disentangle our ignorance about
the equation of state inside NSs from deviations (if any) induced by beyond-GR theories of
gravity? To tackle this problem, we lay the foundations of a program to study NSs in a
theory-agnostic manner, drawing inspiration from the PPN formalism. Our formalism, that
we call “post-Tolman-Oppenheimer-Volkoff” (post-TOV), is applicable to static, spherically
symmetric NSs, and allows us to study changes in the masses and radii due to a large class
of possible extensions of GR through a finite set of post-TOV parameters.
In Chapter 4 we carry a step further in the program initiated in the previous chapter
and examine how the post-TOV formalism can be applied in a number of interesting as-
trophysical scenarios. We use the formalism to parametrize deviations from GR in various
astrophysical observables, including surface redshift, apparent radius, Eddington luminosity
and orbital frequencies, the latter being important in attempts to explain the origin of quasi-
periodic frequencies observed in the X-ray spectra of accreting NSs. Future observations of
these observables can in principle be used to constrain the post-TOV parameters.
A basic assumption in the study of NSs is that the pressure of the matter within
these objects is isotropic. In Chapter 5 we relax this assumption and investigate in detail
the impact of anisotropy on the structure of NSs, both in GR and in scalar-tensor (ST)
theory. This will be our first direct encounter with ST theories, which we study further
in the next chapters. In addition to the mass and radius, we compute the NS moment of
inertia within a slow-rotation approximation. We show how the presence of anisotropy affects
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these quantities and (in the case of ST theory) how it influences the phenomenon known as
spontaneous scalarization. We show that in certain circumstances anisotropy can not only
facilitate scalarization, but also enhance its effect, leading to NS models that deviate largely
from those predicted by GR.
In Chapter 6 we turn our attention to asteroseismology. In particular, we study the so-
called crustal torsional oscillations, presumably connected to quasi-periodic oscillations in the
aftermath of giant flares in NSs. Our goal here is to see, in the context of ST gravity, whether
the presence of a scalar field in the star can leave some observable imprint in the oscillation
spectrum. We conclude that while this could indeed be possible, current constraints on
ST gravity imply that the effect of the scalar field is degenerate with uncertainties in the
description of the microphysics in the star’s crust.
Chapters 5 and 6 examined the implications of the simplest version of ST gravity.
In the next two chapters we extend this simple version of the theory in two directions. In
Chapter 7, we consider a much broader class of ST theories in which matter is coupled to
the scalar field through the so-called disformal coupling. We obtain the stellar structure
equations in this theory, examine in great detail how it impacts the bulk properties of
slowly rotating NSs, and examine the existence of universal (equation of state-independent)
relations connecting the star’s moment of inertia and compactness.
All of the previous chapters considered ST theories with a single scalar field. In
Chapter 8 we study the simplest multi-ST theory with two scalar fields. We elaborate on
the formal aspects of the theory, explore NS solutions, and develop the 3 + 1-decomposition
of the field equations, necessary for future numerical relativity simulations of the theory.
Our preliminary analysis of NS models reveal a very rich phenomenology, whose full details
remains to be explored.
In Chapter 9 we consider BHs in the most general single-scalar ST gravity, known
as Horndeski gravity. We generalize known no-hair theorems to slowly rotating solutions,
showing that at first order in rotation only a single subclass of the theory (Einstein-dilaton-
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Gauss-Bonnet gravity) admits asymptotically flat solution with scalar hair.
We close our dissertation with Chapter 10, where we study slowly rotating NSs in
Horndeski gravity, focusing on subclasses of the theory which have received considerable
interest in the context of cosmology and generalizing previous results in the literature. We
show that some subclasses of Horndeski gravity do not admit the existence of NSs casting
doubts on their viability. For subclasses of the theory in which NSs exist, we again investigate
the existence of equation of state-independent relations connecting the moment of inertia
and compactness of these stars.
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CHAPTER 2
LOW-MASS NEUTRON STARS: UNIVERSAL RELATIONS, THE NUCLEAR
SYMMETRY ENERGY AND GRAVITATIONAL RADIATION
2.1 Introduction
The equilibrium of spherically symmetric, nonrotating neutron stars (NSs) in general
relativity is governed by the Tolman-Oppenheimer-Volkoff (TOV) equations, that follow
from Einstein’s equations with a perfect-fluid stress energy tensor [457, 412, 171]. When
supplemented with an equation of state (EOS) relating the density and pressure of the
perfect fluid, the TOV equations form a closed system of ordinary differential equations,
whose solutions are obtained (in general) by numerical integration. The solutions form a
single-parameter family, where the parameter can be chosen to be the central total energy
density ρc. Despite recent progress, the EOS is still largely unknown at the energy densities
ρ > ρ0 (where ρ0/c
2 ≡ 2.68 × 1014 g/cm3 is the nuclear saturation density) characterizing
the NS core. Uncertainties in the EOS translate into uncertainties in the NS mass-radius
relation: for a typical NS mass M ∼ 1.4M, EOSs compatible with our current knowledge
of nuclear physics predict radii R ranging between 6 and 16 km [453].
Unlike black holes, which are vacuum solutions of Einstein’s equations, NS structure
depends on the coupling of gravity with matter. Therefore NSs can probe (and possibly
rule out) theories of gravity that are close to general relativity in vacuum, but differ in the
description of the coupling between matter and gravity in the strong-field regime [51]. In fact,
given the strength of their gravitational field, the high density of matter at their cores and
the existence of pulsars with fast spin and large magnetic fields, NSs are ideal laboratories
to study all fundamental interactions [278, 275, 274, 376]. However, tests of strong gravity
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with NSs are made more difficult by two fundamental degeneracies: (i) uncertainties in the
EOS can mimic the modifications to the bulk properties of NSs that may be induced by
hypothetical strong-field modifications of general relativity; (ii) different theories of gravity
can give rise to similar modifications in the bulk properties of NSs [184].
These issues are partially alleviated by exploiting the recently discovered “universal”
(EOS–independent) relations showing that rotating NSs are, in fact, relatively simple ob-
jects. Let M be the mass of a nonrotating star, J the angular momentum, χ = J/M2 the
dimensionless spin, I the moment of inertia, Q the quadrupole moment and λ(tid) the tidal
Love number, a measure of stellar deformability (here and and throughout this Chapter we
use geometrical units G = c = 1). Working in the slow-rotation approximation, Yagi and
Yunes [515, 514] discovered that universal (EOS-independent) “I-Love-Q” relations connect
the three normalized quantities I¯ = I/M3, λ¯(tid) = λ(tid)/M5 and Q¯ = −Q(rot)∗/(M3χ2).
Subsequent work relaxed the slow-rotation approximation, showing that the universality
still holds [152, 364, 86, 510].
Most investigations of relativistic stellar structure focus on NSs with the “canonical”
1.4M mass or higher. From a nuclear physics standpoint, recent measurements of masses
M & 2M have ruled out EOS models that are unable to support such high masses [138, 19]1.
Large-mass NSs are more compact, and therefore more interesting for tests of strong gravity.
From an astrophysical point of view, the large-mass regime is also interesting to improve
our understanding of core-collapse physics. Observations of NS binaries (particularly via
radio pulsars) and black hole X-ray binaries indicate that there may be a mass gap between
the two populations: the highest measured NS masses just exceed 2M [273], while black
hole masses may only start at ∼ 4–5.5M [346, 159], depending on the assumed shape of
the distribution (but see who point out that selection biases could yield lower black hole
masses [264]). Gravitational-wave observations of merging compact binaries will offer a
1Here we will consider some EOS models that do not respect this constraint. This is because we are
primarily interested in densities ρ ∼ ρ0, and (conservatively) we assume no correlation between the EOS
near the saturation density and the EOS at higher densities [451].
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unique opportunity to probe the existence of this “mass gap” [145, 298, 288, 458, 41, 98].
Our focus here is instead on low-mass NSs. There are observational and theoretical
reasons why this regime is interesting. The lowest well-constrained NS masses currently
measured are in the range 1.0–1.1M [273]. Recently [303] claimed a precise measurement
of M/M = 1.174 ± 0.004 in a double NS system with large mass asymmetry. While
the minimum mass of a star constructed from a cold dense matter EOS is quite small
(< 0.1M), the minimum mass of a hot protoneutron star is considerably larger, in the
range 0.89–1.13M for the models considered by [459]. This minimum mass provides a
practical lower bound on NS masses formed from supernovae, unless lower-mass stars form
by fragmentation see e.g. the speculative scenario of Ref. [372]. Estimates based on the
baryonic mass of the iron core of the supernova progenitor give a minimum mass of ∼ 1.15–
1.2M, as discussed in Sec. 3.3 of [273]. Tauris et al. [471] estimate that the minimum mass of
a NS formed in an ultra-stripped supernova is 1.1M. Note that uncertainties in supernova
physics affect all of these bounds, and (if confirmed) the recent observations of Ref. [303]
are only marginally compatible with the iron core bound. To summarize: it is commonly
believed that the minimum mass of NSs in the universe should be around the minimum
observed mass (∼ 1M) and that NS masses . 1.2M would challenge the paradigm of NS
formation by gravitational collapse, but these conclusions are uncertain due to our limited
understanding of supernova physics. Therefore the discovery of low-mass NSs may give us
important clues on their formation mechanism: for example, observations of NSs with mass
M . 1M could validate the astrophysical viability of the proto-NS fragmentation scenario
proposed by [372].
Another key motivation for this work is that the low-mass regime is sensitive to – and
carries information on – the isospin dependence of nuclear forces, and in particular on the
nuclear symmetry energy [454, 474, 281, 277, 282, 331]. Sotani et al. [437] recently computed
the structure of low-mass nonrotating NSs for a wide range of EOSs. They found that their
mass M and surface redshift z can be fitted by simple functions of the central energy density
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ρc and of the dimensionful parameter
η ≡ (K0L2)1/3 , (2.1)
where K0 is the incompressibility of symmetric nuclear matter and L is the slope of the
symmetry energy at saturation density (note that K0, L and η all have units of energy).
Therefore, at least in principle, measurements of M and z could be used to constrain η; in
fact, the NS radius is highly correlated with the NS matter pressure at densities close to
nuclear saturation density. A practical complication is that the determination of z and of
the stellar radius, e.g. via photospheric radius expansion bursts and thermal emissions from
quiescent low-mass X-ray binaries, is model-dependent and affected by systematic errors.
Therefore, at present, no individual observation can determine NS radii to better than ∼ 20%
accuracy. This translates into nearly a 100% error in the determination of L, since L ∼ R4
[277].
A possible way to circumvent this problem is to rely on the fact that all NSs in nature
are spinning. Considering rotating NSs is of interest because near-future experiments in the
electromagnetic spectrum – such as NICER [176], LOFT [162], Astro-H [467] and SKA [493]
– or in the gravitational-wave spectrum – such as Advanced LIGO [1], Advanced Virgo [6],
KAGRA [421] and the Einstein Telescope [404] – could measure or constrain the additional
multipoles that determine the structure of rotating NSs or other properties (such as the
“Love numbers”) that are related to their deformability. Spin-orbit coupling in binary pulsars
may allow us to measure the moment of inertia [116, 276, 35, 263] and gravitational-wave
observations may be used to infer the tidal Love numbers, as well as additional information
on the EOS [325, 53, 167, 388, 220, 487, 123, 135, 387, 160, 516, 266, 99, 519, 143]. Quite
remarkably, measurements of the moment of inertia within an accuracy ∼ 10% alone can
yield tight constraints on the pressure over a range of densities [451]. The correlation between
the moment of inertia and the tidal deformability (the “I-Love” relation) is very tight for
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massive NSs [515, 514], but not so much in the low-mass regime: see e.g. Fig. 2.3 below.
One of the main results of this chapter is that all of the properties of rotating and
tidally deformed stars can be expressed as simple functions of ρc and η. Therefore mea-
surements of any two bulk properties of a low-mass NS – for example, the mass M and the
moment of inertia I – can be used to determine a region in the ρc-η plane, permitting to
estimate η.
This chapter is organized as follows. In Section 2.2 we discuss the EOS models used
in this chapter and the properties of nuclear matter that are relevant in the low-mass regime.
In Section 2.3 we present our numerical results for the bulk properties of nonrotating and
slowly rotating NSs, and we fit the properties of slowly rotating NSs by nearly universal
functions of the central density ρc and of the parameter η. In the concluding Section 2.4 we
discuss possible observational applications and future extensions of our work.
2.2 Low-mass neutron star properties and the nuclear symmetry energy
In this section we introduce some notation for the properties of uniform nuclear matter
near saturation density, and we describe the EOS models used in our numerical work.
2.2.1 Properties of uniform nuclear matter
The energy of uniform nuclear matter at zero temperature can be expanded around
the saturation point of symmetric nuclear matter (i.e., matter composed of an equal number
of neutrons and protons). If nb is the nucleon number density and α ≡ (nn − np)/nb, where
nn (np) is the neutron (proton) number density, the bulk energy per nucleon w of uniform
nuclear matter can be written as
w = w0 +
K0
18n20
(nb − n0)2 +
[
S0 +
L
3n0
(nb − n0)
]
α2 , (2.2)
where w0, n0 and K0 are the saturation energy, the saturation density and the incompress-
ibility of symmetric nuclear matter, while S0 and L are associated with the symmetry energy
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coefficient S(nb):
S0 = S(n0) , L = 3n0
(
dS
dnb
)∣∣∣∣
nb=n0
. (2.3)
The parameters w0, n0 and S0 can be relatively easily determined from empirical data for the
masses and radii of stable nuclei. The parameters K0 and L, which determine the stiffness
of neutron-rich nuclear matter, are more difficult to fix, and they affect the structure of
low-mass NSs.
Different EOS models are based on different theoretical and computational approaches
in nuclear physics. In order to derive empirical formulas expressing the properties of low-
mass NSs that do not rely on specific EOSs, following [437] we adopt several tabulated EOS
models that can be separated into three categories:
(1) The phenomenological EOS model constructed by Oyamatsu and Iida [344]. The bulk
energy w(nb, α) is constructed to reproduce Eq. (2.2) in the limit where nb → n0 and
α→ 0, and the optimal values of w0, n0, and S0 are determined by requiring that the
density profile of stable nuclei (determined within the extended Thomas-Fermi theory
for given values of L and K0) reproduce experimental nuclear data. The EOSs in this
category will be labeled as OI K/Y , where K = K0 and Y = −K0S0/(3n0L). At
variance with [437] we will omit the OI 180/350 EOS, because the associated values of
K0 and L are ruled out by current nuclear physics constraints (cf. Sec. 2.2.2).
(2) Two EOS models based on the relativistic framework. One of these models (Shen)
is constructed within relativistic mean field theory together with the TM1 nuclear
interaction [414]; the second (Miyatsu) is based on the relativistic Hartree-Fock theory
with the chiral quark-meson coupling model [324]. The spherical nuclei in the crust
region are determined using the Thomas-Fermi theory.
(3) Five EOS models based on the Skyrme-type effective interactions: FPS, SLy4, BSk19,
BSk20, and BSk21 [290, 155, 189, 368, 367, 375].
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All of these models are unified EOSs, i.e., both the crust and core regions can be described
with the same EOS with specific values of K0 and L. From the EOS tables we can compute
K0, L and the auxiliary dimensionful parameter η introduced in Eq. (2.1) above, with the
results listed in Table 2.1. The mass-radius relations predicted by these EOS models for
nonrotating low-mass NSs are shown in Fig. 2.1.
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Figure 2.1: Mass-radius curves of NSs for a variety of unified EOSs. Mass-radius relations
for the EOSs adopted in this chapter, and discussed in Sec. 2.2. The curves span NS models
starting from uc = ρc/ρ0 = 0.9 up to the value of uc resulting in the maximum mass
allowed by each EOS. The solid horizontal band corresponds to the lowest high-precision NS
mass measurement of M/M = 1.174 ± 0.004 [303]. The dotted horizontal line indicates a
conservative lower bound on the mass of M/M = 0.89, see e.g. [459]. Symbols on each line
correspond to uc = 1.5 and uc = 2.0, respectively.
2.2.2 Experimental constraints
An extensive discussion of theoretical and experimental constraints on the properties
of uniform nuclear matter can be found Refs. [281], [277] and [331]. Generally accepted
values of K0 are in the range K0 = 230 ± 40 MeV [245]. The current consensus in the
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EOS K0 (MeV) L (MeV) η (MeV)
OI 180/220 180 52.2 78.9
OI 230/350 230 42.6 74.7
OI 230/220 230 73.4 107
OI 280/350 280 54.9 94.5
OI 280/220∗ 280 97.5 139
OI 360/350∗ 360 76.4 128
OI 360/220∗ 360 146 197
Shen∗ 281 114 154
Miyatsu 274 77.1 118
FPS 261 34.9 68.2
SLy4∗ 230 45.9 78.5
BSk19 237 31.9 62.3
BSk20∗ 241 37.9 69.6
BSk21∗ 246 46.6 81.1
Table 2.1: Parameters of the EOSs used in this work. EOSs which result in NSs with a
maximum mass larger than 2M are indicated by an asterisk.
nuclear physics community is that values of L in the range L = 60± 20 MeV are plausible2
but higher values are not excluded [331].
There are proposals to constrain nuclear saturation parameters, and in particular
the value of L, via astronomical observations. This approach is completely different from
constraints based on nuclear physics experiments. Under the assumption that the observed
frequencies of quasiperiodic oscillations (QPOs) in NSs are related to crustal torsional oscil-
lations, Sotani et al. [441] found the constraint 101 < L < 131 MeV when all the observed
frequencies are interpreted as torsional oscillations, or 58 < L < 85 MeV when the second
lowest frequency is assumed to have a different origin. The inclusion of electron screening
effects can modify the former constraint on L to the range 97 < L < 127 MeV [436]. Fur-
thermore, in some cases having information on the mass and radius of low-mass NSs may
allow us to constrain EOS parameters. For example, the observation of the X-ray burster
2Lattimer and Steiner [277] suggest a tighter plausible range of 44 MeV< L < 66 MeV (see the discussion
of their Figure 1), but we will follow Newton et al. [331] in an attempt to be more conservative.
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4U 1724-307 [464] allows to set the constraint η & 130 MeV [435]. These astrophysical
constraints seem incompatible with constraints on L obtained from the terrestrial nuclear
experiments quoted above [281, 277, 331]. One possible reason for this discrepancy may
be that the constraints from nuclear experiments were obtained from almost stable nuclei,
whose neutron excess α in Eq. (2.2) is very small, while NS matter deviates significantly from
symmetric nuclear matter. Indeed, some nuclear experiments with unstable nuclei suggest
the possibility that L may have larger values [475, 521].
If we adopt as fiducial values 40 MeV< L < 80 MeV – recalling that higher values
cannot be excluded [331] – and K0 = 230±40 MeV [245], respectively, we can conclude that
a plausible range for η is 67 < η < 120, and that higher values of η may be possible. This
should be kept in mind in Section 2.3 below, where we discuss how the bulk properties of
NSs depend on η.
2.3 Neutron star structure
2.3.1 Nonrotating neutron stars
For nonrotating NSs, the effect of the nuclear symmetry parameters introduced above
on the mass-radius relation M(R) was investigated by [437]. The main finding of their work
was that the NS mass M and the surface gravitational redshift z, defined as
z ≡
(
1− 2M
R
)−1/2
− 1 , (2.4)
can be expressed as smooth functions of η of the form
y = c0 + c1
( η
100 MeV
)
, (2.5)
where y collectively denotes either M or z. We also note that these relations can be combined
to write the radius R as a function of η.
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Using Eqs. (2.5) and (2.6) – Quantities at order O(0) in rotation
Quantity c0,0 c0,1 c0,2 c1,0 c1,1 c1,2 σ
M 0.34626 -0.82183 0.29265 -0.60780 1.2996 -0.25890 0.086 / 0.076
z = (1− 2M/R)−1/2 − 1 0.0040470 -0.059527 0.026591 -0.042719 0.10673 -0.014208 0.100 / 0.089
Using Eqs. (2.9) and (2.6) – Quantities at order O(1) and O(2) in rotation
Quantity c0,0 c0,1 c0,2 c1,0 c1,1 c1,2 σ
I¯ = I/M3 4.1429 -2.2458 0.46120 -0.23654 -0.26292 0.083322 0.122 / 0.083
Q¯ = −Q(rot)∗/(M3χ2) 2.9160 -1.3835 0.24677 -0.25594 -0.093784 0.015956 0.120 / 0.114
λ¯(rot) = λ(rot)/M5 11.203 -5.8769 1.1697 -0.24302 -0.21457 0.055320 0.424 / 0.237
k
(rot)
2 = (3/2)λ
(rot)/R5 -3.9878 3.3914 -0.91026 -3.4378 2.6267 -0.53179 0.273 / 0.272
e∗Q = −Q(rot)∗/I -2.1203 1.8784 -0.52335 -4.0307 3.0883 -0.55984 0.129 / 0.126
Using Eqs. (2.9) and (2.6) – Tidally deformed star
Quantity c0,0 c0,1 c0,2 c1,0 c1,1 c1,2 σ
λ¯(tid) = λ(tid)/M5 11.238 -5.9413 1.1450 -0.21434 -0.25432 0.052281 0.462/ 0.263
Table 2.2: Numerical values of the constant in the fitting expressions and of the rms percentage error σ (last column),
computed with / without EOS BSk21.
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The coefficients ci depend on the ratio uc ≡ ρc/ρ0 which specifies the central density
of the stellar model. Following [437], we will fit these coefficient using a quadratic polynomial
in uc:
ci = ci,0 + ci,1 uc + ci,2 u
2
c . (2.6)
Therefore each of our empirical formulas will depend on six constant parameters ci,j.
In Fig. 2.2 we confirm the main results of [437]. The left (right) panel shows that,
quite independently of the chosen EOS, the mass M (the redshift z, respectively) is indeed
well fitted by a linear function of η for any fixed value of the central density uc: the plots
show this explicitly in the three cases uc = 1, uc = 1.5 and uc = 2. The bottom insets show
that the fractional differences δy ≡ |ydata− yfit|/ydata for M and z are typically below ∼ 10%
(with the exception of EOS BSk21) whenever η & 67 MeV.
The values of the fitting constants are listed in the top two rows of Table 2.2. To
quantify the accuracy of these fits, Table 2.2 also lists the rms relative error
σ ≡
√√√√ 1
N
N∑
i=1
(
1− y
fit
i
ydatai
)2
, (2.7)
where the sum runs over all stellar models i = 1, . . . , N . Two EOS models, namely BSk20
and BSk21 (and particularly the latter), deviate more from our best-fit function as ρc in-
creases. As pointed out by [437], these deviations are of the order of the uncertanties on the
mass M due to three-neutron interactions obtained from the quantum Monte Carlo eval-
uations [175]. Therefore in Table 2.2 we list the values of σ obtained either including or
omitting EOS BSk21, the EOS for which the errors are larger.
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Figure 2.2: Some properties of static NSs. Left: Dependence of the NS mass M for a
nonrotating star on the parameter η introduced in Eq. (2.1) at three given values of the
central density: uc ≡ ρc/ρ0 = 1.0, 1.5, 2.0. Right: same, but for the surface gravitational
redshift z defined in Eq. (2.4). In both cases, the solid lines represent the fit given in Eq. (2.5)
using the fitting parameters listed in Table 2.2. The lower panels show the relative error
of the fit with respect to the numerical data, |ydata − yfit|/ydata, as a function of η. The
shaded area corresponds to the most plausible range of values for η, namely 67 < η < 120
(see Sec. 2.2.2). This plot reproduces and extends Fig. 2 of [437]. Horizontal dashed lines
correspond to a NS with M/M = 0.89 (the value of z was computed using the Shen EOS).
2.3.2 Slowly rotating and tidally deformed neutron stars
In general, rotating stellar models in general relativity must be constructed numer-
ically by solving a complicated system of partial differential equations. These numerical
calculations (reviewed in Refs. [457, 171]) suggest that uniformly rotating NSs with physi-
cally motivated EOSs have dimensionless angular momentum χ . 0.7 [111, 54, 289], but the
spin magnitudes of NSs in binary systems observable by Advanced LIGO are likely to be
much smaller than this theoretical upper bound [299, 74]. The spin period of isolated NSs at
birth should be in the range 10-140 ms (or χ . 0.04 [291]). Accretion from a binary compan-
ion can spin up NSs, but it is unlikely to produce periods less than 1 ms i.e. χ . 0.4 [87]. The
fastest spinning observed pulsar, PSR J1748-2446ad, has a period of 1.4 ms χ ∼ 0.3 [215];
the fastest known pulsar in a NS-NS system, J0737-3039A, has a period of 22.70 ms with a
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corresponding dimensionless angular momentum of χ ∼ 0.02 [75].
The perturbative formalism to construct slowly rotating NS models was developed
in the seminal works by Hartle and Thorne in the 60s [203, 202]. The formalism basically
consists of an expansion in terms of the small parameter  ≡ Ω/Ω∗  1, where Ω is the stellar
angular velocity and Ω∗ ≡√M/R3 is a characteristic rotation frequency, comparable in order
of magnitude to the mass-shedding frequency of the star. Subsequent work extended the
formalism up to fourth order in , showing that the equilibrium properties of slowly rotating
solutions compare favorably with numerical codes for arbitrary rotation rates [55, 42, 510]
even for the fastest known milisecond pulsar PSR J1748-2446ad [215]. This pulsar spins well
below the estimated  ≈ 0.5 for which the Hartle-Thorne approximative scheme agrees very
well with full numerical calculations. Therefore the slow-rotation approximation is more
than adequate to extend the work on low-mass NSs by [437].
We use the stellar structure equations as presented by [465], correcting the misprints
listed by [55]. Our numerical results were validated by comparison against the tables by [55].
For the dimensionless bulk properties we follow the definitions of [515]. The explicit form
of the structure equations, their derivation and details of the integration procedure can be
found in these references.
At orderO(0) in the perturbative expansion, a static nonrotating star is characterized
by its gravitational mass M and radius R. Sometimes it is useful to replace the radius by
the surface redshift z defined in Eq. (2.4).
At first order in rotation, i.e. O(1), the star is also characterized by its moment of
inertia I. Given I, we can define a dimensionless moment of inertia I¯ ≡ I/M3 as well as a
spin parameter χ ≡ IΩ/M2 [515].
At second order in rotation, i.e. O(2), the star deviates from its spherical shape and
acquires a rotational quadrupole moment Q(rot)∗. For convenience, we define the dimension-
less rotation-induced quadrupole moment Q¯ ≡ −Q(rot)∗/(M3χ2). The ` = 2 rotational Love
number λ(rot) can be defined in terms of Q(rot)∗ as λ(rot) ≡ −Q(rot)∗/Ω2, and it can be made
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dimensionless by defining λ¯(rot) ≡ I¯2Q¯. A quantity closely related with λ(rot) is the ` = 2
apsidal constant, defined as k
(rot)
2 ≡ (3/2)λ(rot)/R5 (note that [53] used a different definition).
Following [108], we can also define the quadrupolar rotational ellipticity3 e∗Q ≡ −Q(rot)∗/I.
Note that all of the barred quantities defined above (as well as k
(rot)
2 ) are independent of the
actual value of the rotation parameter .
2.3.3 Tidally deformed neutron stars
We will also be interested in the tidal deformation of a NS due the presence of an
orbiting companion, e.g. in a binary system. The response to tidal deformations is encoded
in the so-called ` = 2 tidal Love number λ(tid) [218, 219, 122, 60, 487], which is potentially
measurable by advanced gravitational-wave interferometers. This quantity is in general spin-
dependent [269, 360, 359, 268], but for simplicity we will assume that the tidally deformed
NS is nonrotating. The tidal Love number can be put in a dimensionless form by defining
λ¯(tid) ≡ λ(tid)/M5. We calculated the tidal Love number using the structure equations as
presented by [373], and validated our results by comparison against [515].
2.3.4 Empirical relations for slowly rotating and tidally deformed neutron stars
We constructed NS models for all of the 14 EOS models listed in Table 2.1. We
integrated the structure equations for central total energy densities within the range uc ≡
ρc/ρ0 ∈ [1.0, 2.0] in increments ∆uc = 0.1, for a total of 154 stellar models. We verified that
the normalized binding energy Mb/M − 1 (where Mb is the baryonic mass) is positive, so
that all of these stellar configurations are bound.
Our results for the I-Love-Q relations are shown in Fig. 2.3, which confirms the main
findings of [515]: the universality holds within a few percent, except for very low-mass stars.
This breakdown of the I-Love-Q relations was already visible e.g. in Fig. 9 of [515], but
it is much more noticeable in the low-mass range explored in this work. Yagi et al. [511]
3This quantity is different from the surface ellipticity es ≡ re/rp − 1, where re and rp are the equatorial
and polar radii of the oblate rotating star, respectively. The surface ellipticity is related to the so-called
“eccentricity” e ≡ [(re/rp)2 − 1]1/2 (see e.g. [55]) by e2 = e2s +2es, and it describes the geometry of the star.
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suggested that the I-Love-Q relations hold because of an approximate self-similarity in the
star’s isodensity contours. This approximate symmetry only holds for compact stars, but it
is broken in low-mass NSs, white dwarfs and ordinary stars. Indeed, the I-Love-Q relations
presented in [511] were obtained by fitting data in the range Q¯ < 20 and λ¯(tid) < 2 × 104
[507].
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Figure 2.3: The EOS-independent I-Love-Q relations [514, 515] in the low-mass regime.
The different panels show the I-Q (left), I-Love (center) and Love-Q (right) relations within
the range of central energy densities considered here. For reference, the vertical dashed
line corresponds to the values of Q¯ and λ¯(tid) of a NS model using the Shen EOS with
M/M = 0.89. The lower panels show that the fractional deviations in the I-Love-Q relations
increase for very low mass (i.e., larger values of Q¯ and λ¯(tid)). Nevertheless, near and above
the minimum mass value 0.89M the relations hold within an accuracy < 2%. The explicit
functional form of the I-Love-Q relations can be found in Eq. (54) and Table 1 of [515].
Observe that even for very low-mass NSs the universality remains, although it is not captured
by the I-Love-Q relations.
In Fig. 2.4 we show that a universal “Love-Love” relation also holds between the tidal
and rotational Love numbers. A well-known result in Newtonian gravity is that tidal and
rotational Love numbers are the same [325]. This equality no longer holds true for relativistic
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stars [53, 515]. Therefore we propose a different fit, namely:
ln λ¯(rot) =
4∑
j=0
kj
(
ln λ¯(tid)
)j
, (2.8)
where k0 = 2.1089, k1 = 6.5084 × 10−1, k2 = 2.4688 × 10−2, k3 = −8.9891 × 10−4 and
k4 = 1.3985 × 10−5. This fit uses data in the central density range uc ∈ [0.9, 2.0], and it
works accurately in the range of masses of our interest.
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Figure 2.4: The EOS independent Love-Love relations in the low-mass regime. The Love-
Love relation between λ¯(tid) and λ¯(rot) becomes an equality in the Newtonian – i.e., small-M
– limit [325], and deviates from unity (solid line) for more relativistic stars. To make our
fits of λ¯(tid) and λ¯(rot) with respect to η useful in combination with the Love-Love relation,
we derived the improved fit of Eq. (2.8), corresponding to the dash-dotted line. This fit is
accurate within < 1% for M/M ≥ 0.89 (lower panel). The vertical dashed line corresponds
to NS model with mass M/M = 0.89 using the Shen EOS.
Using these numerical calculations we then fitted the various bulk properties of NSs
as functions of η and of the central density. The quantities characterizing rotating stars –
namely I¯, Q¯, the ` = 2 rotational Love number λ¯(rot) ≡ I¯2Q¯, the ` = 2 apsidal constant k(rot)2
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and the quadrupolar ellipticity e∗Q – are well fitted by functions of the form
log10 y = c0
( η
100 MeV
)c1
. (2.9)
Just as for the nonrotating bulk properties of NSs, the coefficients ci depend on the ratio
uc ≡ ρc/ρ0, which specifies the central density of the stellar model. Following [437], we fitted
the ci’s by quadratic polynomials of the form (2.6), so that each of our empirical formulas
depends on six constant parameters ci,j.
The quality of the fits is shown in the three panels of Fig. 2.5 for three representative
bulk NS properties, namely the mass M , the dimensionless moment of inertia I¯ and the
dimensionless quadrupole moment Q¯. In summary: the nonrotating bulk properties of NSs
can be expressed as functions of η of the form (2.5) combined with Eq. (2.6); the bulk
properties of rotating and tidally deformed NSs can be fitted by functions of the form (2.9)
combined with Eq. (2.6). The fitting coefficients are listed in Table 2.2, that collects the
main results of our investigation.
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Figure 2.5: Fitting coefficients. Illustration of the behavior of c0 (circles) and c1 (squares),
appearing in the fitting expressions (2.5) and (2.9), as functions of uc. The ci’s are shown
for three representative bulk properties of NSs: the mass M (top) fitted using Eqs. (2.5) and
(2.6); the dimensionless moment of inertia I¯ (center) fitted using Eqs. (2.9) and (2.6); and
the dimensionless quadrupole moment Q¯ (bottom) fitted using Eqs. (2.9) and (2.6).
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Figure 2.6: Some properties of slowly-rotating NSs - Part I. Left: fit of I¯ ≡ I/M3. Right:
Fit of the reduced quadrupole moment Q¯ ≡ Q(rot)∗/(M3χ2). The horizontal dashed line in
the left (right) panel marks the value of I¯ (Q¯) for a NS with M/M = 0.89 and the Shen
EOS.
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Figure 2.7: Rotational and tidal Love numbers. Left: Fit of the rotational Love number
λ¯(rot). Right: Fit of the tidal Love number λ¯tid. The horizontal dashed line in the left (right)
panel marks the value of λ¯(rot) (λ¯(tid)) for a NS with M/M = 0.89 and the Shen EOS.
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Figure 2.8: Some properties of slowly-rotating NSs - Part II. Left: Fit of the quadrupole
ellipticity e∗Q. Right: fit of the ` = 2 rotational apsidal constant k
(rot)
2 . Both quantities
behave similarly, becoming nearly independent of η for ρc = 2.0ρ0. For large value of η, we
see that krot2 ≈ 0.7 irrespective of the central density. The horizontal dashed line in the left
(right) panel marks the value of e∗Q (k
(rot)
2 ) for a NS with M/M = 0.89 and the Shen EOS.
The fits and their accuracy are also presented graphically in Figures 2.6–2.8. In the
lower panel of each figure we plot the fractional differences δy. As in Fig. 2.2, the shaded
area corresponds to the most plausible range of values for η as discussed in Sec. 2.2.2. These
figures show that in general the fits work quite well in our fiducial range, i.e. for η > 67 MeV,
with larger errors for small η.
2.4 Conclusions and outlook
In this chapter we have integrated the Hartle-Thorne equations for an extensive set of
EOS models. We have computed the bulk properties of nonrotating (mass M and radius R,
or equivalently mass M and surface redshift z), rotating (moment of inertia I, quadrupole
moment Q, quadrupole ellipticity eQ, rotational Love number λ
(rot), ` = 2 apsidal constant
k
(rot)
2 ) and tidally deformed (` = 2 tidal Love number λ
(tid)) low-mass NSs. All of these
bulk NS properties can be fitted by relatively simple functions of the central density (more
precisely, of uc ≡ ρc/ρ0) and of the parameter η ≡ (K0L2)1/3, where K0 is the incompress-
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ibility of symmetric nuclear matter and L is the slope of the symmetry energy at saturation
density. The coefficients of these fitting relations are summarized in Table 2.2.
The main conclusion of our study is that the measurement of any two of these bulk
properties in low-mass NSs can be used – at least in principle – to infer the values of ρc and
η, providing important information on the EOS. However there are some important practical
caveats.
First and foremost – as shown in the lower panels of Figures 2.6–2.8 – the fitting
relations are approximate, with relative errors that typically get larger for the lowest plausible
values of η. Furthermore, as discussed in the literature, constraints on the bulk properties of
NSs and on the EOS require Monte Carlo simulations or dedicated Bayesian studies which
are beyond the scope of this chapter [452, 453, 451, 277].
Even assuming accurate measurements of two of the bulk properties of a given NS – to
be concrete, say M and I – a conceptual limitation is that not all EOSs predict the existence
of NSs with “realistic” masses (say, M > 0.89M) in the range 1 ≤ uc ≤ 2 where our fitting
relations have been derived (cf. Fig. 2.1). This problem can in principle be circumvented,
because the measurement of M and I can be used to infer both uc and η, and thus to verify
whether the NS really has central densities in the range of interest. However it is possible
that systematic errors could spoil these consistency tests. For example one could imagine
a situation where the “true” central density corresponds to (for example) uc = 3, but since
we are applying the fitting relations outside of their region of validity, we recover values of
uc ∈ [1, 2] and get a wrong estimate for η [507]. These data analysis issues deserve further
study.
The recent discovery of universal I-Love-Q relations is also helpful. For example we
can imagine measuring (say) M , R and I¯ and getting information on the remaining bulk
properties by exploiting the I-Love-Q relations. A measurement of multiple parameters for
the same astrophysical NS can be combined with our fitting formulas either to check the
consistency of the inferred values of uc and η, or to reduce statistical and/or systematic
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errors.
We conclude by speculating on some observational possibilities to implement this
program. Perhaps the most promising avenue in the near future is the measurement of
mass and moment of inertia through relativistic spin-orbit coupling in systems such as the
“double pulsar” PSR J0737-3039 [75], especially considering that a 10% measurement of the
moment of inertia alone can yield tight constraints on the pressure over a range of densities
to within 50 − 60% [451]. This possibility was discussed by various authors [116, 276, 35].
The experimental challenges associated with these measurements in the case of the double
pulsar are reviewed in for instance in Section 6 of Kramer et al. [263].
In the near future it may also be possible to constrain η by gravitational-wave ob-
servations. Low-mass isolated NSs are relatively promising gravitational-wave sources be-
cause they are more deformable and their crusts can support larger ellipticities, generating
stronger gravitational-wave signals [226, 238, 237] (cf. also our Figs. 2.6 and 2.7). However
the characteristic gravitational-wave amplitude depends on a (generally unknown) geomet-
rical factor involving the orientation of the NS and the antenna pattern of the detectors
see e.g. [62, 142]. It has recently been proposed that gravitational-wave measurements of a
stochastic gravitational-wave background from rotating NSs could be used to constrain the
average NS ellipticity, and (if constraints on the masses can be obtained) these measurements
could also constrain η. This possibility seems most promising for third-generation detectors
such as the Einstein Telescope [468].
Ono et al. [342] proposed to estimate the mass of an isolated rapidly rotating NS
by exploiting the mass-dependent logarithmic phase shift caused by the Shapiro time delay.
According to their Monte Carlo simulations, the mass of a NS with spin frequency f =
500 Hz and ellipticity 10−6 at 1 kpc is typically measurable with an accuracy of 20% using
the Einstein Telescope. Higher-order terms in the Shapiro time delay will depend on the
higher multipole moments I and Q, and they may allow us to measure these moments and
constrain η. It may also be possible to combine the empirical relations of the present work
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with similar fitting relations that have been developed in the context of gravitational-wave
asteroseismology, see e.g. [146].
Last but not least, as mentioned in the Sec. 2.1, Advanced LIGO observations of
binary systems involving NSs could yield measurements of masses and tidal Love numbers
[325, 53, 167, 388, 220, 487, 123, 135, 387, 266, 519, 143, 9]. Recent studies pointed out
that systematic errors on these measurements are large and that better waveform models
are necessary [160, 516, 489, 99], but effective-one-body methods and numerical simulations
are making remarkable progress in this direction [48, 46, 47, 45].
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CHAPTER 3
A POST-TOLMAN-OPPENHEIMER-VOLKOFF FORMALISM FOR RELATIVISTIC
STARS
3.1 Introduction
NSs play a special role among astrophysical objects, because they are excellent lab-
oratories for matter under extreme conditions (unlike BHs) and also excellent laboratories
to probe strong gravity (unlike ordinary stars or white dwarfs) [51]. For these reasons NSs
are among the main targets of future observatories such as the SKA [493], NICER [25],
LOFT [161] and AXTAR [386]. These experiments have the potential to measure NS masses
and radii to unprecedented levels [379, 317, 318]. If GR is assumed to be the correct theory
of gravity, the observed mass-radius relation will constrain the EOS of matter at supranu-
clear densities, which is unaccessible to laboratory experiments [278, 275, 345, 452, 208, 316].
A procedure to reconstruct the EOS from observations of the mass-radius relation (working
within GR) was developed in a series of papers by Lindblom and collaborators [284, 286, 287];
see [285] for a review.
Besides their interest for nuclear physics, NSs are also unique probes of strong-field
gravitational physics. For any given EOS, theories that modify the strong-field dynamics of
GR generally predict bulk observable properties (NS mass, radius, moment of inertia and
higher multipole moments) that are different from those in Einstein’s theory. However, a
survey of the literature on NSs in modified theories of gravity (see e.g. Table 3 of [51])
reveals a high degree of degeneracy in the salient properties of relativistic stars. As we show
in Fig. 3.1, if we assume a nuclear-physics motivated EOS (specifically, EOS APR [10] in the
figure), modifications in the gravity sector are usually equivalent to systematic shifts of the
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GR mass-radius curves towards either higher masses and larger radii (as in the case of ST
theories [353, 153]), lower masses and smaller radii (as in the case of Einstein-dilaton-Gauss-
Bonnet (EdGB) gravity [355, 247, 248] and Lorentz-violating theories [509, 508]) or both, as
in Eddington-inspired-Born-Infeld gravity with different signs of the coupling parameter [358,
431].
Systematic shifts in the mass-radius relation could be attributed either to the poorly
known physics controlling the high-density EOS, or to modifications in the theory of gravity
itself. This EOS/gravity degeneracy is intrinsic in all attempts to constrain strong gravity
through astrophysical observations of NSs: chapter 4 of [51] reviews various proposals to
solve this problem, e.g. through the recently discovered universal relations between the bulk
properties of NSs [514, 515, 364, 510].
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Figure 3.1: The gravity-theory degeneracy problem. The mass-radius relations in different
modified theories of gravity for EOS APR [10]. Masses are measured in solar masses, and
radii in kilometers. The theory parameters used for this plot are: α = 20M2 and β
2 = 1
(EdGB [355]); c14 = 0.3 (Einstein-Aether [508]); β = −4.5 (ST theory [353]) and κ = ±0.005
(Eddington-inspired-Born-Infeld gravity [431]). Even if the high-density EOS were known,
it would be hard to distinguish the effects of competing theories of gravity on the bulk
properties of NSs.
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In any case, different gravitational theories span (at least qualitatively) the same
parameter space in terms of their predictions for relativistic stellar models. Gravity-induced
modifications usually look like smooth deformations of the general relativistic predictions. A
notable exception are cases where nonperturbative effects induce phase transitions, as in the
“spontaneous scalarization” scenario first proposed in [118], where modifications only occur
in a specific range for the central density.
With the possible exception of nonperturbative phase transitions, these considerations
suggest that the broad features of a large class of modified gravity theories can be reproduced,
at least for small deviations from GR, by a perturbative expansion around a background
solution given by the standard TOV equations, which determine the structure of relativistic
stellar models in GR [323, 369].
Instead of committing to one particular pet theory, in this we formulate a parametrized
“post-TOV” framework for relativistic stars based on the well-known PPN theory developed
by Nordtvedt and Will [501, 335]; see e.g. [369] for introductions to the formalism. The
foundations of PN theory for fluid configurations in GR were laid in classic work by Chan-
drasekhar and collaborators [89, 92]. Various authors studied stellar structure using the
PN approximation, both in GR [26, 469, 416, 191] and in modified theories of gravity, such
as ST theory [339, 506]. To our knowledge, after some early work that will be discussed
below [490, 106, 413], the investigation of compact stars within the PPN approximation has
remained dormant for more than thirty years. In the intervening time the PPN parameters
have been extremely well constrained by Solar System and binary pulsar observations at
1PN order (see [499] for a review of current bounds).
In this chapter we build a phenomenological post-TOV framework by considering 1PN
and 2PN order corrections to the TOV equations. Our strategy is, at heart, quite simple:
from a suitable set of PPN hydrostatic equilibrium equations we isolate the purely non-GR
pieces. These PPN terms are subsequently added “by hand” to the full general relativistic
TOV equations, hence producing a set of parametrized post-TOV equations (cf. [525] for
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a similar “post-Einsteinian” parametrization in the context of gravitational radiation from
binary systems). The formalism introduces a new set of 2PN parameters that are presently
unconstrained by weak-field experiments, and that encompass the dominant corrections to
the bulk properties of NSs in GR in a wide class of modified gravity theories.
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Figure 3.2: 2PN-order post-TOV corrections on the mass-radius curves. We show the
modification induced by different families of post-TOV terms on the general relativistic
mass-radius curve, assuming the APR EOS. Left to right and top to bottom, the different
panels show the effect of the pressure terms, proportional to pii (i = 1, . . . , 4), and of the
mass terms, proportional to µi (i = 1, . . . , 5).
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3.1.1 Executive summary of this chapter
Since this chapter is rather technical (and quite long), we summarize our main con-
clusions here. The core of our proposal is to use the following set of “post-TOV” equations of
structure for spherically symmetric stars (from now on we use geometrical units G = c = 1):
dp
dr
=
(
dp
dr
)
GR
− ρm
r2
(P1 + P2 ) , (3.1a)
dm
dr
=
(
dm
dr
)
GR
+ 4pir2ρ (M1 +M2) , (3.1b)
where
P1 ≡ δ1m
r
+ 4piδ2
r3p
m
, (3.2a)
M1 ≡ δ3m
r
+ δ4Π , (3.2b)
P2 ≡ pi1m
3
r5ρ
+ pi2
m2
r2
+ pi3r
2p+ pi4
Πp
ρ
, (3.2c)
M2 ≡ µ1m
3
r5ρ
+ µ2
m2
r2
+ µ3r
2p+ µ4
Πp
ρ
+ µ5Π
3 r
m
. (3.2d)
Here r is the circumferential radius, m is the mass function, p is the fluid pressure, ρ is the
baryonic rest mass density,  is the total energy density, and Π ≡ ( − ρ)/ρ is the internal
energy per unit baryonic mass. A “GR” subscript denotes the standard TOV equations
in GR [cf. Eq. (3.7) below, where we appended a subscript “T” to the mass function for
reasons that will become apparent later]; δi, pii (i = 1, . . . , 4) and µi (i = 1, . . . , 5) are
phenomenological post-TOV parameters. The GR limit of the formalism corresponds to
setting all of these parameters to zero, i.e. δi, pii, µi → 0.
The dimensionless combinations P1,M1 and P2,M2 represent a parametrized depar-
ture from the GR stellar structure and are linear combinations of 1PN- and 2PN-order terms,
respectively. In particular, the coefficients δi attached to the 1PN terms are simple algebraic
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combinations of the traditional PPN parameters: see Eqs. (3.35) and (3.36) below. As such,
they are constrained to be very close to zero by existing Solar System and binary pulsar
observations1: |δi|  1. This result translates to negligibly small 1PN terms in Eq. (3.1):
P1,M1  1. On the other hand, pii and µi are presently unconstrained, and consequently
P2,M2 should be viewed as describing the dominant (significant) departure from GR.
Each of the two combinations P2 and M2 involves no more than five dimensionless
2PN terms, but as we show in Section 3.3.2 these terms are representative of five distinct
“families” consisting of a large number of 2PN terms. Each family is defined by the property
that all of its members lead to approximately self-similar changes in the stellar mass-radius
curves when included in P2,M2. In other words, as we verified by numerical calculations,
we can account for several terms belonging to the same family by taking just one term from
that family (either the dominant one or, when convenient, a much simpler subdominant one)
and varying the corresponding post-TOV coefficient pii or µi.
The qualitative effect of each of the 2PN-order post-TOV terms on the mass-radius
relation is illustrated in Fig. 3.2. The values of the pii and µi coefficients in each panel of
this figure were chosen with purely illustrative purposes, i.e., we chose these coefficients to
be large enough that they can produce visible deviations on the scale of the plot. A first
noteworthy feature is that pressure terms typically induce corrections that are about an order
of magnitude smaller than mass terms2. This can be seen by the larger range of pii’s needed
to produce visible changes in the mass-radius curve (|pi2| ≤ 4, |pi3| ≤ 100 and |pi4| ≤ 10) when
compared to the corresponding corrections in the mass-function equation (|µ2| ≤ 1, |µ3| ≤ 1
and |µ4| ≤ 1.5, respectively). Some terms (such as those proportional to pi2, pi3, pi4, µ3 and µ5)
induce smooth rigid shifts of the mass-radius curve, similar to those that would be produced
by a softening or stiffening of the nuclear EOS. Other terms (like those proportional to µ1,
µ2 and µ4) produce more peculiar features that are more or less localized in a finite range
1Using the latest constraints on the PPN parameters [499] we obtain the following upper limits: |δ1| .
6× 10−4, |δ2| . 7× 10−3, |δ3| . 7× 10−3, |δ4| . 10−8.
2A notable exception to this rule is the pi1 term, for reasons that will be explained in Section 3.4 below.
36
of central densities. This is interesting, because (for example) it is plausible to conjecture
that some combination of the µ1 and µ2 corrections may reproduce the qualitative features
of a highly non-perturbative phenomenon such as spontaneous scalarization, despite the
intrinsically perturbative nature of our formalism.
The punchline here is that each post-TOV correction is qualitatively different, so we
can use the post-TOV formalism as a toolbox to reproduce the mass-radius curves shown in
Fig. 3.1 for various modified theories of gravity. More ambitiously, it would be interesting
to address the inverse problem, i.e. to find out how the post-TOV parameters are related
to the dominant corrections induced by each different theory. These issues are beyond the
scope of the content in this chapter, but they are obviously crucial to relate our formalism
to experiments, and we plan to address them in future work.
The second main result of this chapter has to do with the “completeness” of our
post-TOV formalism, in the sense that the stellar structure Eqs. (3.1) – if we neglect the
small terms P1,M1 – can be formally derived by a covariantly conserved perfect fluid stress
energy tensor. That is:
∇νT µν = 0, T µν = (eff + p)uµuν + pgµν , (3.3)
where the effective, gravity-modified energy density is
eff = + ρM2 , (3.4)
and the covariant derivative is compatible with the effective post-TOV metric
gµν = diag[ e
ν(r), (1− 2m(r)/r)−1, r2, r2 sin2 θ ] , (3.5)
with
dν
dr
=
2
r2
[
(1−M2)m+ 4pir
3p
1− 2m/r +mP2
]
. (3.6)
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Our phenomenological post-TOV formalism is expected to encompass a large number of
alternative theories of gravity, but it is not completely general, and future extensions may
be possible or even desirable. As we stated earlier, theories which produce non-perturbative
phase transitions in their stellar structure equations may not be accurately modelled. The
formalism is also limited by the choice of acceptable 2PN terms out of all dimensionally pos-
sible combinations, based on criteria that have bearing on the structure of the gravitational
field equations (see Section 3.3.2 below).
3.1.2 Organization of this chapter
This chapter is organized as follows. In Section 3.2 we introduce the PPN formalism
and review previous applications to relativistic stars (in particular work by Wagoner and
Malone [490] as well as Ciufolini and Ruffini [106]). In Section 3.3 we develop the post-TOV
formalism to 1PN order (where all parameters are already constrained to be very close to
their GR values by Solar System and binary pulsar experiments), and then to 2PN order.
We also show the equivalence between the 2PN post-TOV equations and GR with a gravity-
modified EOS under a minimal set of reasonable assumptions. In Section 3.4 we present some
numerical results illustrating the relative importance of the different post-TOV corrections.
Some technical material is collected in three appendices. Appendix A gives details of the
dimensional analysis arguments used to select the relevant set of 2PN post-TOV coefficients.
In Appendix B we present a brief summary of the relativistic Lane-Emden theory, which
plays an auxiliary role in the construction of our formalism. Finally, Appendix C shows that
certain integral potentials appearing at 1PN order in the stellar structure equations (namely,
the gravitational potential U , the internal energy E and the gravitational potential energy
Ω) can be approximated by linear combinations of non-integral potentials, so these integral
potentials are “redundant” and can be discarded when building our post-TOV expansion.
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3.2 Setting the stage: stellar structure within PPN theory
3.2.1 The TOV equations
A convenient starting point for our analysis are the standard general relativistic TOV
equations, describing hydrostatic equilibrium in spherical symmetry [369]. These are given
by the familiar formulae:
(
dp
dr
)
GR
= −(+ p)
r2
(mT + 4pir
3p)
(1− 2mT/r) , (3.7a)(
dmT
dr
)
GR
= 4pir2 , (3.7b)
where p and  are the fluid’s pressure and energy density, respectively, and mT is the mass
function (the subscript is used to distinguish this mass function from similar quantities
appearing in PPN theory, see below).
For later convenience we also write down the 1PN-order expansion of these equations
(for simplicity the subscript “GR” is omitted):
dp
dr
= −mTρ
r2
(
1 + Π +
p
ρ
+
2mT
r
+ 4pi
r3p
mT
)
+O(2PN) , (3.8a)
dmT
dr
= 4pir2ρ(1 + Π) . (3.8b)
where we have introduced the baryonic rest-mass density ρ and the dimensionless internal
energy per unit mass, Π ≡ ( − ρ)/ρ. It can be noticed that the mass function equation
only contains 1PN corrections to the Newtonian equations of hydrostatic equilibrium, while
higher-order corrections appear in the pressure equation.
3.2.2 The PPN stellar structure equations
The PPN formalism [501, 335] was first employed for building static, spherically sym-
metric models of compact stars by Wagoner & Malone [490], and subsequently by Ciufolini
& Ruffini [106]. This early work is briefly reviewed here since it will provide the stepping
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stone towards formulating our post-TOV equations.
A convenient starting point is the set of stellar structure equations derived by Ciufolini
and Ruffini [106] from the original Will-Nordtvedt PPN theory [501, 335]. These are (cf.
Eqs. (14) of [106]):
dp
dr
= −m¯
r2
[
1 + (5 + 3γ − 6β + ζ2)m¯
r
+
p

+ ζ3
E
m¯
+(γ + ζ4)
4pir3p
m¯
+
1
2
(11 + γ − 12β + ζ2 − 2ζ4) Ω
m¯
]
, (3.9a)
dm¯
dr
= 4pir2 , (3.9b)
where {β, γ, ζ1, ζ2, ζ3, ζ4, α1, α2, α3} are the standard set of nine PPN parameters. In the GR
limit β = γ = 1 and ζi = αi = 0 (i = 1, ..., 4) [499].
It should be pointed out that the basic parameters p, m¯ (as well as the radial coor-
dinate r) entering Eqs. (3.9) may not be the same as the corresponding ones in the TOV
equations. This is a reflection of the “gauge” freedom in defining these parameters in a
number of equivalent ways. Indeed, below we are going to exploit this freedom and obtain
an “improved” set of PPN equations by a suitable redefinition of the mass function. On
the other hand, following [106], we will stick to the same p and r throughout this analysis,
implicitly assuming that they are the same variables as the ones in the TOV equations (3.7).
The potentials Ω and E appearing in Eq. (3.9a) obey
dΩ
dr
= −4pirρm¯ , dE
dr
= 4pir2ρΠ . (3.10)
The more familiar Newtonian gravitational potential U , solution of ∇2U = −4piρ, is not
featured in Eqs. (3.9) as a result of a change of radial coordinate and a redefinition of the
mass function m¯ with respect to the original PPN theory parameters (see [106] for details).
The stellar structure equations can be manipulated further by switching to a new
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mass function:
m(r) = m¯+ AE +BΩ + C
m¯2
r
+D(4pir3p) , (3.11)
where A, B, C, and D are free constants. As evident, m¯ and m differ at 1PN level. The
constants A and B can be chosen so that the terms proportional to E and Ω in Eq. (3.9a)
are eliminated. This is achieved for
A = ζ3 , B =
1
2
(11 + γ − 12β + ζ2 − 2ζ4) . (3.12)
The resulting “new” set of PPN stellar structure equations is
dp
dr
= −ρm
r2
[
1 + Π +
p
ρ
+ (5 + 3γ − 6β + ζ2 − C) m
r
+ (γ + ζ4 −D) 4pir
3p
m
]
, (3.13a)
dm
dr
= 4pir2ρ
[
1 + (1 + ζ3)Π + 3D
p
ρ
− C
4pi
m2
ρr4
− 1
2
(11 + γ − 12β + ζ2 − 2ζ4 − 4C + 2D) m
r
]
.
(3.13b)
These expressions still contain the gauge freedom associated with the definition of
the mass function m in the form of the yet unspecified constants C and D. In particular,
the Wagoner-Malone hydrostatic equilibrium equations [490] represent a special case of these
expressions, and it is straightforward to see that they can be recovered for
D = γ + ζ4, C =
1
2
(7 + 3γ − 8β + ζ2) . (3.14)
Making this choice for the constants on the right-hand side of Eq. (3.11) leads to a new mass
function, say m˜, and to the following structure equations, which match Eqs. (6) and (7) of
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[490]:
dp
dr
= −ρm˜
r2
(
1 + Π +
p
ρ
+ a
m˜
r
)
, (3.15a)
dm˜
dr
= 4pir2ρ
[
1 + (1 + ζ3)Π + a
m˜
r
+ 3(γ + ζ4)
p
ρ
− b
4pi
m˜2
ρr4
]
, (3.15b)
where a ≡ (3 + 3γ − 4β + ζ2)/2 and the constant b in the notation of [490] is our C, i.e.
b = (7 + 3γ − 8β + ζ2) /2.
A comparison between the two sets of PPN equations (3.9) and (3.15) discussed in
this section reveals that the Wagoner-Malone equations are simpler, in the sense that they
do not depend on the auxiliary potentials Ω and E. This advantage, however, is partially
offset by the more complicated expression for the mass function equation. If we compare
the GR limit of Wagoner-Malone equations (3.15) against the 1PN expansion of the TOV
equations, Eqs (3.8), we find that the two sets coincide provided we identify m¯ = mT, i.e.
m˜ = mT +
m2T
r
+ 4pir3p , (3.16)
where the last equation follows by taking the GR limit of Eq. (3.11) in combination with
Eqs. (3.12) and (3.14). Clearly, the fact that m˜ 6= mT in the GR limit is an unsatisfactory
property of the Wagoner-Malone equations.
It would be desirable to have a set of structure equations that – unlike the set (3.9) –
does not involve integral potentials, and such that – unlike the set (3.15) – the mass function
is compatible with the GR limit. Fortunately, it is not too difficult to find a new set of PPN
equations for which m = mT. In the following section we will propose an improved set of
PPN stellar structure equations that satisfies these requirements.
3.2.3 An improved set of PPN equations
We can exploit the degree of freedom associated with the constants C,D in Eqs. (3.13)
and produce a new set of PPN equations that exactly match the 1PN TOV equations in the
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GR limit with m = mT. It is easy to see that this can be achieved by making the trivial
choice
C = D = 0 . (3.17)
Note that the constants A and B are still given by Eqs. (3.12). The resulting PPN equations
are
dp
dr
= −ρm
r2
[
1 + Π +
p
ρ
+ (5 + 3γ − 6β + ζ2) m
r
+ (γ + ζ4)4pi
r3p
m
]
, (3.18a)
dm
dr
= 4pir2ρ
[
1 + (1 + ζ3)Π− 1
2
(11 + γ − 12β + ζ2 − 2ζ4) m
r
]
. (3.18b)
As advertised, in the GR limit these equations reduce to Eqs. (3.8) with m = mT. The same
equations will be used in Section 3.3 below in the construction of the desired post-TOV
equations.
3.2.4 The physical interpretation of the mass function
Within the framework of PPN theory, inertial mass and active/passive gravitational
mass3 are, in general, distinct notions. In the context of compact stars, expressions for all
three kinds of mass are given in [106]:
Min = m¯(R¯) +
(
17
2
+
3
2
γ − 10β + 5
2
ζ2
)
Ω(R¯) , (3.19)
Ma = Min +
(
4β − γ − 3− 1
2
α3 − 1
3
ζ1 − 2ζ2
)
Ω(R¯)
+ ζ3E(R¯)−
(
3
2
α3 − 3ζ4 + ζ1
)
P , (3.20)
Mp = Min +
(
4β − γ − 3− α1 + 2
3
α2 − 2
3
ζ1 − 1
3
ζ2
)
Ω(R¯) , (3.21)
3The inertial mass quantifies the resultant acceleration of a body when a force (of any nature) is applied
to it. The active gravitational mass is the source (in Newtonian gravity) of the gravitational field, whose
strength is proportional to this mass. When placed in a gravitational field, a test body will experience an
acceleration proportional to its passive gravitational mass.
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where R¯ is the stellar radius associated with the mass function m¯(r) – i.e. with the set of
equations (3.9) – and
P = 4pi
∫ R¯
0
dr r2p . (3.22)
is the volume-integrated pressure.
In GR the three masses are of course identical, Min = Ma = Mp. As argued in
[106], any theory conserving the four-momentum of an isolated system should incorporate
the equality of the two gravitational masses, i.e. Ma = Mp. If adopted, this equality leads
to following three algebraic relations for the PPN parameters:
ζ3 = 0 , (3.23)
ζ1 − 3ζ4 + 3
2
α3 = 0 , (3.24)
ζ1 + 3α1 − 2α2 − 5ζ2 − 3
2
α3 = 0 . (3.25)
We can subsequently write for the common gravitational mass:
Mg = Ma = Mp = m¯(R¯) + FΩ(R¯) , (3.26)
with
F =
1
2
(
11 + γ − 12β − α3 + ζ2 − 2
3
ζ1
)
. (3.27)
For our new PPN equations with C = D = 0 the mass equality Ma = Mp implies
m(r) = m¯(r) +
1
2
(11 + γ − 12β + ζ2 − 2ζ4) Ω(r) . (3.28)
Then with the help of Eq. (3.24) it is easy to see that
Mg = m(R¯) +
(
ζ4 − 1
2
α3 − 1
3
ζ1
)
Ω(R¯) = m(R¯) . (3.29)
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If R is the stellar radius associated with our PPN equations (3.18), the difference δR = R−R¯
is a 1PN-order quantity. We can then approximately write
m(R¯) ≈ m(R)− dm
dr
(R) δR . (3.30)
However, Eq. (3.18b) implies that dm/dr(R) = 0 if ρ(R) = 0 at the stellar surface. This
is indeed the case for a realistic EOS. Therefore, we have shown that at 1PN precision the
mass of the system is given by
Mg = m(R) . (3.31)
This elegant result is one more attractive property of the new PPN equations.
3.3 The Post-TOV formalism
The logic underpinning the formalism we are seeking is that of parametrizing the
deviation of the stellar structure equations from their GR counterparts, thus producing
a set of post-TOV equations. As already pointed out in the introduction, the post-TOV
formalism is merely a useful parametrized framework rather than the product of a specific,
self-consistent modified gravity theory (in the spirit of PPN theory). In this sense our
formalism is akin to the existing “quasi-Kerr” or “bumpy” Kerr metrics, designed to study
deviations from the Kerr spacetime in GR (see e.g. [110, 182, 82]).
By design the post-TOV formalism should be a more powerful tool for building rela-
tivistic stars than the PPN framework; after all, the latter is based on a PN approximation
of strong gravity. However, and as it will become clear from the analysis of this section, our
formalism has its own limitations, the most important one being the fact that the deviations
from GR are introduced in the form of PN corrections. This could mean that the structure
of compact stars with a high degree of departure from GR may not be accurately captured
by the formalism.
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3.3.1 Post-TOV equations: 1PN order
The recipe for formulating leading-order post-TOV equations is rather simple: from a
suitable set of PPN hydrostatic equilibrium equations we isolate the purely non-GR pieces.
These 1PN terms are subsequently added “by hand” to the full general relativistic TOV
equations, hence producing a set of parametrized post-Einsteinian equations. It should
be pointed out that this procedure can only be applied at the level of 1PN corrections.
Higher-order corrections should by sought by other means, such as dimensional analysis (see
Section 3.3.2).
In principle, either set of equations, (3.9) [106] or (3.15) [490], could have been used.
However, our improved PPN equations (3.18) seem to be best suited for this task.
Considering Eqs. (3.18), we first isolate the terms that represent a genuine deviation
from GR. These are the second terms appearing in the following equations:
dp
dr
= −ρm
r2
(
1 + Π +
p
ρ
+
2m
r
+ 4pi
r3p
m
)
− ρm
r2
[
(3 + 3γ − 6β + ζ2) m
r
+ (γ − 1 + ζ4)4pir
3p
m
]
, (3.32a)
dm
dr
= 4pir2ρ (1 + Π) d+ 4pir2ρ
[
ζ3Π− 1
2
(11 + γ − 12β + ζ2 − 2ζ4) m
r
]
. (3.32b)
The second step consists of adding the non-GR terms to the TOV equations (3.7). We obtain
(recall that m = mT)
dp
dr
= −(+ p)
r2
(
m+ 4pir3p
1− 2m/r
)
− ρm
r2
(
δ1
m
r
+ δ24pi
r3p
m
)
, (3.33)
dm
dr
= 4pir2
[
+ ρ
(
δ3
m
r
+ δ4Π
)]
, (3.34)
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where we have introduced the constant post-TOV parameters:
δ1 ≡ 3(1 + γ)− 6β + ζ2 , δ2 ≡ γ − 1 + ζ4 , (3.35)
δ3 ≡ −1
2
(11 + γ − 12β + ζ2 − 2ζ4) , δ4 ≡ ζ3 . (3.36)
As expected, δi = 0 in the limit of GR.
The above equations can be written in a more compact form:
dp
dr
=
(
dp
dr
)
GR
− ρm
r2
(
δ1
m
r
+ δ24pi
r3p
m
)
, (3.37a)
dm
dr
=
(
dm
dr
)
GR
+ 4pir2ρ
(
δ3
m
r
+ δ4Π
)
. (3.37b)
These expressions represent our main result for the leading-order post-TOV stellar
structure equations. They describe the 1PN-level corrections produced by an arbitrary devi-
ation from GR that is compatible with PPN theory. In other words, Eqs. (3.37) encapsulate
the stellar structure physics (at this order) for any member of the PPN family of gravity
theories.
We could in principle introduce other 1PN order terms, in the spirit of the general
parametrized framework of deviating from GR that we have described in the beginning of
this section. But the introduction of such terms would correspond to either redefinitions of
coordinates and/or the mass function at 1PN level, as we have already seen, or deviations
from special relativity, which we would prefer not to include.
Unfortunately, it turns out that Eqs. (3.37) are of limited practical value. As discussed
in the executive summary, the modern limits on the PPN parameters suggest that these
corrections are very close to their GR values, because β, γ ≈ 1 and αi, ζi  1, making all
the δi parameters very small. We should not therefore expect any notable deviation from
GR at the level of the leading-order post-TOV equations. We verified this claim by explicit
calculations of NS stellar models with different EOSs.
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Any significant deviations from compact stars in GR have to be sought at 2PN order
and beyond, where the existing observational limits leave much room for the practitioner
of alternative theories of gravity. This calls for the formulation of a higher-order set of
post-TOV equations, a task to which we now turn.
3.3.2 Post-TOV equations: 2PN order
In this section we shall formulate post-TOV equations with 2PN-accurate correction
terms. Unlike the calculation of the preceding section, we now have to build these equations
“from scratch”, given that the general PPN theory has not yet been extended to 2PN order.
Inevitably, the procedure for building the various 2PN terms will turn out to be somewhat
more complicated than the one of the preceding section, heavily relying on dimensional
analysis for constructing these terms out of the available fluid parameters. Moreover, at
2PN order we also need to consider terms that involve the integral potentials U , E and
Ω (recall that these were eliminated at 1PN order by a suitable redefinition of the mass
function). However, as shown numerically and via analytical arguments in Appendix C, the
integral potentials can be approximated to a high precision, and for a variety of EOSs, by
simple linear combinations of the non-integral PN terms. As a result, they do not have to
be considered separately in the post-TOV expansion.
To begin with, we can get an idea of the form of some of the 2PN terms we are looking
for by expanding the TOV equations (3.7) to that order. Let us first consider the pressure
equation (3.7a):
dp
dr
= −ρm
r2
[(
1 + Π +
p
ρ
)(
1 +
2m
r
+ 4pi
r3p
m
)
+
4m2
r2
+ 8pir2p
]
+O(3PN) . (3.38)
As anticipated, all 1PN terms appearing here are also present in our PPN equation (3.18a).
The produced 2PN corrections are proportional to the following combinations:
m2
r2
, Π
m
r
, r2p,
mp
rρ
, Π
r3p
m
,
r3p2
ρm
. (3.39)
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Additional 2PN terms that do not appear in the TOV equations can be constructed by
forming products of the available 1PN terms. The largest set of 1PN terms can be found in
the general PPN equations (3.13):
1PN : Π,
p
ρ
,
m
r
,
r3p
m
,
m2
ρr4
. (3.40)
We can observe that all terms, except the last one, also appear in our final PPN equa-
tions (3.18). From these we can reproduce the set (3.39) as well as the additional 2PN
terms:
r6p2
m2
, Π
m2
ρr4
,
m3
ρr5
, Π2, Π
p
ρ
,
p2
ρ2
,
m4
ρ2r8
,
m2p
ρ2r4︸ ︷︷ ︸ . (3.41)
We have set apart the last three (underbraced) terms of this set because, as a result of their
∼ 1/ρ2 scaling, these terms will be discarded. In fact, the same fate will be shared by any
term ∼ ρβ with β ≤ −2.
There are various reasons why we believe that this selection rule should be imposed.
In our opinion these reasons are quite convincing, but they fall short from constituting a
watertight argument: in all fairness, if we had a single truly compelling reason, we would
not need more than one.
The first line of reasoning to exclude the presence of negative powers of ρ (and of
the other fluid parameters) in the PN terms is based on the regularity of these terms at the
stellar surface, where p, ρ,Π → 0 for any realistic EOS. A PN term like the second one in
the underbraced group of the set (3.41) will lead to a term diverging as ∼ 1/ρ at the stellar
surface in the stellar structure equations, and therefore it is not an acceptable PN correction.
Although this surface regularity argument is powerful, it obviously works only for terms that
do not scale with positive powers of p or Π.
The second (heuristic) argument applies to gravity theories with the following (sym-
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bolic) structure:
{geometry} = 8piT µν , (3.42)
∇νT µν = 0 → dp
dr
= (+ p){geometry} , (3.43)
where “geometry” stands for combinations of the metric and its derivatives, and the last
equation assumes a perfect fluid stress-energy tensor. The stress-energy tensor and the
right-hand side of Eq. (3.43) feature  + p = ρ(1 + Π + p/ρ) and p linearly. It can then be
argued that the solution of the field equations for the metric and its derivatives will display
a
{geometry} ∼ (+ τp)n ∼ ρn
(
1 + Π + τ
p
ρ
)n
(3.44)
dependence with respect to the fluid variables (where τ and n are O(1) numbers). Such a
solution should lead to pressure-dependent PN terms of the form:
PN term ∼ (r2ρ)n−1
(
p
ρ
)k
, k = n, n− 1, . . . (3.45)
where one ρ factor has been removed and absorbed in the Newtonian prefactor of the struc-
ture equations, while at the same time the r2 factor has been added in order to produce
a dimensionless quantity. A key observation is that the form (3.45) assumes a theory that
does not depend on dimensional coupling constants. Now, according to (3.45) the highest
negative power of ρ corresponds to k = n, which means that the scaling with respect to the
density should be:
PN term ∼ ρβ, β ≥ −1 (3.46)
Based on these arguments, we deem acceptable those PN terms which scale with ρ as
in (3.46). This choice is also consistent with the previous PPN formulae, see Eqs. (3.13). A
similar argument can be used to exclude terms with negative powers of p and Π4.
4A related argument for excluding high powers of 1/ρ is the following. By virtue of the field equations,
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Equation (3.39) and the top row of Eq. (3.41) represent a large set of 2PN terms
emerging from the expansion of the TOV equation and from products of the various known
1PN terms. This set is large but not necessarily complete. Inevitably, a systematic approach
to the problem of “guessing” 2PN terms should involve dimensional analysis. To improve
readability we relegate our dimensional analysis considerations to Appendix A, and here we
only quote the main result. The most general form for 2PN order terms is given by the
dimensionless combination:
Λ2 ∼ Πθ(r2p)α(r2ρ)β
(m
r
)2−2α−β−θ
, (3.47)
where α, β, θ are integers with β ≥ −1, while different bounds on θ and α apply to the
two hydrostatic equilibrium equations:
dp
dr
: 0 ≤ θ ≤ 2, 0 ≤ α ≤ 2− θ , (3.48)
dm
dr
: 0 ≤ θ ≤ 3, 0 ≤ α ≤ 3− θ . (3.49)
The lower bounds on the three parameters α, β, θ are dictated by the same considerations
discussed below Eq. (3.41), namely, regularity at the surface and consistency with the fact
that gravitational field equations of the general form (3.43) are unlikely to generate negative
powers higher than 1/ρ. The upper bounds on α and θ are imposed by the regularity at
r = 0 of the stellar structure terms arising from Λ2 (see Appendix A).
the Ricci scalar is usually proportional to the energy density of matter (at least in the Newtonian limit, if
the modified theory reproduces GR in the weak field regime): R ∼ ρ. If inverse powers of ρ are produced by
gravity modifications, they should therefore originate from terms ∼ 1/Rn in the action of the theory. These
terms are usually associated with ghosts or instabilities [124], and therefore their presence is problematic.
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Figure 3.3: The radial profile of the Λ2-function. We exhibit the behavior of ρ¯Λ2, where
ρ¯ = ρ/ρc and Λ2 is given in Eq. (3.47), for a stellar model using the APR EOS, with
c/c
2 = 0.86×1015 g/cm3, M = 1.51M and R = 12.3 km. The curves are labelled according
to the respective values of (α, β, θ). From the top row to the bottom row the index θ takes on
the values (0, 1, 2, 3), respectively. Despite the multitude of possible dimensionally correct
2PN terms, their self-similarity – which is clear when we compare terms along the bottom-
left to top-right diagonals in this “grid” of plots – allows us to group them into a relatively
small number of families (see text for details). The contributions plotted in three panels
at the bottom right of the grid (marked as “Excluded”) would lead to divergences in the
hydrostatic equilibrium equations, and therefore they can be discarded as unphysical.
From the general expression (3.47) we can reproduce all previous 1PN and 2PN terms
and generate an infinite number of new ones. This possibility could have been a fatal blow
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to our post-TOV programme. Fortunately, the day is saved by the fact that the magnitude
of Λ2 decays rapidly throughout the star as β increases. This trend is clearly visible in the
numerical results shown in Fig. 3.3 (see discussion below).
For all practical purposes these results imply that the first few members of the β =
−1, 0, 1, ... sequence are sufficient to construct accurate post-TOV expansions. A sample set
of such dominant 2PN terms is:
2PN :
m3
r5ρ
,
m2
r2
, rρm,
mp
rρ
, r2p,
r3p2
ρm
,
r6p2
m2
,
r7p3
ρm3
r10p3
m4
, Π
m2
r4ρ
, Π
m
r
, Πr2ρ, Π
p
ρ
,
Π
r3p
m
,Π
r4p2
ρm2
,Π
r7p2
m3
, Π2
m
ρr3
, Π2, Π2
rp
mρ
,
Π2
r4p
m2
,
Π3
r2ρ
, Π3
r
m
. (3.50)
This set is markedly larger than the previous sets (3.39) and (3.41) (whose acceptable
terms form a subset of the new set), but a complete post-TOV formalism would have to
include all (or almost all) of these terms, with twice the number of free coefficient in the
dp/dr and dm/dr equations. Fortunately, as it turns out, the same job can be done with
a much smaller subset of 2PN terms. This is possible because the various 2PN terms can
be divided into five “families”, each family comprising terms with similar profiles. When
incorporated in the post-TOV equations, terms belonging to a given family lead to self-
similar modifications in the mass-radius curves for a given EOS.
Insight into the behavior of the Λ2(α, β, θ) terms can be gained by direct numerical
calculations of their radial profiles in relativistic stars. We carried out such calculations
for a variety of realistic EOSs as well as relativistic polytropes, and for different choices of
central density, verifying that all cases lead to very similar results, as discussed below. More
specifically, we considered EOS A [350], FPS [170], SLy4 [192, 155] and N [410] in increasing
order of stiffness, as well as relativistic polytropes with indices n = 0.4, 0.6, and 1.0: see
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Figure 3.4: The family-representative 2PN terms. Here we show the selected representative
terms from each of the families depicted in Fig. 3.3, as listed in Eq. (3.53), for three different
EOSs: FPS (left panel), APR (middle panel) and an n = 0.6 polytrope (right panel). Each
term illustrates the qualitative behavior of each family of possible 2PN contributions to the
structure equations. The high degree of invariance of the Λ2-profiles with respect to the EOS
is evident in this figure. The GR background stellar models utilized in the figure have the
following bulk properties: c = 0.861 × 1015 g/cm3 (λ ≡ pc/c = 0.165), M = 1.51M and
R = 12.3 km (left panel); c = 1.450× 1015 g/cm3 (λ = 0.198), M = 1.50M and R = 10.7
km (center panel); λ = 0.165, M = 1.50M and R = 11.75 km (right panel).
Appendix B, and in particular Eq. (B.7). Note that the polytropic models are parametrized
by λ = pc/c instead of c alone (the subscript “c” indicates a quantity evaluated at the
center), but this is equivalent to the central density parametrization. The polytropic models
are also invariant with respect to the scale factor Kn/2; this can be adjusted to generate
polytropic models of (say) the same mass (for a given λ) as that of a specific tabulated-EOS
model.
Rather than computing Λ2 itself, from a phenomenological point of view it makes
more sense to consider the combination ρΛ2. The reason is that this combination appears in
both the pressure and mass equations, and furthermore it has the desirable feature of being
regular at the surface for β = −1. More specifically, in Fig. 3.3 we plot the dimensionless
combination ρ¯Λ2(α, β, θ), where ρ¯ = ρ/ρc. Our sample NS model was built using the EOS
APR with central density c/c
2 = 0.86 × 1015 g/cm3, corresponding to mass M = 1.51M
and radius R = 12.3 km, but we have verified that our qualitative conclusions remain the
same for different models and different EOSs.
Figure 3.3 reveals two key trends: (i) the clear β-ordering of the ρΛ2 profiles, with
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Figure 3.5: The family-representative terms in the structure equations. This figure illus-
trates the behavior of each of the family-representative 2PN terms [see Eq. (3.53)] multiplied
by the Newtonian prefactors in the post-TOV equations. The stellar parameters are identical
to the ones used in Fig. 3.4. Left panel: the combination (ρm/r2) Λ2(α, β, θ) appearing in
the pressure equation. Right panel: the combination ρr2 Λ2(α, β, θ) appearing in the mass
equation. The top panels correspond to EOS APR; the bottom panels correspond to a rel-
ativistic polytrope with polytropic index n = 0.6. The divergence at the origin of the F5
term justifies its exclusion from the pressure equation.
β = −1 always associated with the dominant term for fixed α and θ, and (ii) the remarkable
similarity in the shape of the profiles of terms with dissimilar (α, β, θ) triads along the
bottom-left to top-right diagonals in the “grid” of Fig. 3.3. This property defines distinct
families of 2PN terms and implies that the terms of each family cause self-similar changes
in the mass-radius curves of the various post-TOV stellar models.
We have identified five 2PN families (labeled “F1”,...,“F5” in the various panels of
Fig. 3.3, and described in more detail in Table 3.1):
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(i) F1: This is a single-member family comprising only the ρΛ2(0,−1, 0) term in the
top-left panel, which is zero at r = 0 but finite at r = R.
(ii) F2: The members of this family vanish at r = 0 and r = R, and have a peak near
the surface. These are the ρΛ2(0, β, 0) terms with β ≥ 0 in the top-left panel.
(iii) F3: These terms also vanish at both r = 0 and r = R, but display an approx-
imately flat profile inside the star. They correspond to ρΛ2(1, β, 0) (top-middle panel) and
ρΛ2(0, β, 1) (top-right panel) for β ≥ −1.
(iv) F4: This family comprises terms that are finite at r = 0 but zero at r = R. These
are the ρΛ2(2, β, 0) (bottom-left panel) and ρΛ2(1, β, 1) (bottom-middle panel) terms with
β ≥ −1.
(v) F5: These terms by themselves diverge at r = 0 and vanish at r = R, but they
become well-behaved when inserted in the stellar mass-function equation, where they are
multiplied by the factor r2: cf. Eq. (A.24). These terms correspond to ρΛ2(2, β, 1), and
from the constraints (3.48) and (3.49) we conclude that the members of this family can only
appear in the mass equation.
There is an intuitive way to explain the existence of the above families. As an example
we consider F3, where the seemingly unrelated terms Λ2(1, β, 0) and Λ2(0, β, 1) yield similar
profiles. Consider
Λ2(0, β, 1) ∼ r−1+3β Πρ
β
mβ−1
. (3.51)
By means of the approximations m ∼ ρr3, Π ∼ p/ρ (the latter approximation is motivated
by the exact thermodynamical relation Π = np/ρ for relativistic polytropes with index n,
see Appendix B) we find
Λ2(0, β, 1) ∼ r2+3βp
( ρ
m
)β
∼ Λ2(1, β, 0) . (3.52)
Similarly we can show that Λ2(2, β, 0) ∼ Λ2(1, β, 1) for the F4 family. The argument can be
generalized to show that terms along the diagonals of Fig. 3.3 are equivalent.
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Table 3.1 summarizes the taxonomy of the most important terms of each family
according to the above criteria. The impact of each of these terms as a post-TOV correction
has been tested for a variety of EOSs. The results reveal that the members of a given
family lead to self-similar modifications to the stellar mass-radius curves. A sample of these
numerical results is shown in Fig. 3.2, which is further discussed in Section 3.4 below.
Family 2PN term (α, β, θ) Dominant
/ Chosen?
F1 m3/(r5ρ) (0,−1, 0) D/C
F2 (m/r)2 (0, 0, 0) D/C
F2 rmρ (0, 1, 0) −
F3 mp/(rρ) (1,−1, 0) −
F3 r2p (1, 0, 0) C
F3 Πm2/(r4ρ) (0,−1, 1) D
F3 Πm/r (0, 0, 1) −
F3 r2Πρ (0, 1, 1) −
F4 r3p2/(ρm) (2,−1, 0) −
F4 r6p2/(m2) (2, 0, 0) −
F4 Πp/ρ (1,−1, 1) C
F4 Πr3p/m (1, 0, 1) −
F4 Π2m/(r3ρ) (0,−1, 2) D
F4 Π2 (0, 0, 2) −
F5 Πr4p2/(ρm2) (2,−1, 1) −
F5 Πr7p2/m3 (2, 0, 1) −
F5 Π2rp/mρ (1,−1, 2) −
F5 Π2r4p/m2 (1, 0, 2) −
F5 Π3/(r2ρ) (0,−1, 3) D
F5 Π3r/m (0, 0, 3) C
Table 3.1: Taxonomy of the dominant 2PN terms. The self-similarity between the radial
profiles of the various 2PN terms listed in Eq. (3.50) (and illustrated in Fig. 3.3) allows us to
group them into five distinct families. This table spells out the explicit form of the various
terms, and indicates which term in each family is dominant (D) according to our numerical
calculations, and which one was chosen (C) as representative of each family.
This remarkable self-similarity property means that we can simply select one term
from each family and emulate the effect of all significant 2PN terms of the same family by
simply varying the post-TOV coefficient associated with the selected term.
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In doing so, it is reasonable to choose the simplest terms as family representatives.
The five terms we select based on this reasoning are:
F-representatives :
m3
r5ρ
,
m2
r2
, r2p, Π
p
ρ
, Π3
r
m
. (3.53)
The phenomenologically relevant radial profiles of ρ¯Λ2(α, β, θ) produced by these terms are
shown in Fig. 3.4 for three choices of EOS: FPS, APR and an n = 0.6 polytrope. The most
striking feature of this figure is the close resemblance of the Λ2 profiles of identical (α, β, θ)
triads for different EOSs, which lends support to the EOS-independence of our selection of
post-TOV terms.
The family-representative terms (3.53) are again shown in Fig. 3.5, where we plot
the combinations that appear in the dp/dr and dm/dr equations, i.e. mρΛ2/r
2 and r2ρΛ2,
respectively (in the latter term we have omitted a trivial prefactor of 4pi). We consider two
different EOSs: APR and an n = 0.6 polytrope. All terms displayed are regular at both
r = 0 and r = R with the exception of the F5 term in the dp/dr equation, which is divergent
at r = 0 and must be excluded. Once again, the variations in the radial profiles due to
considering different EOSs are extremely mild.
We have thus obtained a minimum set of representative 2PN terms, listed in Eq. (3.53),
which in reality encompasses a much larger set, like the one obtained from the combination
of Eqs. (3.41) and (3.50), as well as terms that involve the integral potentials.
After this admittedly tedious procedure we can finally assemble our 2PN-order post-
TOV equations for the pressure and the mass. These are (omitting the negligibly small 1PN
corrections):
dp
dr
=
(
dp
dr
)
GR
− ρm
r2
(
pi1
m3
r5ρ
+ pi2
m2
r2
+ pi3r
2p+ pi4Π
p
ρ
)
, (3.54a)
dm
dr
=
(
dm
dr
)
GR
+ 4pir2ρ
(
µ1
m3
r5ρ
+ µ2
m2
r2
+ µ3r
2p+ µ4Π
p
ρ
+ µ5Π
3 r
m
)
. (3.54b)
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where, as anticipated in the executive summary, pii (i = 1, . . . , 4) and µi (i = 1, . . . , 5) are
free parameters controlling the size of the corresponding departure from GR.
3.3.3 Completing the formalism: the post-TOV metric and stress-energy tensor
So far, our post-TOV formalism comprises no more than a pair of stellar structure
equations, Eqs. (3.54a) and (3.54b), which can be used for the description of static and
spherically symmetric compact stars. In this section we show that there is more to the
formalism than meets the eye: to a high precision it is a “complete” toolkit, in the sense
that (i) it can be reformulated in terms of a spherically symmetric metric gµν and a perfect
fluid stress-energy tensor T µν , and (ii) these two structures are related through the covariant
conservation law ∇νT µν = 0 (where ∇ν is the metric-compatible covariant derivative), hence
respecting the equivalence principle. Remarkably, it also turns out that the metric and matter
degrees of freedom can be related as in GR, which implies that the post-TOV formalism is
equivalent to stellar structure in GR with a gravity-modified EOS for matter and an effective
spacetime geometry.
In order to establish the above statements we begin with the following general result.
Assume the static spherically symmetric metric
ds2 = gµνdx
µdxν = −eν(r)dt2 +
(
1− 2M(r)
r
)−1
dr2 + r2dΩ2 (3.55)
and a perfect-fluid stress-energy tensor (with energy density E and pressure P)
T µν = (E + P)uµuν + Pgµν . (3.56)
For a static spherical fluid ball, the energy-momentum conservation equation
∇νT µν = 0 (3.57)
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leads to
dP
dr
= −(E + P)Γtrt = −
1
2
(E + P)dν
dr
, (3.58)
where Γtrt is a Christoffel symbol. As long as we consider theories respecting (3.57) with a
metric-compatible covariant derivative, this result is independent of the gravitational field
equations.
For the mass function M(r) we can always write a relation of the form
dM
dr
= 4pir2E [1 + Z(r)] , (3.59)
where Z(r) is a theory-dependent function. Einstein’s theory is recovered by setting Z = 0,
as required by the field equations of GR.
To establish the properties described at the beginning of this section we will show
that we can successfully map our post-TOV equations onto Eqs. (3.58) and (3.59) (with
Z = 0).
The full post-TOV equations, Eqs. (3.54), can be written in the form:
dp
dr
= −(+ p)
r2
Γ(r)− ρm
r2
[(
1 + Π +
p
ρ
)
P1 + P˜2
]
, (3.60)
dm
dr
= 4pir2+ 4pir2ρ [M1 +M2 ] , (3.61)
where P1,P2 have been defined in Eqs. (3.2),
P˜2 ≡ P2 −
(
Π +
p
ρ
)
P1 (3.62)
is a 2PN-order term, and Γ(r) ≡ (m+ 4pir3p)/(1− 2m/r).
Based on these expressions, we can define the effective energy density
eff ≡ + ρ(M1 +M2) , (3.63)
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which implies
dm
dr
= 4pir2eff . (3.64)
Using (3.63) in the pressure equation we have
dp
dr
= − [eff + p− ρ(M1 +M2)] Γ
r2
− m
r2
[
(+ p)P1 + (eff + p)P˜2
]
, (3.65)
where we have used the fact that in any 2PN term we can replace the factor ρ by eff + p, at
the cost of introducing 3PN terms. Using (3.63) once more in the last term, and after some
rearrangement, we obtain,
dp
dr
= −(eff + p)
r2
[
(1−M2)Γ +m(P1 + P˜2 −M1P1)
]
+
ρ
r2
M1Γ . (3.66)
Given that M1  1, the last term can be safely omitted and we are left with
dp
dr
≈ −(eff + p)
r2
[
(1−M2)Γ +m(P1 + P˜2 −M1P1)
]
≈ −(eff + p)
r2
[(1−M2)Γ +mP2] , (3.67)
which is of the form (3.58). Note that in this and the following expressions the smallM1,P1
terms can be omitted.
The resulting mapping is:
P = p, M = m, E = eff . (3.68)
It follows that the effective post-TOV metric is
gµν = diag[ e
ν(r), (1− 2m(r)/r)−1, r2, r2 sin2 θ ] , (3.69)
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with
dν
dr
≈ 2
r2
[
(1−M2)Γ +m(P1 + P˜2 −M1P1)
]
(3.70)
≈ 2
r2
[ (1−M2)Γ +mP2 ] . (3.71)
From this result we can see that r represents the circumferential radius of the r = constant
spheres and therefore the post-TOV radius R (where p(R) = 0) coincides with the circum-
ferential radius of the star.
Finally, the effective post-TOV stress-energy tensor is
T µν = (eff + p)u
µuν + pgµν , (3.72)
and it is covariantly conserved with respect to the metric (3.69).
These expressions clearly demonstrate that our post-TOV formalism is completely
equivalent to GR with an effective EOS:
p()→ p(eff) , (3.73)
eff ≈ + ρM2 . (3.74)
As is evident from this last expression, eff represents a gravity-shifted parameter with respect
to the physical energy density . This result highlights a key characteristic of compact
relativistic stars when studied in the context of alternative theories of gravity, namely, the
intrinsic degeneracy between the physics of the matter and gravity sectors.
Whether the above effective description (and in particular its effective geometry part)
can give observables that have a correspondence to observables of an underlying theory or
not depends on the nature of that theory. As long as the underlying theory admits a PN
expansion, the physical description that arises from the effective formalism should match
that of the physical theory.
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Figure 3.6: Self-similarity in mass-radius curves - I. Numerical integrations show that
2PN terms belonging to the same family result in self-similar deviations from GR in the
mass-radius relation. This figure illustrates this remarkable property for pressure terms
(top row) and mass terms (bottom row) belonging to families F2, F3 and F4 (from left to
right). In each panel, the solid line corresponds to GR; the long-dashed line to a positive-sign
correction due to the chosen term in each family; the short-dashed line to a negative-sign
correction due to the chosen term in each family. The various symbols show that nearly
identical corrections can be produced using different terms belonging to the same family, as
long as we appropriately rescale their post-TOV coefficients.
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Figure 3.7: Self-similarity in mass-radius curves - II. Same as in Fig. 3.6, but for the F5
family, which only admits post-TOV corrections with µ5 < 0 (see text).
3.4 Numerical results
In this section we provide a more detailed discussion of our numerical techniques and
results, focusing on the mass-radius curves produced by the integration of the post-TOV
equations (3.54) [or equivalently Eqs. (3.1)].
First, let us briefly summarize the integration procedure we have followed in this
chapter. We have carried out two kinds of computations: (i) “background” models – these
involve the integration of the general relativistic TOV equations – with the purpose of
studying the radial profiles of the post-TOV correction terms, (ii) the integration of the full
post-TOV equations, typically including the representative term of a single 2PN family.
The post-TOV structure equations (3.1a) and (3.1b) are integrated simultaneously
starting at the origin r = 0, for fixed values of the coefficients pii, µi, and for a range
of central energy density values. The chosen central energy density c fixes the central
pressure pc = p(c), the central mass density ρc = mbnb(c) and the central internal energy
Πc = (c − ρc)/ρc, where mb = 1.66 × 10−24 g is the baryonic mass and nb is the baryon
number density. In general, p() and nb() are computed using tabulated EOS data. Once
the initial conditions have been specified, Eqs. (3.1a) and (3.1b) are integrated outward up
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to the stellar radius R, where p(R) = 0. The gravitational mass is obtained as M = m(R).
The integration procedure for realistic EOS background models is virtually the same
as the one just described. We have also employed a number of polytropic background models;
for these the integration procedure is slightly different (see Appendix B for details), and it is
based on the simpler Lane-Emden formulation, where the pressure is replaced by the density
ρ in the structure equations and the stellar model is parameterized by the ratio λ = pc/c
rather than c alone (this formulation is of course equivalent to the one using tabulated
EOSs). The added advantage of this approach is its scale invariance with respect to the
polytropic constant K. This means that K can be freely adjusted to generate a model with
(say) a specific mass M . This scaling procedure also fixes the radius R.
The main installment of our mass-radius results has already been presented in Fig. 3.2
of the executive summary (Section 3.1.1). As discussed there, the various post-TOV correc-
tion terms, representing the five 2PN families of Section 3.3.2, cause qualitatively different
modifications to the mass-radius curves.
As a rule of thumb, the corrections to the pressure equation lead to markedly weaker
mass-radius modifications than the corrections to the mass equation, for the same magnitude
of pii and µi. The effective-metric formulation of the post-TOV formalism suggests a simple
qualitative explanation of this observation. The mass correctionsM2 change both the effec-
tive EOS and the strength of gravity, as measured by ν(r), while the pressure corrections P2
are only associated with a change in the strength of gravity [cf. Eqs. (3.71) and (3.74)], and
it is well known that changes in the EOS outweigh gravity modifications in terms of their
effect on the mass-radius relation.
A notable exception is the single-member family F1 [given by m3/(r5ρ)], for which
the pressure correction term dominates over its mass counterpart. In fact, the F1 pressure
term leads to the largest mass-radius changes, as evidenced by the pi1 values used in Fig. 3.2.
It is not too difficult to explain why this happens: near the stellar surface, where all three
fluid parameters p, ρ,Π are close to zero, the F1 correction terms remain finite and dominate
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over all other terms in the post-TOV equations (this can be clearly seen in Fig. 3.5), thus
taking control of the pressure and mass derivatives.
Another noteworthy point is that, when considering individual post-TOV terms, it is
not always possible to integrate the equations for both positive and negative values of the
corresponding coefficient. This is the case for family F5 in Fig. 3.2, where the integration
fails for µ5 < 0. We have found that this is caused by an unphysical negative slope dm/dr
near the origin.
The remarkable self-similarity in the radial profiles of 2PN terms belonging to the
same family has been illustrated in Fig. 3.3 (see Section 3.3.2). With hindsight, this property
should not come as a total surprise, given the approximate correlations among the fluid
variables: m ∼ ρr3, Π ∼ p/ρ.
The emergence of the same self-similarity in the mass-radius curves is something far
less anticipated and even more striking. This property, which has allowed us to formulate a
practical and versatile set of post-TOV equations, is illustrated in Figs. 3.6 and 3.7, where
we show mass-radius results for each 2PN family, considering both the pressure and the mass
equation and for the same APR EOS stellar model as in Fig. 3.2. Each panel is devoted
to a particular family, and it shows the mass-radius curves resulting from the integration
of the post-TOV equations when various terms from Table 3.1 are included as corrections
(notice that F1 is missing from these plots for the obvious reason that it consists of only one
post-TOV correction).
In all cases considered, the terms of the same family are found to cause nearly identical
mass-radius changes by a suitable rescaling of the relevant coefficient pii or µi. This behavior
is most striking for family F4, where different post-TOV corrections in the mass equations
lead to the same characteristic back-bending behavior in the mass-radius curve. The only
notable exception to this remarkable scaling property is the (0, 0, 1) member of the F3 family,
proportional to Πm/r, which can be rescaled to agree with other members of the family at
high densities but partially fails to capture the behavior of the mass-radius curve at low
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densities. This partial symmetry breaking can be understood by looking at the leftmost
panel on the second row of Fig. 3.3: the behavior of this term near the surface is not as
smooth as for other members of this family. In our opinion this does not warrant extensions
of the formalism to include another family, but this is definitely a possibility that could be
considered in the future, given the approximate nature of the self-similarity argument.
Another important aspect of the post-TOV results is their “directionality” in the
mass-radius plane, in the sense that a given correction term could affect more the mass
than the radius, or vice versa. This kind of information cannot be easily extracted from a
traditional mass-radius plot such as Fig. 3.2, but becomes very visible if we display the same
results in terms of the fractional changes δM/MGR ≡ (M − MGR)/MGR and δR/RGR ≡
(R−RGR)/RGR from the corresponding GR values.
“Dart-board” plots of these fractional changes are shown in Fig. 3.8. The afore-
mentioned directionality of the various post-TOV corrections is clearly visible in this figure.
Individual correction terms are seen to drive nearly linear departures (at least up to a ∼ 10%
level) from the center of the “board.” Moreover, certain terms are mutually (nearly) orthog-
onal, although not aligned with the mass or radius axis. In some cases this happens between
the pressure and mass terms of the same family, e.g. family F2. In general, the departures
from the GR model are more isotropically scattered when caused by the corrections M2
in the dm/dr equation, whereas the pressure corrections P2 are clearly more concentrated
near the direction of the mass axis. This behavior fits nicely with the effective-EOS in-
terpretation of how M2 and P2 corrections change the mass-radius diagram. As expected,
M2 corrections affect the stiffness of the effective EOS with significant effects on the radius,
while P2 corrections change the strength of gravity, and this mostly affects how much mass
a particular model can support.
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Figure 3.8: Fractional deviations induced by the post-TOV parameters on the stellar mass
and radius. Here we illustrate the fractional changes caused by the post-TOV parameters
in NS masses and radii. For a fixed central energy density and EOS APR, we plot the
relative deviations from GR in mass and radius that result from varying the post-TOV
parameters within the range indicated in the legends. Top row: c/c
2 = 8.61× 1014 g/cm3,
MGR = 1.51M and RGR = 12.3 km. Bottom row: c/c2 = 1.20×1015 g/cm3, MGR = 2.04M
and RGR = 11.9 km. Left panels: Effect of the post-TOV terms that enter in the pressure
equation. Right panels: Effect of the post-TOV terms that enter in the mass equation. The
circles represent contours of fixed relative deviation from GR.
These trends remain unchanged as the central energy density (and the stellar mass)
increases (see bottom panels of Fig. 3.8). The pressure correction term associated with pi1
(family F1) provides the exception to the rule: a sequence of pi1 > 0 values leads to a non-
linear trajectory, with initially just the radius decreasing and then followed by a comparable
fractional decrease in the mass. Negative values of pi1 are not shown because they lead to
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unphysical models where in the outer low-density layers of the star dp/dr becomes nearly
zero but never negative, thus preventing us from finding the exact location of the surface (as
we have pointed out earlier in this section, this behavior is related to the non-zero value of
the F1 term at the surface).
Fig. 3.9 provides a schematic chart of the correlation between the sign of the pii, µi
coefficients and the sign of the associated variations δM , δR. Interestingly, the pii terms
are limited to just two of the four possible quadrants (note the anti-correlation between the
signs of pi1 and the other pii). This translates to variations that simultaneously make the
star bigger (smaller) and heavier (lighter), i.e. δR > 0, δM > 0 (or δR < 0, δM < 0). In
contrast, the µi terms occupy all four quadrants, with the F3, F4, F5 families leading to
δR δM > 0 variations, and F1, F2 giving rise to the opposite arrangement, δR δM < 0.
(R−RGR)/RGR
(M
−M
G
R
)/
M
G
R
(pi2 ,pi3 ,pi4 )> 0
(µ1 ,µ2 )> 0
(pi1 ,µ3 ,µ4 ,µ5 )> 0
(pi2 ,pi3 ,pi4 )< 0
(µ1 ,µ2 )< 0
(µ3 ,µ4 )< 0
Figure 3.9: Directions of the post-TOV induced deviations. This schematic diagram shows
which sign of individual post-TOV parameters produces smaller or larger masses/radii with
respect to GR, cf. Fig. 3.8.
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Figure 3.10: Deviations induced by the post-TOV parameters on the stellar compactness.
Here we consider the influence of the post-TOV parameters on the compactness C = M/R
of NSs. Deviations from GR are calculated assuming the same APR EOS models as in the
top and bottom rows of Fig. 3.8. Left panels: Effect of the post-TOV terms appearing in
the pressure equation. Right panels: Effect of the post-TOV terms appearing in the mass
equation.
The linear patterns of Fig. 3.8 suggest that the mass and radius variations, for a given
σi = {pii 6= pi1, µi}, obey the empirical relations,
δM
MGR
≈ σiKM , δR
RGR
≈ σiKR, (3.75)
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where the structure parameters KM , KR are functions of the EOS and of c, but independent
of σi. Given the nonlinear character of the post-TOV equations, this conclusion is clearly
nontrivial. We can recast this result in terms of the variation of the stellar compactness
C ≡M/R,
δC
CGR ≈ σi (KM −KR) . (3.76)
This almost linear δC(σi) dependence5 can indeed be seen in the numerical results shown in
Fig. 3.10, where we consider the same stellar models as in Fig. 3.8.
The results presented in this section provide a wealth of information on the character
of the post-TOV corrections on stellar structure. It is likely that a more systematic study
of the self-similar F-families will reveal additional layers of information and provide clues as
to why the 2PN terms change the bulk properties of the star the way they do, as a function
of the central density. Such a study provides an attractive subject for future work.
3.5 Conclusions and outlook
In this chapter we presented a first step towards establishing a parametrized pertur-
bative framework that should, at least in principle, encompass all modifications to the bulk
properties of NSs induced by modified theories of gravity. As in the original formulation
of the PPN formalism, along the way we were forced to make some reasonable simplify-
ing assumptions in order to reduce the complexity (and increase the practicality) of our
parametrization. These reasonable assumptions may well fail to match the well-known cre-
ativity of theorists, and it will be interesting to see how the formalism can be extended and
improved.
In future work we could use our basic post-TOV equations to recover stellar structure
5It is interesting to note that the qualitative effect of the post-TOV terms in the pressure equation can
be understood by analogy with the case of anisotropic stars in GR (which we will explore with great detail
in Chapter 5). The post-TOV pressure equation takes the form dp/dr = (dp/dr)GR − ρmpiifi(r)/r2, with
fi(r) > 0, whereas anisotropic stars obey dpr/dr = (dpr/dr)GR−2σ/r, with σ = pr−pq being the difference
between the radial and tangential pressure. These two expressions can be matched if 2rσ = ρmpiifi(r). The
compactness of anisotropic stars is known to decrease (increase) when σ increases (decreases) [417]. This
conclusion is in good qualitative agreement with the results shown in the left panel of Fig. 3.10.
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calculations in some popular theories of gravity, such as those shown in Fig. 3.1. It is
particularly interesting to compare the formalism against theories that violate some of our
basic assumptions, such as ST gravity with spontaneous scalarization (which introduces
intrinsically nonperturbative effects [118]) or Eddington-inspired-Born-Infeld gravity, with
its lack of a Newtonian limit and its unorthodox dependence on the stress-energy tensor [358,
137].
We have already obtained some interesting results in this context: for example, our
conclusion that the 2PN post-TOV equations are equivalent to an effective modified perfect-
fluid EOS (see Section 3.3.3) has an interesting parallel with the results by Delsate et al. [137],
who reached a similar conclusion for Eddington-inspired-Born-Infeld gravity.
There are several interesting extensions of our work that should be addressed in
the future. The most obvious one is to assess whether post-TOV parameters can indeed
reproduce the mass-radius curve in various classes of alternative theories, and whether the
post-TOV parameters encode specific information on the physical parameters underlying
specific theories. This study will hopefully lead to a better understanding of the generality
of the EOS/gravity-theory degeneracy.
From a data analysis point of view, it is important to understand whether physical
measurements of masses and radii (or perhaps more realistically, measurements of masses and
surface redshifts/stellar compactnesses) can lead to constraints on the post-TOV parameters
under specific assumptions on the high-density EOS. The answer to this question obviously
depends on the relative magnitude of modified gravity effects and EOS uncertainties. It
will be interesting to quantify what uncertainties in the EOS are acceptable if we want to
experimentally constrain post-TOV parameters at meaningful levels.
Other obvious extensions are (i) the generalization of the post-TOV framework to
slowly and possibly fast rotating relativistic stars, and (ii) stability investigations within the
post-TOV framework. We hope that our work will stimulate further activity in this field.
Stability studies in a post-TOV context may reveal that certain generic features of modified
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gravity lead to instabilities even for nonrotating stars, possibly excluding whole classes of
modified gravity theories.
Last but not least, we would like to point out that our post-TOV toolkit is not
(nor was it designed to be) a self-consistent PN expansion, but rather a phenomenologi-
cal parametrization of the leading-order (unconstrained) deviations from GR. A systematic
and self-consistent PPN expansion extending the PN stellar structure works cited in the
introduction [26, 469, 416, 191] is an interesting but quite distinct area of investigation that
should also be pursued in the future.
In the next chapter we will develop an exterior post-Schwazschild metric that will
allows us to extend the applicability of the post-TOV, having astrophysical application in
mind [185]. This extension of our formalism is applicable to situations involving bursting NSs
(along the lines of [377]), geodesic motion around NSs and quasi-periodic oscillations [130],
and NSs cooling curves [374, 77]. It is possible that the combination of multiple observables
may lift the EOS/gravity degeneracy.
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CHAPTER 4
SOME ASTROPHYSICAL APPLICATIONS OF
POST-TOLMAN-OPPENHEIMER-VOLKOFF FORMALISM FOR RELATIVISTIC
STARS
4.1 Introduction
Compact stars are ideal astrophysical environments to probe the coupling between
matter and gravity in a high-density, strong gravity regime not accessible in the laboratory.
Cosmological observations and high-energy physics considerations have spurred extensive re-
search on the properties of NSs, whether isolated or in binary systems, in modified theories
of gravity (see e.g. [51, 526] for reviews). Different extensions of GR affect the bulk prop-
erties of the star (such as the mass M and radius R) in similar ways for given assumptions
on the EOS of high-density matter. Therefore it is interesting to understand whether these
deviations from the predictions of GR can be understood within a simple parametrized for-
malism. The development of such a generic framework to understand how NS properties are
affected in modified gravity is even more pressing now that gravitational-wave observations
are finally a reality [3], since the observation of NS mergers could allow us to probe the
dynamical behavior of these objects in extreme environments.
In Chapter 3 we developed a post-Tolman-Oppenheimer-Volkoff (henceforth, post-
TOV) formalism valid for spherical stars [184]. The basic idea is quite simple. The structure
of nonrotating, relativistic stars can be determined by integrating two ordinary differential
equations: one of these equations gives the “mass function” and the other equation – a
generalization of the hydrostatic equilibrium condition in Newtonian gravity – determines
the pressure profile and the stellar radius, defined as the point where the pressure vanishes.
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The post-TOV formalism, introduced in Chapter 4 and reviewed in Section 4.2 below, adds
a relatively small number of parametrized corrections with parameters µi (i = 1, . . . , 5) and
pii (i = 1 . . . , 4) to the mass and pressure equations. These corrections have two proper-
ties: (i) they are of second post-Newtonian (PN) order, because first-order deviations are
already tightly constrained by observations; and (ii) they are general enough to capture in
a phenomenological way all possible deviations from the mass-radius relation in GR. Other
parametrizations were explored in [408, 486] by modifying ad hoc the TOV equations.
In this chapter we turn to the investigation of astrophysical applications of the for-
malism. Part of our analysis is inspired by previous work by Psaltis [377], who showed that,
under the assumption of spherical symmetry, many properties of NSs in metric theories of
gravity can be calculated using only conservation laws, Killing symmetries, and the Ein-
stein equivalence principle, without requiring the validity of the GR field equations. Psaltis
computed the gravitational redshift of a surface atomic line zs, the Eddington luminosity at
infinity L∞E (thought to be equal to the touchdown luminosity of a radius-expansion burst),
and the apparent surface area of a NS (which is potentially measurable during the cooling
tails of bursts).
We first extend our previous work to study the exterior of neutron stars. Then we
compute the surface redshift zs, the apparent radius Rapp and the Eddington luminosity at
infinity L∞E . In addition, we study geodesic motion in the NS spacetime within the post-TOV
formalism. We focus on the orbital and epicyclic frequencies, that according to some models
– such as the relativistic precession model [455, 456] and the epicyclic resonance model [5] –
may be related with the quasiperiodic oscillations (QPOs) observed in the x-ray spectra of
accreting NSs.
Our main result is that, at leading order, all of these quantities depend on just two
post-TOV parameters: µ1 and the combination
χ ≡ pi2 − µ2 − 2piµ1 . (4.1)
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We also express the leading multipoles in a multipolar expansion of the NS spacetime in
terms of µ1 and χ, and we discuss the possibility to measure (or set upper bounds on) these
parameters with astrophysical observations.
The plan of the chapter is as follows. In Sec. 4.2 we present a short review of the
post-TOV formalism developed in [184] and introduced in the Chapter 3. In Sec. 4.3 we
extend the formalism to deal with the stellar exterior, computing a “post-Schwarzschild”
exterior metric. In Sec. 4.4 we compute the surface redshift zs and relate it to the stellar
compactness M/R. In Sec. 4.5, following [377], we study the properties of bursting NSs in
the post-TOV framework. In Sec. 4.6 we calculate the orbital frequencies. In Sec. 4.7 we
look at the leading-order multipoles of post-TOV stars. Then we present some conclusions
and possible directions for future work.
4.2 Overview of the post-TOV formalism
Let us begin with a review of the post-TOV formalism introduced in Chapter 3. The
core of this formalism consists of the following set of “post-TOV” structure equations for
static spherically symmetric stars (we use geometrical units G = c = 1):
dp
dr
=
(
dp
dr
)
GR
− ρm
r2
(P1 + P2 ) , (4.2a)
dm
dr
=
(
dm
dr
)
GR
+ 4pir2ρ (M1 +M2) , (4.2b)
where
P1 ≡ δ1m
r
+ 4piδ2
r3p
m
, M1 ≡ δ3m
r
+ δ4Π , (4.3a)
P2 ≡ pi1m
3
r5ρ
+ pi2
m2
r2
+ pi3r
2p+ pi4
Πp
ρ
, (4.3b)
M2 ≡ µ1m
3
r5ρ
+ µ2
m2
r2
+ µ3r
2p+ µ4
Πp
ρ
+ µ5Π
3 r
m
. (4.3c)
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Here r is the circumferential radius, m is the mass function, p is the fluid pressure, ρ is the
baryonic rest mass density,  is the total energy density and Π ≡ ( − ρ)/ρ is the internal
energy per unit baryonic mass. A “GR” subscript denotes the standard TOV equations in
GR, i.e.
(
dp
dr
)
GR
= −(+ p)
r2
(mT + 4pir
3p)
(1− 2mT/r) , (4.4a)(
dm
dr
)
GR
=
dmT
dr
= 4pir2 , (4.4b)
where mT is the GR mass function.
The dimensionless combinations P1,M1 and P2,M2 represent a parametrized de-
parture from the GR stellar structure and are linear combinations of 1PN- and 2PN-order
terms, respectively. These terms feature the phenomenological post-TOV parameters δi
(i = 1, . . . , 4), pii (i = 1, . . . , 4) and µi (i = 1, . . . , 5). In particular, the coefficients δi
attached to the 1PN terms are simple algebraic combinations of the traditional PPN param-
eters δ1 ≡ 3(1 + γ)− 6β+ ζ2, δ2 ≡ γ− 1 + ζ4, δ3 ≡ −12 (11 + γ − 12β + ζ2 − 2ζ4), δ4 ≡ ζ3. As
such, they are constrained to be very close to zero by existing Solar System and binary pulsar
observations1: |δi|  1. This result translates to negligibly small 1PN terms in Eq. (4.2):
P1  1, M1  1. On the other hand, pii and µi are presently unconstrained, and conse-
quently P2,M2 should be viewed as describing the dominant (significant) departure from
GR. The GR limit of the formalism corresponds to setting all of these parameters to zero,
i.e. δi, pii, µi → 0.
Alternatively, the stellar structure equations (4.2) can be formally derived – if we
neglect the small terms P1,M1 – from a covariantly conserved perfect fluid stress energy
tensor [184]:
∇νT µν = 0, T µν = (eff + p)uµuν + pgµν , (4.5)
1We may recall from Chapter 3 that using the latest constraints on the PPN parameters [500] we obtain
the following upper limits: |δ1| . 6× 10−4, |δ2| . 7× 10−3, |δ3| . 7× 10−3, |δ4| . 10−8.
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where the effective, gravity-modified energy density is
eff = + ρM2 , (4.6)
and the covariant derivative is compatible with the effective post-TOV metric
gµν = diag[−eν(r), (1− 2m(r)/r)−1, r2, r2 sin2 θ ] , (4.7)
with
dν
dr
=
2
r2
[
(1−M2)m+ 4pir
3p
1− 2m/r +mP2
]
. (4.8)
This post-TOV metric is valid in the interior of the star. In the following section we discuss
how an exterior post-TOV metric can be constructed within our framework.
4.3 The exterior “post-Schwarzschild” metric
For the applications of the post-TOV formalism considered in this work, we must
specify how the gtt and grr metric elements are calculated in the interior and exterior regions
of the fluid distribution. In this section we will construct an exterior spacetime in a post-
Schwarzschild form.
From the effective post-TOV metric, we have that inside the fluid body gtt = − exp[ν(r)],
where ν(r) is determined in terms of the fluid variables and post-TOV parameters from
Eq. (4.8). We will assume that outside the fluid distribution the same effective metric ex-
pression holds.2 Then we get the equations
dν
dr
=
(
dν
dr
)
GR
+
2
r2
[
−µ2m
2
r2
m
1− 2m/r + pi2
m3
r2
]
, (4.9)
dm
dr
= 4piµ1
m3
r3
, (4.10)
2This assumption is based on simplicity. While we keep an agnostic view on the validity of Birkhoff’s
theorem within our formalism (and in modified gravity theories in general), the interior post-TOV metric is
arguably the best guide towards the construction of the exterior metric.
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where (
dν
dr
)
GR
≡ 2
r2
m
1− 2m/r . (4.11)
These equations originate from the general expressions (4.8) and (4.2b) after setting all fluid
parameters to zero, i.e p =  = ρ = Π = 0, and keeping the surviving terms in M2 and P2.
It is not difficult to see that, in the nomenclature of [184], the only 2PN post-TOV terms
that can appear in the exterior equations are those of “family F1” and “family F2.” The F1
term (coefficient pi1) should not appear in the P2 correction of the interior dν/dr equation
because it is divergent at the surface. This implies that the F1 term should not appear in
the dp/dr equation either.
As it stands, Eq. (4.9) contains higher than 2PN order terms. It should therefore be
PN-expanded with respect to the post-TOV terms:
dν
dr
=
(
dν
dr
)
GR
+ 2(pi2 − µ2)m
3
r4
. (4.12)
Thus (4.12) and (4.10) are our “final” post-TOV equations for the stellar exterior.
The mass equation is decoupled and can be directly integrated. The result is
m(r) =
r√
4piµ1 +Kr2
, (4.13)
where K is an integration constant. The fact that dm/dr 6= 0 outside the star implies the
presence of an “atmosphere” due to the non-GR degree of freedom. This is reminiscent of
the exterior structure of NSs in scalar-tensor theories [118]. The constant K is fixed by
setting m(r →∞) equal to the system’s ADM mass M∞. Then,
m(r) = M∞
(
1 + 4piµ1
M2∞
r2
)−1/2
. (4.14)
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Thus the ADM mass is related to the Schwarzschild mass M ≡ m(R) by
M = M∞
(
1 + 4piµ1
M2∞
R2
)−1/2
. (4.15)
As expected, in the GR limit the two masses coincide
m(r > R) = M∞ = M . (4.16)
Assuming a post-TOV correction F ≡ 4pi|µ1|(M∞/R)2  1 we can reexpand our re-
sult (4.15),
M = M∞
(
1− 2piµ1M
2
∞
R2
)
. (4.17)
The inverse relation M∞ = M∞(M) reads3
M∞ = M
(
1 + 2piµ1
M2
R2
)
. (4.18)
The three mass relations (4.15), (4.17) and (4.18) are equivalent in the F  1 limit. Equa-
tions (4.15) and (4.14) are “exact” post-TOV results and do not require F or µ1 to be much
smaller than unity, although Eq. (4.15) does place a lower limit on µ1 because the argument
of the square root must be nonnegative. Unfortunately, the use of (4.14) in the calculation
of the metric components leads to very cumbersome expressions.
To make progress (while also keeping up with the post-TOV spirit), we hereafter use
the F  1 approximations (4.17) and (4.18). This step, however, introduces a certain degree
of error. This is quantified in Fig. 4.1 (left panel), where we show the relative percent error in
calculating M∞ using the post-TOV expanded Eqs. (4.17) and (4.18) rather than Eq. (4.15).
Using EOS Sly4 [155], we considered values of µ1 for which Eqs. (4.15) and (4.17) admit
3At first glance, obtaining M∞(M) entails solving a cubic equation. However, the procedure is greatly
simplified if we recall that the post-TOV formalism must reduce to GR for {µi, pii} → 0. Having that in
mind we can treat µ1 as a small parameter and solve (4.17) perturbatively. The only regular solution in the
µ1 → 0 limit is Eq. (4.18).
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a positive solution for M∞. As test beds, we consider NSs with central energy densities
which result in a canonical 1.4M and the maximum allowed mass in GR, i.e. 2.05M. As
evident from Fig. 4.1, the error can become significant as we increase the value of |µ1|. By
demanding that the errors remain within 5% we can narrow down the admissible values of
µ1 to [−1.0, 0.1]. We observe that while M∞ can deviate greatly from the GR value (e.g.
M∞ reduces by ≈ 21% when µ1 = −1.0 with respect to a 1.4M NS), F remains below
unity (see right panel of Fig. 4.1). This is because large negative values of the parameter µ1
make the star less compact (i.e. Newtonian), as evidenced in Fig. 1 of [184].
We emphasize that the larger errors for some values of µ1 are not an issue with the
post-TOV formalism itself, but serve to constrain the values of µ1 for which the perturbative
expansion is valid. From a practical point of view, excluding large values of |µ1| is a sensible
strategy, since the resulting stellar parameters are so different with respect to their GR values
that these cannot be considered as meaningful post-TOV corrections. Hereafter, whenever
we refer to M∞ we mean the mass calculated using Eq. (4.18) with µ1 ∈ [−1.0, 0.1].
Within this approximation we are free to use the Taylor-expanded form of (4.14), i.e.
m(r) = M∞
(
1− 2piµ1M2∞/r2
)
. (4.19)
This expression leads to the exterior grr metric
grr(r) =
(
1− 2M∞
r
)−1
− 4piµ1M
3
∞
r3
+O
(
µ1M
4
∞
r4
)
. (4.20)
This expression allows us to identify M∞ as the spacetime’s gravitating mass (see also the
result for gtt below).
The next step is to use our result for m(r) in (4.12) and integrate to obtain ν(r).
After expanding to 2PN post-TOV order we obtain:
dν
dr
=
2M∞
r2
(
1− 2M∞
r
)−1
+ 2χ
M3∞
r4
. (4.21)
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Figure 4.1: Errors in M∞. We show the percent error [% error ≡ 100× (xvalue − xref)/xref ]
in calculating M∞ using Eqs. (4.17) and (4.18) with respect to (4.15) for various values of µ1
using EOS SLy4. The range of µ1 is chosen such that using any of Eqs. (4.15), (4.17) or (4.18)
one can obtain a real root corresponding to M∞. The post-TOV models are constructed using
a fixed central value of the energy density, which results in either a canonical (1.4M) or
a maximum-mass (2.05M) NS in GR. Top panel: errors for a maximum-mass GR star.
Bottom panel: errors for a canonical-mass GR star. Right panel: the absolute value of the
post-TOV correction F = 4piµ1(M∞/R)2 as a function of µ1. The condition F  1 bounds
the range of acceptable values of µ1 for which the expansions leading to Eqs. (4.17) and
(4.18) are valid. Errors are below 5 % when µ1 ∈ [−1.0, 0.1].
where the parameter χ, defined in Eq. (4.1), quantifies the departure from the Schwarzschild
metric. Integrating,
ν(r) = log
(
1− 2M∞
r
)
− 2χ
3
M3∞
r3
, (4.22)
where the integration constant has been eliminated by requiring asymptotic flatness. The
resulting exterior gtt metric component is
gtt(r) = −
(
1− 2M∞
r
)
+
2χ
3
M3∞
r3
+O
(
χM4∞
r4
)
. (4.23)
82
Equations (4.23) and (4.20) represent our final results for the 2PN-accurate exterior
post-Schwarzschild metric. From this construction it follows that post-TOV stars for which
µ1 = µ2 = pi2 = 0 have the Schwarzschild metric as the exterior spacetime. The following
sections describe how the exterior metric can be used to compute observables of relevance
for NS astrophysics.
4.4 Surface redshift and stellar compactness
The surface redshift is among the most basic NS observables that could be affected
by a change in the gravity theory. The surface redshift is defined in the usual way as
zs ≡ λ∞ − λs
λs
=
fs
f∞
− 1 , (4.24)
where λ and f are the wavelength and frequency of a photon, respectively. Here and below,
the subscripts s and∞ will denote the value of various quantities at the stellar surface r = R
and at spatial infinity. The familiar redshift formula
f∞
fs
=
[
gtt(R)
gtt(∞)
]1/2
(4.25)
is valid for any static spacetime, regardless of the form of the field equations. Using the
metric (4.23), we easily obtain (at first post-TOV order)
fs
f∞
=
(
1− 2M∞
R
)−1/2
+
χ
3
M3∞
R3
. (4.26)
Given that the frequency shift depends only on the ratio M∞/R, it is more convenient to
work in terms of the stellar compactness
C = M∞/R . (4.27)
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Then from the definition of the surface redshift we obtain
zs = zGR +
χ
3
C3 , (4.28)
where
zGR ≡ ( 1− 2C )−1/2 − 1 (4.29)
is the standard redshift formula in GR, while the second term represents the post-TOV
correction. Observe that zs can be smaller or larger than zGR depending on the sign of the
parameter χ. This is shown in Fig. 4.2 (left panel), where we plot the percent difference
δzs/zs ≡ 100× (zs − zGR)/zGR as a function of C for two representative cases (χ = ±0.1).
A characteristic property of the redshift is that it is a function of C, and as such
it cannot be used to disentangle mass and radius individually. A given observed surface
redshift zobs can be experimentally interpreted either as zobs = zGR(C) or zobs = zs(C, χ),
and therefore lead to different estimates for C (for a given χ). Figure 4.2 (right panel), where
we plot the percent difference δC/C ≡ 100× (C −CGR)/CGR as a function of zs, shows how
much the inferred compactness would differ in the two cases where χ = ±0.1. A positive
(negative) χ leads to a lower (higher) inferred compactness with respect to GR. The figure
suggests that the “error” in C becomes significant for redshifts zs & 1.
It is a straightforward exercise to invert the redshift formula and obtain a post-TOV
expression C = C(zs). We first write
1 + zs =
1√−gtt(R) ⇒ gtt(R) = − 1(1 + zs)2 . (4.30)
Upon inserting the post-Schwarzschild metric (4.23) we get a cubic equation for the com-
pactness,
−1 + 1
(1 + zs)2
+ 2C +
2
3
χC3 = 0 . (4.31)
In solving this equation we take into account that the small parameters are C and zs ∼ O(C)
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Figure 4.2: Surface redshift and stellar compactness. Relative percent changes with respect
to GR for both zs and C for different values of χ.
and that the χ→ 0 limit should be smooth. We find
C = CGR
(
1− 1
3
χz2s
)
, (4.32)
where
CGR =
1
2
[
1− (1 + zs)−2
]
, (4.33)
is the corresponding solution in GR.
As was the case for the post-TOV redshift formula, the compactness of a post-TOV
star can be pushed above (below) the GR value by choosing a negative (positive) parameter
χ.
The two main results of this section, Eqs. (4.28) and (4.32), are also interesting
from a different perspective, namely, their dependence on the single post-TOV parameter
χ. This dependence entails a degeneracy with respect to the coefficient triad {µ1, µ2, pi2}
when (for example) a NS redshift observation is used as a gravity theory discriminator.
The redshift/compactness χ-degeneracy is another reminder of the intrinsic difficulty in
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distinguishing non-GR theories of gravity from NS physics (see e.g. discussion around Fig.
1 in [184]).
4.5 Bursting neutron stars
A potential test bed for measuring deviations from GR with a parametrized scheme
like our post-TOV formalism is provided by accreting NSs exhibiting the so-called type I
bursts. These are x-ray flashes powered by the nuclear detonation of accreted matter on
the stellar surface layers [280]. The luminosity associated with these events can reach the
Eddington limit and may cause a photospheric radius expansion (see e.g. [265, 452]), thus
offering a number of observational “handles” to the system (see below for more details).
A paper by Psaltis [377] proposed type I bursting NSs as a means to constrain possible
deviations from GR. Psaltis’ analysis, based on a static and spherically symmetric model
for describing the spacetime outside a nonrotating NS, is general enough to allow a direct
adaptation to the post-TOV scheme. For that reason we can omit most of the technical
details discussed in [377] and instead focus on the key results derived in that paper.
There is a number of observable quantities associated with type I bursting NSs that
can be used to set up a test of GR. The first one is the surface redshift zs; in Sec. 4.4 we
have derived post-TOV formulas for zs and the stellar compactness C, which are used below
in the derivation of a constraint equation between the post-Schwarzschild metric and the
various observables.
The luminosity (as measured at infinity) of a source located at a (luminosity) distance
D is
L∞ = 4piD2F∞ , (4.34)
where F∞ is the (observable) flux. This luminosity can be written in a blackbody form with
the help of an apparent surface area Sapp and a color temperature (as measured at infinity)
T¯∞:
4piD2F∞ = σSBSappT¯ 4∞ , (4.35)
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where σSB is the Stefan-Boltzmann constant. We then define the second observable parameter
used in this analysis, i.e. the apparent radius
Rapp ≡
(
Sapp
4pi
)1/2
= D
(
F∞
σSBT¯ 4∞
)1/2
. (4.36)
As evident from its form, Rapp is independent of the underpinning gravitational theory, at
least to the extent that the theory does not appreciably modify the (luminosity) distance to
the source.
The surface color temperature is related to the intrinsic effective temperature Teff via
the standard color correction factor fc [296, 463],
T¯s = fcTeff . (4.37)
The observed temperature at infinity picks up a redshift factor with respect to its local
surface value, that is,
T¯∞ = fc
√
−gtt(R)Teff . (4.38)
The effective temperature is the one related to the source’s intrinsic luminosity,
Ls = 4piR
2σSBT
4
eff . (4.39)
As shown in [377],
L∞ = −gtt(R)Ls = 4piR2σSB
(
T¯∞
fc
)4
[−gtt(R)]−1 . (4.40)
Combining this with the preceding formulas leads to
Rapp
R
=
1 + zs
f 2c
. (4.41)
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The third relevant observable is the Eddington luminosity/flux at infinity. This is given
by [377]
L∞E = 4piD
2F∞E =
4pi
κ
R2
(1 + zs)2
geff , (4.42)
where κ is the opacity of the matter interacting with the radiation field4 and geff is an effective
surface gravitational acceleration, defined as
geff =
1
2
√
grr(R)
g′tt(R)
gtt(R)
. (4.43)
This parameter is key to the present analysis as it encodes the departure from the general
relativistic Schwarzschild metric.
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Figure 4.3: Bursting NS constraints. The surfaces are contours of constant
[ 1 + (2/3)χz2s ] zs(2 + zs)/(1 + zs)
4 in the (zs, χ) plane. This quantity is a combination
of observables – cf. the right-hand side of Eq. (4.48) – and therefore it is potentially measur-
able; a measurement will single out a specific contour in this plot. A further measurement
of (say) the redshift zs corresponds to the intersection between one such contour and a line
with zs = const, so it can lead to a determination of χ.
4Typically, this interaction manifests itself as Thomson scattering in a hydrogen-helium plasma, in which
case the opacity is κ ≈ 0.2(1 +X) cm2/gr where X is the hydrogen mass fraction [452].
88
Having at our disposal the above three observable combinations, the strategy is to
combine them and derive a constraint equation between the observables and the spacetime
metric. To this end, we first need to eliminate the not directly observable stellar radius R
between (4.41) and (4.42) and subsequently solve with respect to geff . We obtain
geff = κσSB
F∞E
F∞
(
T¯∞
fc
)4
(1 + zs)
4 . (4.44)
The remaining task is to express geff in terms of zs. Using the post-Schwarzschild metric,
Eqs. (4.20) and (4.23), in (4.44) we obtain the post-TOV result
geff =
C
R
(1 + zs)
(
1 + χC2
)
. (4.45)
Making use of Eq. (4.32) for the compactness leads to the desired result [cf. Eq. (39) in
[377]]:
geff =
zs
2R
(2 + zs)
(1 + zs)
(
1 +
2
3
χz2s
)
, (4.46)
where, as evident, the prefactor represents the GR result. Finally, after eliminating R with
the help of (4.41) and (4.36), we obtain the “observable” effective gravity:
geff =
zs(2 + zs)
2Df 2c
(
1 +
2
3
χz2s
)(
σSBT¯
4
∞
F∞
)1/2
. (4.47)
This can then be combined with (4.44) to give
zs(2 + zs)
(1 + zs)4
(
1 +
2
3
χz2s
)
= 2Dκ
F∞E
f 2c
(
σSBT¯
4
∞
F∞
)1/2
, (4.48)
and consequently
χ =
3
2z2s
[
2Dκ
(1 + zs)
4
zs(2 + zs)
F∞E
f 2c
(
σSBT¯
4
∞
F∞
)1/2
− 1
]
. (4.49)
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This equation is the main result of this section and provides, at least as a proof of principle,
a quantitative connection between the post-Schwarzschild correction to the exterior metric
[in the form of the χ coefficient defined in Eq. (4.1)] and observable quantities in a type I
bursting NS. Reference [377] arrives at a similar result [their Eq. (49)] which has the same
physical meaning, but is not identical to Eq. (4.48) due to the different assumed form of the
exterior metric.
Our results are illustrated in Fig. 4.3, where we show the left-hand side of Eq. (4.48)
as a contour plot in the (zs, χ) plane. Each contour represents a specific measurement of
this observable quantity. An additional surface redshift measurement can lead, at least in
principle, to the determination of the post-TOV parameter χ, as given by Eq. (4.49).
4.6 Quasiperiodic oscillations
The post-Schwarzschild metric allows us to compute the geodesic motion of particles
in the exterior spacetime of post-TOV NSs. Geodesics in NS spacetimes play a key role
in the theoretical modeling of the QPOs observed in the x-ray spectra of accreting NSs.
The detailed physical mechanism(s) responsible for the QPO-like time variability in the
flux of these systems is still a matter of debate, but some of the most popular models are
based on the notion of a radiating hot “blob” of matter moving in nearly circular geodesic
orbits. The QPO frequencies are identified either with the orbital frequencies, or with
simple combinations of the orbital frequencies. The most popular models are variants of the
relativistic precession [455, 456] and epicyclic resonance [5] models.
In this section we discuss the relevant orbital frequencies within the post-TOV for-
malism and derive formulas that could easily be used in the aforementioned QPO models.
In principle, matching the orbital frequencies to the QPO data would allow one to extract
post-TOV parameters such as χ and µ1 (see [391, 361, 362] for a similar exercise in the
context of GR and scalar-tensor theory).
For nearly circular orbits in a spherically symmetric spacetime, the only perturbations
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of interest are the radial ones (i.e., there is periastron precession but no Lense-Thirring nodal
precession) and therefore we can associate two frequencies to every circular orbit: the orbital
azimuthal frequency of the circular orbit Ωϕ and the radial epicyclic frequency Ωr.
Geodesics in a static, spherically symmetric spacetime are characterized by the two
usual conserved quantities, the energy E = −gttt˙ and the angular momentum L = gφφφ˙.
Here both constants are defined per unit particle mass, and the dots stand for differentiation
with respect to proper time. The four-velocity normalization condition uaua = −1 yields an
effective potential equation for the particle’s radial motion,
grrr˙
2 = −E
2
gtt
− L
2
gφφ
− 1 ≡ Veff(r) . (4.50)
The conditions for circular orbits are Veff(r) = V
′
eff(r) = 0, where the prime denotes differ-
entiation with respect to the radial coordinate. Hereafter r will denote the circular orbit
radius. From these conditions we can determine the orbital frequency Ωϕ ≡ φ˙/t˙ measured
by an observer at infinity.5 The square of the orbital frequency is then given as
Ω2ϕ = −
g′tt
g′φφ
=
M∞
r3
(
1 + χ
M2∞
r2
)
. (4.51)
The Schwarzschild frequency is recovered for χ = 0.
The radial epicyclic frequency can be calculated from the equation for radially per-
turbed circular orbits, which follows from Eq. (4.50):
Ω2r = −
grr
2t˙2
V ′′eff(r) ≈
M∞
r3
[
1− 6M∞
r
− χM
2
∞
r2
+O(r−3)
]
(4.52a)
= Ω2ϕ
[
1− 6M∞
r
− 2χM
2
∞
r2
+O(r−3)
]
, (4.52b)
5Apart from its implications for the QPOs, the post-TOV corrected orbital frequency would imply a shift
in the corotation radius rco in an accreting system. This radius is defined as Ω∗ = Ωϕ(rco), where Ω∗ is the
stellar angular frequency, and plays a key role in determining the torque-spin equilibrium in magnetic field-
disk coupling models. Using the above definition we find the following result for the post-TOV corotation
radius: rco = M∞(M∞Ω∗)−2/3
[
1 + (χ/3)(M∞Ω∗)4/3
]
.
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where again the frequency is calculated with respect to observers at infinity. From the post-
TOV expanded result we can see that the first two terms correspond to the Schwarzschild
epicyclic frequency. The additional post-TOV terms in these formulas produce a shift in the
frequency and radius of the innermost stable circular orbit (ISCO) with respect to their GR
values – the latter quantity is determined by the condition Ω2r = 0, which in GR leads to
the well-known result risco = 6M∞. The corresponding post-TOV ISCO is obtained from
(4.52a), up to linear order in χ, as:
risco ≈ 6M∞
(
1 +
19
324
χ
)
. (4.53)
The post-TOV ISCO parameters risco and (Ωϕ)isco are plotted in Fig. 4.4 as functions of
the parameter χ. As evident from Eq. (4.53), a positive (negative) χ implies risco > 6M∞
(risco < 6M∞). If one takes Eq. (4.52a) at face value for the given post-Schwarzschild metric,
for negative enough values of χ there is no ISCO solution, but this occurs well beyond the
point where it is safe to use our perturbative formalism. The orbital frequency profile remains
rather simple, with (Ωϕ)isco exceeding the GR value when risco < 6M∞ (and vice versa).
Besides the frequency pair {Ωϕ,Ωr}, a third prominent quantity in the QPO models
is the frequency
Ωper = Ωϕ − Ωr , (4.54)
associated with the orbital periastron precession (for example, in the relativistic precession
model [455, 456] this frequency is typically associated with the low-frequency QPO) .
Given our earlier results, it is straightforward to derive a series expansion in powers of
1/r for Ωper. However, it is usually more desirable to produce a series expansion with respect
to an observable quantity, such as the circular orbital velocity U∞ = (M∞Ωϕ)1/3. This can
be done by first expanding U∞ with respect to 1/r and then inverting the expansion, thus
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Figure 4.4: ISCO quantities. ISCO quantities as functions of χ. The solid curve corre-
sponds to the relative difference (in percent) of risco with respect to GR, while the dashed
curve corresponds to the relative difference of the orbital frequency at the ISCO, (Ωϕ)isco.
producing a series in U∞. The outcome of this recipe is
Ωper
Ωϕ
= 1− Ωr
Ωϕ
= 3U2∞ +
(
9
2
+ χ
)
U4∞ +O(U6∞) . (4.55)
A similar “Keplerian” version of this expression can be produced if we opt for using the
velocity UK and mass MK that an observer would infer from the motion of (say) a binary
system under the assumption of exactly Keplerian orbits. These are UK = (MKΩϕ)
1/3 and
MK = r
3Ω2ϕ, so that MK = M∞ (1 + χM
2
∞/r
2). The resulting series is identical to Eq. (4.55)
when truncated to U4K order. Higher-order terms, however, are different (see the following
section).
The above results for the frequencies {Ωϕ,Ωr,Ωper} suggest that a QPO-based test of
GR within the post-TOV formalism could in principle allow the extraction of the post-TOV
parameter χ. In this sense these frequencies probe the same kind of deviation from GR (and
suffer from the same degree of degeneracy) as the observations of bursting NSs discussed in
Section 4.5.
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to negative values of χ (and risco < 6M∞).
We conclude this section by sketching how this procedure works in practice in the
context of the relativistic precession model. The twin kHz QPO frequencies {ν1, ν2} seen in
the flux of bright low-mass x-ray binaries are identified with the azimuthal and periastron
precession orbital frequencies. More specifically, the high-frequency member of the pair is
identified with the azimuthal frequency (ν2 = νϕ = Ωϕ/2pi), while the low-frequency member
is identified with the periastron precession (ν1 = νper = Ωper/2pi). With this interpretation,
the QPO separation is equal to the radial epicyclic frequency: ∆ν = ν2 − ν1 = Ωr/2pi.
We use our previous results [Eqs. (4.51), (4.52b), (4.55)] to plot these orbital fre-
quencies (clearly, ν1/ν2 = Ωper/Ωϕ and ∆ν/ν2 = Ωr/Ωϕ) as functions of each other and for
varying χ. As it turns out, deviations from GR are best illustrated by plotting Ωr(Ωϕ) (or
equivalenty ∆ν(ν2)). In Fig. 4.5 we plot the dimensionless combinations M∞Ωr, M∞Ωϕ (in
units of kHz for the frequencies and solar masses for M∞). As we can see, the post-TOV
models considered here (−1 < χ < 1) are qualitatively similar to the GR result (black solid
curve), all cases showing the characteristic hump in Ωr as Ωϕ increases (so that the orbital
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radius decreases). This feature is evidently associated with the existence of an ISCO (where
Ωr → 0) and is consistent with a similar trend seen in observations [456].
4.7 Multipolar structure of the spacetime
Expansions like Eq. (4.55) contain information about the multipolar structure of the
background spacetime. That expansion can be directly compared against a similar expansion
derived by Ryan [391] for an axisymmetric, stationary spacetime in GR with an arbitrary
set of mass (M0 = M∞,M2,M4, ...) and current (S1, S3, S5, ...) Geroch-Hansen multipole
moments [179, 180, 197]:6
Ωper
Ωϕ
= 3U2 − 4 S1
M2∞
U3 +
(
9
2
− 3
2
M2
M3∞
)
U4 − 10 S1
M2∞
U5
+
(
27
2
− 2 S
2
1
M4∞
− 21
2
M2
M3∞
)
U6 +O(U7) . (4.56)
where U = (M∞Ωϕ)1/3 denotes the orbital velocity.
To understand the PN accuracy of the post-TOV expansion in this context, it is useful
to consider the effect of higher PN order terms in the metric. Imagine that the gtt and grr
metric components [see Eqs. (4.20) and (4.23)] included 3PN corrections of the schematic
form,
gtt(r) = g
2PN
tt + αtt
M3∞
r3
, (4.57)
grr(r) = g
2PN
rr + αrr
M3∞
r3
. (4.58)
We can use the coefficients αtt and αrr as bookkeeping parameters in order to under-
stand how these omitted higher-order contributions affect the results of the previous section.
The recalculation of the various expressions reveals that the orbital frequency remains un-
6A multipolar expansion in scalar-tensor theory can be found in [363]. Specific calculations were also
carried out in other theories: for example, the quadrupole moment was computed in Einstein-dilaton-Gauss-
Bonnet gravity [247].
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changed to 2PN order; the 3PN term of Eq. (4.57) contributes at the next order, as expected.
The same applies to the epicyclic frequency, as we can see for example from the modified
Eq. (4.52b), where the next-order correction is a mixture of g2PNrr and the 3PN term in gtt:
Ω2r = Ω
2
ϕ
[
1− 6M∞
r
− 2χM
2
∞
r2
+
(4piµ1 − 6αtt)M3∞
r3
+O(r−4)
]
. (4.59)
Proceeding in a similar way we find the next-order correction to the Ryan-like expansion
(4.55):
Ωper
Ωϕ
= 3U2∞ +
(
9
2
+ χ
)
U4∞ +
[
27
2
+ 2(χ− piµ1) + 3αtt
]
U6∞ +O(U8∞) . (4.60)
We can see that the 3PN term “contaminates” the PN correction that was omitted in
Eq. (4.55). Repeating the same exercise for the Keplerian version of the multipole expansion
(i.e. where the orbital velocity U∞ is replaced by UK) we find
Ωper
Ωϕ
= 3U2K +
(
9
2
+ χ
)
U4K +
(
27
2
− 2piµ1 + 3αtt
)
U6K +O(U8K) . (4.61)
At the PN order considered in the previous section the two expressions were identical but,
as we can see, they differ at the next order.
We now have Ryan-type multipole expansions of the post-Schwarzschild spacetime
up to 3PN in the circular orbital velocity, which we can compare against Eq. (4.56) to draw
(with some caution) analogies and differences between GR and modified theories of gravity.
For instance, odd powers of U∞ are missing in Eq. (4.60) because the nonrotating
post-Schwarzschild spacetime has vanishing current multipole moments. Furthermore, we
can see that the quadrupole moment M2, first appearing in the coefficient of U
4
∞ in Eq. (4.56),
can be associated with χ. The parameter χ is an effective quadrupole moment in the sense
that
M eff2 = −
2
3
χM3∞ . (4.62)
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Indeed, this relation implies that a positive (negative) χ could be associated with an oblate
(prolate) source of the gravitational field.
The identification (4.62) holds at O(U4∞). The next-order term U6∞ would, in general,
lead to a different effective M2. Hence, the comparison between the U
4
∞ and U
6
∞ terms could
provide a null test for the GR-predicted quadrupole. However, there is a special case where
these two terms could be consistent with the same effective quadrupole (4.62): this occurs
when the post-TOV parameters satisfy the condition 5χ = −2piµ1 + 3αtt, in which case the
expansion (4.60) behaves as a “GR mimicker”.
A different kind of “multipole” expansion in powers of 1/r can be applied to the
metric functions ν(r),m(r) [see Eqs. (4.9)–(4.11)], leading to an alternative calculation of
the ADM mass M∞ of a post-TOV star. We consider the expansions
ν(r) =
∞∑
n=0
νn
rn
, m(r) =
∞∑
n=0
mn
rn
, (4.63)
where νn and mn are constant coefficients. In addition, we impose that ν0 = 0 and m0 = M∞.
We subsequently substitute these expansions into Eqs. (4.9) and (4.10), expand for r/R 1,
and then solve for the coefficients. The outcome of this exercise in the vacuum exterior
spacetime is
m(r) = M∞ − 2piµ1M
3
∞
r2
+O(r−4) , (4.64)
ν(r) = −2M∞
r
− 2M
2
∞
r2
− 2
3
M3∞
r3
(4 + χ) +O(r−4) . (4.65)
As expected, the top equation is consistent with our earlier result, Eq. (4.19). To get an
agreement between Eqs. (4.22) and (4.65) we must expand the logarithm appearing in the
former equation in powers of M∞/r, thus recovering Eq. (4.65).
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4.8 Conclusions
In this chapter we have demonstrated the applicability of the post-TOV formalism
to a number of facets of NS astrophysics. Let us summarize our main results. The exterior
post-Schwarzschild metric [Eqs. (4.20) and (4.23)] depends only on the ADM mass M∞ [given
by Eq. (4.18)] and on just two post-TOV parameters µ1 and χ. These are subsequently used
to produce a post-TOV formula for the surface redshift, Eq. (4.28), which is a function of
the stellar compactness and χ. Next, we have shown how a basic post-TOV model for type
I bursting NSs can be constructed. The key equation here is (4.49), which gives χ (the
only post-TOV parameter appearing in the model) in terms of observable quantities. We
also computed geodesic motion in the post-Schwarzschild exterior of post-TOV NS models,
finding expressions for the orbital, epicyclic and periastron precession frequencies of nearly
circular orbits [Eqs. (4.51), (4.52b), (4.55)] and for the ISCO radius [Eq. (4.53)]. These results
can be fed into models for QPOs from accreting NSs, such as the relativistic precession model.
Finally, on a more theoretical level, we have sketched how the post-TOV parameters enter
in the spacetime’s multipolar structure [Eq. (4.61)].
The meticulous reader may have noticed that, in spite of the exterior metric being a
function gtt(χ) and grr(µ1), all other post-TOV results feature only χ, while µ1 is either not
present or enters at higher order. This is not a coincidence: these quantities either depend
solely on gtt (e.g. the redshift) or receive their leading-order contributions from gtt (e.g. the
orbital frequencies).
The post-TOV formalism developed in [184] and in this paper can be viewed as a
basic “stage-one” version of a more general framework. There are several directions one can
follow for taking the formalism to a more sophisticated level, and here we discuss just a
couple of possibilities.
An obvious improvement is the addition of stellar rotation. This is necessary because
all astrophysical compact stars rotate, some of them quite rapidly, and the influence of
rotation is ubiquitous, affecting to some extent all of the effects discussed in this chapter. As
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a first stab at the problem, it would make sense to work in the Hartle-Thorne slow rotation
approximation [203, 204], which should be accurate enough for all but the fastest spinning
neutron stars [55].
There are equally important possibilities for improvement on the modified gravity
sector of the formalism. The present post-TOV theory is oblivious to the existence of dimen-
sionful coupling constants, such as the ones appearing in many modified theories of gravity
[e.g. f(R) theories or theories quadratic in the curvature]. These coupling parameters should
be added to the existing set of fluid parameters, and participate in the algorithmic genera-
tion of “families” of post-TOV terms (see [184] for details). The extended set of parameters
will most likely lead to a proliferation of post-TOV terms, and result in more complicated
stellar structure equations than the ones used so far [i.e. Eqs. (4.2)]. Among other things,
this enhancement may allow one to study in more generality to what extent other theories
of gravity are mapped onto the post-TOV formalism. Another limitation of the formalism
is that it is intrinsically perturbative with respect to GR solutions. It is important to gener-
alize to theories of gravity that present screening mechanisms; the viability of perturbative
expansions in these theories is a topic of active research (see e.g. [85, 27, 530, 309]).
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CHAPTER 5
SLOWLY ROTATING ANISOTROPIC NEUTRON STARS IN GENERAL RELATIVITY
AND SCALAR-TENSOR THEORY
5.1 Introduction
Most investigations of the structure of NSs assume isotropic matter with a perfect-
fluid EOS relating the pressure and density in the stellar interior. However, various physical
effects can lead to local anisotropies (see [214] for a review). Anisotropy can occur for stars
with a solid core [246] or strong magnetic fields [522, 168, 242]. Spaghetti- and lasagna-
like structures would induce anisotropic elastic properties that could be important for NS
quakes [210]. Nuclear matter may be anisotropic at very high densities [390, 78], where
the nuclear interactions must be treated relativistically and phase transitions (e.g. to pion
condensates [405] or to a superfluid state [83]) may occur. For example, Nelmes and Piette
[329] recently considered NS structure within the Skyrme model, a low energy, effective
field theory for Quantum Chromodynamics (QCD), finding significant anisotropic strains
for stars with mass M & 1.5M (see also [7, 8]). From a mathematical point of view, two-
fluid systems can be shown to be equivalent to a single anisotropic fluid [279]. Anisotropy
affects the bulk observable properties of NSs, such as the mass-radius relation and the surface
redshift [63, 209, 139, 141]: it can increase the maximum NS mass for a given EOS [63, 228]
and stabilize otherwise unstable stellar configurations [140]. Incidentally, exotic compact
objects such as gravastars [84] and boson stars [407, 294] are also equivalent to anisotropic
fluids (i.e., they have anisotropic pressure).
It is known that rotation can induce anisotropy in the pressure due to anisotropic
velocity distributions in low-density systems [214], but to the best of our knowledge – with
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the exception of some work by Bayin [34] – slowly rotating anisotropic stars have never
been investigated in GR. The goal of this chapter is to fill this gap using two different phe-
nomenological models for anisotropy [63, 228], and to extend the analysis of slowly rotating
anisotropic stars to ST theories of gravity.
ST theories are among the simplest and best studied extensions of GR [172]. In
addition to the metric, in these theories gravity is also mediated by a scalar field. ST
theories arise naturally from the dimensional reduction of higher-dimensional proposals to
unify gravity with the Standard Model, and they encompass f(R) theories of gravity as
special cases [444, 124]. The simplest variant of ST theory, Brans-Dicke theory, is tightly
constrained experimentally [499], but certain versions of the theory could in principle differ
from GR by experimentally measurable amounts in the strong-field regime, as shown by
Damour and Esposito-Fare`se [117, 118].
From an astrophysical standpoint, compact objects such as BHs and NSs are the
most plausible candidates to test strong-field gravity [51]. Compared to BHs, NSs are a
more promising strong-field laboratory to distinguish ST gravity from GR, because a large
class of ST theories admits the same black-hole solutions as GR (see [445] and references
therein), and the dynamics of BHs can differ from GR only if the BHs are surrounded by
exotic forms of matter [450, 150, 80, 79] or if the asymptotic behavior of the scalar field is
nontrivial [224, 49].
The study of NS structure in GR is textbook material [201, 323, 412, 171], and there is
an extensive literature on stellar configurations in ST theories as well (see e.g. [223, 355] and
references therein). One of the most intriguing phenomena in this context is “spontaneous
scalarization” [118], a phase transition analogous to the familiar spontaneous magnetization
in solid state physics [119]: in a certain range of central densities, asymptotically flat solu-
tions with a nonzero scalar field are possible and energetically favored with respect to the
corresponding GR solutions.
In the absence of anisotropy, the degree of scalarization depends on a certain (real)
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theory parameter β, defined in Eq. (5.2) below. Theory predicts that scalarization cannot
occur (in the absence of anisotropy) when β & −4.35 [199]. Present binary pulsar observa-
tions yield a rather tight experimental constraint: β & −4.5 [169, 496]. One of our main
findings is that the effects of scalarization, as well as the critical |β| for spontaneous scalar-
ization to occur, increase (decrease) for configurations in which the tangential pressure is
bigger (smaller) than the radial pressure. Therefore binary pulsars can be used to constrain
the degree of anisotropy at fixed β, or to constrain β for a given degree of anisotropy. This
may open the door to experimental constraints on the Skyrme model via binary pulsar ob-
servations. Other notable findings of this study are (i) an investigation of the dependence
of the stellar moment of inertia on the degree of anisotropy λ (more precisely, λH and λBL,
because we consider two different anisotropy models [63, 228]); and (ii) an investigation of
the threshold for scalarization for different values of β and λ in terms of a simple linear
stability criterion, along the lines of recent work for BHs surrounded by matter [80, 79].
5.1.1 Organization of this chapter
In Section 5.2 we introduce the equations of motion in ST theory and the stress-energy
tensor describing anisotropic fluids that will be used in the rest of the chapter. In Section 5.3
we present the equations of structure for relativistic stars at first order in the slow-rotation
expansion. The macroscopic properties of NSs obtained by integrating these equations for
two different models of anisotropic stars are presented in Section 5.4. Section 5.4.3 shows that
a linear approximation is sufficient to identify the threshold for spontaneous scalarization
for different values of β and λ. Section 5.5 summarizes our main conclusions and points out
possible avenues for future work. Finally, in Appendix D we give a detailed derivation of
an integral formula to compute the moment of inertia. Throughout this chapter, quantities
associated with the Einstein (Jordan) frame will be labeled with an asterisk (tilde). We use
geometrical units (c = G∗ = 1) unless stated otherwise and signature (−,+,+,+).
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5.2 Anisotropic fluids in scalar-tensor theory of gravity
5.2.1 Overview of the theory
We consider a massless ST theory described by an Einstein-frame action [118, 119]
S =
c4
16piG∗
∫
d4x
√−g∗
c
(R∗ − 2gµν∗ ∂µϕ∂νϕ) + SM
[
ψM;A
2(ϕ)g∗µν
]
, (5.1)
whereG∗ is the bare gravitational constant, g∗ ≡ det [ g∗µν ] is the determinant of the Einstein-
frame metric g∗µν , R∗ is the Ricci curvature scalar of the metric g∗µν , and ϕ is a massless
scalar field. SM is the action of the matter fields, collectively represented by ψM. Free
particles follow geodesics of the Jordan-frame metric g˜µν ≡ A2(ϕ)g∗µν , where A(ϕ) is a
conformal factor. In this work we assume that A(ϕ) has the form
A(ϕ) ≡ e 12βϕ2 , (5.2)
where β is the theory’s free parameter and, as we recalled in the introduction, current binary
pulsar observations constrain it to the range β & −4.5 [169, 496].
The field equations of this theory, obtained by varying the action S with respect to
gµν∗ and ϕ, are given by
R∗µν = 2∂µϕ∂νϕ+ 8pi
(
T∗µν − 1
2
T∗g∗µν
)
, (5.3)
∗ϕ = −4piα(ϕ)T∗ , (5.4)
where R∗µν is the Ricci tensor, α(ϕ) ≡ dlogA(ϕ)/dϕ (in the language of [118, 119]) is the
“scalar-matter coupling function” and ∗ is the d’Alembertian operator associated to the
metric g∗µν . GR is obtained in the limit where the scalar field decouples from matter, i.e.
α(ϕ) → 0. Under the particular choice of the conformal factor (5.2), this is equivalent to
letting β = 0. In this chapter, all equations will be derived within the context of ST gravity
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and the particular limit of GR will be taken when necessary.
Finally, T µν∗ is the energy-momentum tensor of the matter fields, defined as
T µν∗ ≡
2√−g∗
δSM [ψM , A
2(ϕ)g∗µν ]
δg∗µν
, (5.5)
and T∗ ≡ T µν∗ g∗µν is its trace. The energy-momentum tensor in the Jordan frame T˜ µν , with
trace T˜ ≡ T˜ µν g˜µν , is defined in an analogous fashion:
T˜ µν ≡ 2√−g˜
δSM [ψM , g˜µν ]
δg˜µν
. (5.6)
The two energy-momentum tensors (and their traces) are related as follows:
T µν∗ = A
6(ϕ)T˜ µν , T∗µν = A2(ϕ)T˜µν , T∗ = A4(ϕ)T˜ . (5.7)
The covariant divergence of the energy-momentum tensor satisfies
∇∗µT µν∗ = α(ϕ)T∗∇ν∗ϕ , (5.8)
∇˜µT˜ µν = 0 , (5.9)
in the Einstein and Jordan frames, respectively.
5.2.2 Anisotropic fluids
An anisotropic fluid with radial pressure p˜, tangential pressure q˜ and total energy
density ˜ can be modeled by the Jordan-frame energy-momentum tensor [63, 147]
T˜µν = ˜ u˜µu˜ν + p˜ k˜µk˜ν + q˜ Π˜µν , (5.10)
where u˜µ is the fluid four-velocity, k˜µ is a unit radial vector (k˜µk˜
µ = 1) satisfying u˜µk˜µ = 0,
and Π˜µν ≡ g˜µν + u˜µu˜ν − k˜µk˜ν . Π˜µν is a projection operator onto a two-surface orthogonal
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to both u˜µ and k˜µ: indeed, defining a projected vector A˜
µ ≡ Π˜µνV˜ν , one can easily verify
that u˜µA˜
µ = k˜µA˜
µ = 0. At the center of symmetry of the fluid distribution the tangential
pressure q˜ must vanish, since k˜µ is not defined there [147]. The trace of the Einstein-frame
stress-energy tensor for an anisotropic fluid is
T∗ = A4(ϕ) [−(˜− 3p˜)− 2 (p˜− q˜)] . (5.11)
As emphasized by Bowers and Liang [63], p˜ and q˜ contain contributions from fluid pressures
and other possible stresses inside the star, therefore they should not be confused with purely
hydrostatic pressure. Additional stresses could be caused, for instance, by the presence of a
solid core [246], strong magnetic fields [522] or a multi-fluid mixture [279]. The derivation of
a microphysical model for anisotropy is a delicate issue, so we will adopt a phenomenological
approach. We will assume that p˜ is described by a barotropic EOS, i.e. p˜ = p˜(˜). For brevity
in this chapter we focus on the APR EOS [10], but we have verified that our qualitative results
do not depend on this choice. The APR EOS supports NS models with a maximum mass
M larger than 2.0M, and therefore it is compatible with the recent observations of the
M = 1.97 ± 0.04M pulsar PSR J1614-2230 [138] and of the M = 2.01 ± 0.04M pulsar
PSR J0348+0432 [19].
The functional form of the anisotropy σ˜ ≡ p˜ − q˜ [63, 147, 183] depends on micro-
scopic relationships between p˜, q˜ and ˜, that unfortunately are not known. However we can
introduce physically motivated functional relations for σ˜ that allow for a smooth transition
between the isotropic and anisotropic regimes. Many such functional forms have been stud-
ied in the literature. As an application of our general formalism we will consider two of these
phenomenological relations, described below.
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5.2.2.1 Quasi-local equation of state
Horvat et al. [228] proposed the following quasi-local equation for σ˜:
σ˜ ≡ λHp˜γ˜ , (5.12)
where γ˜ ≡ 2µ(r)/r. The “mass function” µ(r), defined in Eq. (5.15) below, is essentially
the mass contained within the radius r, so the quantity γ˜ is a local measure of compactness,
whereas λH is a free (constant) parameter that controls the degree of anisotropy.
The calculations of [405] show that, if anisotropy occurs due to pion condensation,
0 ≤ σ˜/p˜ ≤ 1, therefore λH could be of order unity [147]. More recently, Nelmes and Piette
[329] considered NS structure within a model consisting of a Skyrme crystal, which allows
for the presence of anisotropic strains. They found that λH, as defined in Eq. (5.12), has
a nearly constant value λH ≈ −2 throughout the NS interior. The nonradial oscillations of
anisotropic stars were studied in [147] using the model of Eq. (5.12). Following Doneva and
Yazadjiev [147], we will consider values of λH in the range −2 ≤ λH ≤ 2.
5.2.2.2 Bowers-Liang model
As a second possibility we will consider the functional form for σ˜ proposed by Bowers
and Liang [63], who suggested the relation1
σ˜ ≡ 1
3
λBL (˜+ 3p˜) (˜+ p˜)
(
1− 2µ
r
)−1
r2 . (5.13)
The model is based on the following assumptions: (i) the anisotropy should vanish quadrat-
ically at the origin (the necessity for this requirement will become clear in Sec. 5.3), (ii) the
anisotropy should depend nonlinearly on p˜, and (iii) the anisotropy is (in part) gravitationally
induced. The parameter λBL controls the amount of anisotropy in the fluid.
1The factor of 1/3 in Eq. (5.13) is chosen for convenience. Also, there is a sign difference between
our definition of σ˜ and the one in [63]. Our parameter λBL is related with the Bowers-Liang (physically
equivalent) parameter C by λBL = −3C.
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This ansatz was used in [63] to obtain an exact solution for incompressible stars with
˜ = ˜0 = constant. In their simple model, the requirement that equilibrium configurations
should have finite central pressure p˜c implies that λBL ≥ −2. The Newtonian limit of the
Bowers-Liang ansatz was also considered in a recent study of the correspondence between
superradiance and tidal friction [183]. In our calculations we will assume that −2 ≤ λBL ≤ 2.
5.3 Stellar structure in the slow-rotation approximation
In this section we approximate the metric of a slowly, rigidly rotating, anisotropic
star following the seminal work by Hartle and Thorne [203, 204]. The idea is to consider
the effects of rotation as perturbations of the spherically symmetric background spacetime
of a static star. We generalize the results of [203, 204] (in GR) and [119] (in ST theory) to
account for anisotropic fluids up to first order in rotation, so we can study how anisotropy
and scalarization affect the moment of inertia of the star and the dragging of inertial frames.
Our calculation have been generalized to higher orders in perturbation theory (in GR) by
Yagi and Yunes [517, 518, 520].
We remark that the moment of inertia I, the star’s uniform angular velocity Ω and the
angular momentum J ≡ IΩ are the same in the Jordan and Einstein frames (cf. [119, 353]).
Therefore, to simplify the notation, we will drop asterisks and tildes on these quantities.
Working at order O(Ω), the line element of a stationary axisymmetric spacetime in the
Jordan frame reads
ds˜2 = A2(ϕ)
[
− e2Φ(r)dt2 + e2Λ(r)dr2 + r2dθ2 + r2 sin2 θ dφ2− 2ω(r, θ)r2 sin2 θ dt dφ
]
, (5.14)
where
e−2Λ(r) ≡ 1− 2µ(r)
r
, (5.15)
µ(r) is the mass function and ω(r, θ) ∼ O(Ω) is the angular velocity acquired by a particle
falling from infinity as measured by a static asymptotic observer [203].
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The four-velocity of the rotating fluid is such that u˜µu˜
µ = −1, and it has components
[203]
u˜0 =
[−(g˜00 + 2Ωg˜03 + Ω2g˜33)]−1/2 , (5.16)
u˜1 = u˜2 = 0 , (5.17)
u˜3 = Ωu˜0 . (5.18)
Using (5.14), at first order in the slow-rotation parameter we obtain:
u˜µ = A−1(ϕ)
(
e−Φ, 0, 0,Ω e−Φ
)
. (5.19)
Following the standard procedure [323, 203, 449], the field equations (5.3), (5.4) and
(5.8) with the metric given by (5.1) yield the following set of ordinary differential equations:
dµ
dr
= 4piA4(ϕ)r2˜+
1
2
r(r − 2µ)ψ2 , (5.20)
dΦ
dr
= 4piA4(ϕ)
r2p˜
r − 2µ +
1
2
rψ2 +
µ
r(r − 2µ) , (5.21)
dψ
dr
= 4piA4(ϕ)
r
r − 2µ [α(ϕ)(˜− 3p˜) + r(˜− p˜)ψ]−
2(r − µ)
r(r − 2µ)ψ
+ 8piA4(ϕ)α(ϕ)
rσ˜
r − 2µ , (5.22)
dp˜
dr
= −(˜+ p˜)
[
dΦ
dr
+ α(ϕ)ψ
]
− 2σ˜
[
1
r
+ α(ϕ)ψ
]
, (5.23)
d$
dr
= 4piA4(ϕ)
r2
r − 2µ(˜+ p˜)
(
$ +
4ω¯
r
)
+
(
rψ2 − 4
r
)
$ − 16piA4(ϕ) rσ˜
r − 2µω¯ , (5.24)
where we defined ψ ≡ dϕ/dr, $ ≡ dω¯/dr, and ω¯ ≡ Ω − ω. The equations above reduce
to the Tolman-Oppenheimer-Volkoff (TOV) equations for anisotropic stars in GR [63] when
α→ 0, to the results of [118] in the isotropic limit σ˜ → 0, and to the usual TOV equations
when both quantities are equal to zero [323]. In the GR limit, our frame-dragging equation
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(5.24) agrees with Bayin’s [34] result2.
To obtain the interior solution we integrate the generalized TOV equations (5.20)-
(5.24) from a point rc close to the stellar center r = 0 outwards up to a point r = rs where
the pressure vanishes, i.e. p˜(rs) = 0. This point specifies the Einstein-frame radius R∗ ≡ rs
of the star. If ϕs = ϕ(rs), the Jordan-frame radius R˜ is
R˜ = A(ϕs)R∗ . (5.25)
In practice, to improve numerical stability, given ˜c, Φc, ϕc and µc (where the subscript
c means that all quantities are evaluated at r = 0) we use the following series expansions:
µ =
4
3
piA4c ˜cr
3 +O(r4) , (5.26a)
Φ = Φc +
2
3
piA4c (˜c + 3p˜c) r
2 +O(r4) , (5.26b)
p˜ = p˜c +
2
3
pir2A4c (˜c + p˜c)
[
3p˜c
(
α2c − 1
)− ˜c (α2c + 1)]
− 1
3
r2(2rσ3 + 3σ2) +O(r4) , (5.26c)
ϕ = ϕc +
2pi
3
A4cαc(˜c − 3p˜c)r2 +O(r4) , (5.26d)
ω¯ = ω¯c +
8pi
5
A4cω¯c(˜c + p˜c)r
2 +O(r4) , (5.26e)
σ˜ = σ2r
2 + σ3r
3 +O(r4) , (5.26f)
where σ2 and σ3 depend on the particular anisotropy model.
In the vacuum exterior we have p˜ = ˜ = σ˜ = 0. Eqs. (5.20)–(5.22) must be integrated
outwards starting from the stellar radius to obtain the stellar mass, angular momentum and
2In principle, as mentioned in the introduction, rotation may induce anisotropy. Therefore the Horvat
et al. and Bowers-Liang models for σ˜ should contain terms proportional to Ω. However, Eq. (5.24) implies
that such terms in σ˜ would lead to corrections of second order in the angular velocity Ω. These corrections
are beyond the scope of the O(Ω) approximation considered in our work.
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scalar charge. For large r we can expand the relevant functions as follows:
µ(r) = M − Q
2
2r
− MQ
2
2r2
+O(r−3) , (5.27a)
e2Φ = 1− 2M
r
+O(r−3) , (5.27b)
ϕ(r) = ϕ∞ +
Q
r
+
MQ
r2
+O(r−3) , (5.27c)
ω¯(r) = Ω− 2J
r3
+O(r−4) , (5.27d)
whereM is the ADM mass of the NS,Q is the scalar charge, J is the star’s angular momentum
and ϕ∞ is the (constant) cosmological value of the scalar field, here assumed to be zero.
Under this assumption the mass M is the same in the Jordan and Einstein frames [353]. By
matching the numerical solution integrated from the surface of the star with the asymptotic
expansions (5.27a)–(5.27d) we can compute M , Q and J .
We compute the moment of inertia of the star I in two equivalent ways. The first
method consists of extracting the angular momentum as described above and using
I =
J
Ω
. (5.28)
In alternative, we can compute I through an integral within the star. Combining Eqs. (5.15),
(5.20)-(5.21) and (5.24) we obtain the following integral expression:
I =
8pi
3
∫ R∗
0
A4(ϕ)eΛ−Φr4(˜+ p˜)
(
1− σ˜
˜+ p˜
)( ω¯
Ω
)
dr (5.29)
(see Appendix D for details). As A(ϕ)→ 1 and σ˜ → 0 we recover Hartle’s result [203], and
in the isotropic limit σ˜ → 0 we match the result of [449]. The numerical values of I obtained
with (5.28) and (5.29) are in excellent agreement.
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For each stellar model we also calculate the baryonic mass M˜b, defined as [118]
M˜b ≡ 4pim˜b
∫ R∗
0
n˜ A3(ϕ)
r2√
1− 2µ/r dr , (5.30)
where m˜b = 1.66× 10−24 g is the atomic mass unit and n˜ is the baryonic number density.
5.4 Numerical results
The tools developed so far allow us to investigate the effect of anisotropy on the bulk
properties of rotating stars. In Section 5.4.1 we will focus on slowly rotating stars in GR. To
the best of our knowledge – and to our surprise – rotating anisotropic stars have not been
studied in the GR literature, with the only exception of a rather mathematical paper by
Bayin [34]. In Section 5.4.2 we extend our study to ST theories. Our main motivation here
is to understand whether anisotropy may increase the critical value β = βcrit above which
spontaneous scalarization cannot happen, and therefore allow for observationally interesting
modifications to the structure of NSs that would still be compatible with the stringent bounds
from binary pulsars [169, 496].
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Figure 5.1: Mass-radius curves for anisotropic stars. Mass-radius relation (top panels) and
dimensionless compactness G∗M/Rc2 as a function of the central density (bottom panels)
for anisotropic stars in GR using EOS APR. In the left panels we use the quasi-local model
of [228]; in the right panels, the Bowers-Liang model [63]. Different curves correspond to
increasing λH (or λBL) in increments of 0.5 between −2 (top) and 2 (bottom). The shaded
blue bar corresponds to the mass M = 2.01± 0.04M of PSR J0348+0432 [19].
5.4.1 The effect of anisotropy in GR
In the top panels of Figure 5.1 we show the mass-radius relation for anisotropic NS
models in GR. All curves are truncated at the central density corresponding to the maximum
NS mass, because models with larger central densities are unstable to radial perturbations
[201, 323]. Solid lines correspond to σ˜ = 0, i.e. the isotropic fluid limit. The horizontal
shaded band in the upper panels represents the largest measured NS massM = 2.01±0.04M
(PSR J0348+0432: cf. [19]).
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Recall that σ˜ = p˜− q˜ is proportional to λH and λBL (with a positive proportionality
constant) in both models, and that p˜ and q˜ represent the “radial” and “tangential” pres-
sures, respectively. Therefore positive values of λH and λBL mean that the radial pressure is
larger than the tangential pressure (dashed lines); the opposite is true when the anisotropy
parameters are negative (dotted lines).
The trend in the top panels of Figure 5.1 is clear: for both anisotropy models, posi-
tive (negative) anisotropy parameters yield smaller (larger) radii at fixed mass, and smaller
masses at fixed radius. The lower panels of Figure 5.1 show that the stellar compactness
G∗M/(Rc2) decreases (for a given EOS and fixed central density) as the anisotropy degree
increases. Nuclear matter EOSs are usually ordered in terms of a “stiffness” parameter, with
stiffer EOSs corresponding to larger sound speeds (more incompressible matter) in the stel-
lar interior, and larger values of the compactness M/R. The qualitative effect of increasing
anisotropy (with our sign conventions) is opposite (for a given EOS) to the qualitative effect
of increasing stiffness.
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Figure 5.2: Moment of inertia of anisotropic stars. The moment of inertia I as function of
the mass M for anisotropic stars in GR using EOS APR, increasing λH (or λBL) in increments
of 0.5 between −2 (top curves) and 2 (bottom curves). As in Figure 5.1, the vertical shaded
region marks the largest measured NS mass [19].
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Figure 5.2 is, to our knowledge, the first calculation of the effect of anisotropy on
the moment of inertia I. As in Figure 5.1, solid lines corresponds to the isotropic limit. In
the right panel we use the quasi-local model of [228]; in the left panel, the Bowers-Liang
model [63]. Hypothetical future observations of the moment of inertia of star A, from the
double pulsar PSR J0737-3039 [293, 276, 263], or preferably from large-mass NSs, may be
used to constrain the degree of anisotropy under the assumptions that GR is valid and that
the nuclear EOS is known.
5.4.2 The effect of anisotropy on spontaneous scalarization
In Figures 5.3 and 5.4 we display the properties of nonrotating, spontaneously scalar-
ized stars within the anisotropy models of Horvat et al. [228] and Bowers-Liang [63], re-
spectively. The main panel in each Figure shows the mass-radius relation as the anisotropy
parameter increases (in increments of 1, and from top to bottom) in the range −2 ≤ λH ≤ 2
(Figure 5.3) or −2 ≤ λBL ≤ 2 (Figure 5.4). Solid lines correspond to the GR limit; dotted,
dashed and dash-dotted lines correspond to β = −4.3, −4.4 and −4.5, as indicated in the
legend. The lower panels show the scalar charge Q/M as a function of the baryonic mass. In
each of these panels we plot the scalar charge for a fixed value of β and different anisotropy
parameters.
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Figure 5.3: Scalarized anisotropic stars - I. Spontaneous scalarization in the quasi-local
model of Horvat et al. [228]. See the main text for details.
For isotropic EOSs in GR, Harada [199] used catastrophe theory to show that scalar-
ization is only possible when β . −4.35. We find that scalarization can occur for larger
values of β in the presence of anisotropy. For example, for a value of λH ∼ −2 (compatible
with the Skyrme model predictions of [329]) scalarization is possible when β ' −4.15, and
for β ' −4.3 scalarization produces rather large (≈ 10%) deviations in the mass-radius
relation. This qualitative conclusion applies to both anisotropy models considered by us.
The lower panels show that: (i) for fixed β (i.e., for a fixed theory) and for a fixed central
density, the “strength” of scalarization – as measured by the scalar charge of the star –
increases for large negative λ’s, i.e. when the tangential pressure is significantly larger than
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the radial pressure, for both anisotropy models; (ii) scalarization occurs in a much wider
range of baryonic masses, all of which are compatible with the range where anisotropy would
be expected according to the Skyrme model predictions of [329]. These calculations are of
course preliminary and should be refined using microphysical EOS models.
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Figure 5.4: Scalarized anisotropic stars - II. Same as Figure 5.3, but for the Bowers-Liang
anisotropy model [63].
Let us remark once again that the scalarization threshold in the absence of anisotropy
is to a very good approximation EOS-independent, and stars only acquire significant scalar
charge when β < −4.35 (as shown in [199] and in Figure 5.6 below).
In the admittedly unlikely event that binary pulsar observations were to hint at
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scalarization with β > −4.35, this would be strong evidence for the presence of anisotropy3
and even lead to experimental constraints on the Skyrme model and QCD.
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Figure 5.5: Scalarized anisotropic stars - III. Same as Figure 5.2, but in ST theories with
different values of β.
As in Figure 5.2, in the left panel of Figure 5.5 we show the moment of inertia as a
function of the stellar mass for the quasi-local model of [228], while the right panel refers to
the Bowers-Liang model [63]. Solid lines corresponds to the GR limit for different anisotropy
parameters. Unsurprisingly, the largest modifications to the moment of inertia occur for large
negative λ’s, and they follow the same trends highlighted in our discussion of the mass-radius
relation.
5.4.3 Critical scalarization point in the linearized approximation
The condition for spontaneous scalarization to occur can be found in a linearized
approximation to the scalar-field equation of motion. The idea is that at the onset of scalar-
ization the scalar field must be small, so we can neglect its backreaction on the geometry and
3An important caveat here is that fast rotation can also strengthen the effects of scalarization: according
to [153], scalarization can occur for β < −3.9 for NSs spinning at the mass-shedding limit. However the
NSs found in binary pulsar systems are relatively old, as they are expected to be spinning well below the
mass-shedding limit, where the slow-rotation approximation works very well [55].
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look for bound states of the scalar field by dropping terms quadratic in the field [118, 119].
Here we study general conditions for the existence of bound states in the linearized regime,
and we show that (as expected based on the previous argument) the linearized theory does
indeed give results in excellent agreement with the full, nonlinear calculation.
Redefining the scalar field as ϕ(t, r) = r−1Ψ(r)e−iνt and neglecting terms O(ϕ2),
Eq. (5.4) can be written as a Schro¨dinger-like equation:
d2Ψ
dx2
+
[
ν2 − Veff(x)
]
Ψ = 0 , (5.31)
where the tortoise radial coordinate x is defined by dx ≡ dr e−Φ/√1− 2µ/r. The effective
potential is
Veff(r) ≡ e2Φ
[
µ2eff(r) +
2µ
r3
+ 4pi(p˜− ˜)
]
, (5.32)
where we have introduced an effective (position-dependent) mass
µ2eff(r) ≡ −4piβT∗ . (5.33)
Eq. (5.31) with the potential (5.32) is a wave equation for a scalar field with effective mass
µeff . From Eq. (5.11) we see that anisotropy affects the effective mass (and therefore the
scalarization threshold) because T∗ contains a term proportional to σ˜, that in turn is propor-
tional to either λH or λBL: cf. Eqs. (5.12) and (5.13). The case of spontaneous scalarization
around BHs (studied in [80, 79]) can be recovered by setting ˜ = p˜ = 0.
The scalarization threshold can be analyzed by looking for the zero-energy (ν ∼ 0)
bound state solutions of Eq. (5.31). In this case, the scalar field satisfies the following
boundary conditions:
Ψ ∼
 ϕcr as r → 0 ,ϕ∞ as r →∞ , (5.34)
and we impose Ψ′(r → ∞) = 0, where the prime denotes derivative with respect to r. To
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obtain the scalarization threshold we integrate Eq. (5.31) outwards, starting from r = 0,
with the above boundary conditons. Since the equation is linear, ϕc is arbitrary. At infinity
we impose that the first derivative of Ψ with respect to r must be zero. This is a two-point
boundary value problem that can be solved with a standard shooting method to find the
critical value of the central density ˜c for which the above conditions are satisfied, given fixed
values of β and λH (or λBL). The solution is some
˜i = ˜i(β) , (5.35)
where ˜i is the smallest critical density at which scalarization can occur for the given β.
The largest critical density producing scalarization can be similarly obtained by looking for
zero-energy bound state solutions to find some
˜f = ˜f(β) . (5.36)
It can be shown that in these two regimes (i.e., at the starting and ending points of the
scalarization regime) the derivative of Ψ′(r →∞) with respect to ˜c has opposite signs:
∂
∂˜c
Ψ′(r →∞)
 < 0 for ˜c = ˜i ,> 0 for ˜c = ˜f . (5.37)
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Figure 5.6: Scalarization threshold. Critical β for scalarization as a function of the central
density (left panel) and of the stellar compactness (right panel) for nonrotating NS models
constructed using different nuclear-physics based EOSs, in the absence of anisotropy.
As a warm-up, in Figure 5.6 we compute the scalarization threshold for nonrotating
isotropic stars with several nuclear-physics based EOSs. The original references for the subset
of EOSs used here can be found in [260] (the one exception is SLy4: cf. [155]). The EOSs are
sorted by stiffness, with APR EOS being the stiffest and G EOS the softest in our catalog.
As a trend, for stiffer EOSs scalarization occurs at lower values of the central densities and
at higher values of the compactness. The most remarkable fact is that the value β = βmax
above which scalarization cannot occur is very narrow: it ranges from βmax = −4.3462 for
APR EOS to βmax = −4.3405 for F EOS [24]. This is consistent with Harada’s study based
on catastrophe theory, that predicts a threshold value βmax ' −4.35 (horizontal line in the
figure) in the absence of anisotropy [199] (see also [336]).
In Table 5.1 we compare the values for ˜i and ˜f computed using (i) the linearized
method described in this Section, and (ii) the full nonlinear set of equations for anisotropic
models constructed using the APR EOS. The results agree remarkably well, showing that
the onset of scalarization can be analyzed to an excellent degree of accuracy by neglecting
the backreaction effects of the scalar field on the geometry. The last column of Table 5.1 lists
βmax, the value of β above which scalarization cannot happen. We do not present results for
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Linearized Full nonlinear
λH ˜i(g cm
−3) ˜f(g cm−3) ˜i(g cm−3) ˜f(g cm−3) βmax
-2 6.983× 1014 9.141× 1014 6.980× 1014 9.140× 1014 -4.150
-1 7.819× 1014 1.053× 1015 7.817× 1014 1.053× 1015 -4.239
0 9.021× 1014 1.216× 1015 9.021× 1014 1.216× 1015 -4.346
1 1.127× 1015 1.340× 1015 1.126× 1015 1.341× 1015 -4.471
Table 5.1: Critical density values obtained through the linearized theory and the full
nonlinear equations for APR EOS, different values of the Horvat et al. anisotropy parameter
λH and β = −4.5: for these choices of parameters, the solution is scalarized if ˜i < ˜c < ˜f .
The last column lists the critical value β = βmax above which scalarization is not possible.
λH = 2 because the resulting βmax is already ruled out by binary pulsar observations [169].
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Figure 5.7: Influence of anisotropy on the scalarization threshold. Left panels: β versus
critical central densities for different values of λH,BL. Right panels: β versus compactness
G∗M/R˜c2 of the critical solutions for different values of λH,BL.
In the left panels of Figure 5.7 we analyze the dependence of the critical β on the
central density, focusing on EOS APR and selecting different values of the anisotropy pa-
rameters λBL (top) and λH (bottom). The shaded region at the top (β & −4.5) is allowed
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by current binary pulsar observations [169, 496]. The horizontal line is the roughly EOS-
independent threshold βmax ' −4.35 for isotropic stars. For a given theory, the starting and
ending points of the scalarization regime are those for which a β = constant (horizontal) line
crosses the curves. Anisotropic models have two distinctive features: (1) when the tangen-
tial pressure is larger than the radial pressure (dashed lines in Figure 5.7) scalarization can
occur even for β ≥ −4.35 (for example, for the Horvat et al. model with λH = −2 we have
βcrit = −4.1513, and for the Bowers-Liang model with λBL = −2 we have βcrit = −4.1354; cf.
Table 5.1, Figure 5.4 and Figure 5.3); (2) when the tangential pressure is smaller than the
radial pressure (dash-dotted lines in Figure 5.7) scalarized solutions may exist for a much
wider range of ˜c.
In the right panels of Figure 5.7 we plot the critical β as a function of the stellar com-
pactness G∗M/R˜c2. For low compactness (M/R˜ . 0.15) all curves have the same behaviour
regardless of λH or λBL. This universality has two reasons: (1) all modern nuclear-physics
based EOS have the same Newtonian limit (cf. [357] for an analytic treatment of this regime
for constant density stars); (2) for any given EOS, the effects of anisotropy are suppressed
in the Newtonian regime, where pressures and densities are low and the local compactness
parameter is small: cf. Eqs. (5.12) and (5.13).
5.5 Conclusions
Binary pulsar observations require β & −4.5 [169, 496], and even more stringent
constraints are expected in the near future. As shown in Figure 5.6, most “ordinary” nuclear-
physics based EOSs for nuclear matter predict that scalarization can only occur for β <
βmax = −4.35. As binary pulsar observations get closer and closer to the limit β & −4.35, the
spontaneous scalarization mechanism originally proposed by Damour and Esposito-Fare`se
[118, 119] looks more and more unlikely to be realized in Nature if neutron stars are isotropic.
The admittedly unlikely event of a binary-pulsar observation of scalarization with
β > −4.35 would be strong evidence for the presence of anisotropy, and it may even lead to
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experimental constraints on the Skyrme model and QCD. An important caveat here is that
fast rotation can also strengthen the effects of scalarization: according to [153], scalarization
can occur for β < −3.9 when NSs spin at the mass-shedding limit. However the NSs found
in binary pulsar systems are relatively old, are they are expected to spin well below the
mass-shedding limit, where the slow-rotation approximation works very well [55].
Our work can be extended in several directions. An obvious extension is to consider
the effects of anisotropy at second or higher order in the Hartle-Thorne expansion. This
would allow us to assess whether the recently discovered “I-Love-Q” and “three-hair” uni-
versal relations between the multipole moments of the spacetime hold in the presence of
anisotropy and scalarization [514, 515, 364, 510, 353]. In the context of GR, work towards
this directions has recently been done by [518, 517, 512, 520]. A second obvious exten-
sion could consider fast rotating, anisotropic stars (cf. [153, 151]), the orbital and epicyclic
frequencies around these objects [130, 154] and surface redshift [129, 376].
Anisotropy can lower the threshold for scalarization to occur, and this could be of in-
terest to test ST theories through gravitational-wave asteroseismology [438, 439, 420] (we will
discuss this in Chapter 6). We also remark that our study used simplified, phenomenological
models for anisotropy, when of course it would be desirable to study realistic microphysical
models. Last but not least, our study should be extended to evaluate the stellar sensitivities
[497, 528], possible following [300], and to identify exclusion regions in the (β, λ) parameter
space using binary pulsar observations (cf. e.g. [14]).
123
CHAPTER 6
TORSIONAL OSCILLATIONS OF NEUTRONS STARS IN SCALAR–TENSOR
THEORY OF GRAVITY
6.1 Introduction
Observations of QPOs following giant flares in soft gamma-ray repeaters [234, 461,
462] suggest a close coupling between the seismic motion of the crust after a major quake
and the modes of oscillations in a magnetar. The analysis of X-ray data in SGR 1900+14
[461] and SGR 1806-20 [462] has unveiled a number of periodicities, with frequencies that
agree reasonably well with the expected torsional (or toroidal shear) oscillation modes of the
NS crust: see e.g. [494] for a review, and [230] for recent progress in explaining apparent
discrepancies between theoretical models and observations. These observations are very
exciting because they allow us, for the very first time, to test NS oscillation models.
The foundations of crustal torsional oscillation theory in GR were laid in a clas-
sic paper by Schumaker and Thorne [406]. Recent work motivated by QPO observations
explored how torsional oscillation frequencies are affected by various physical effects, includ-
ing crustal elasticity [402], magnetic fields [422, 109, 173], superfluidity [440], the nuclear
symmetry energy [134, 231, 441] and electron screening [430].
The main motivation of this chapter is to answer the following question: could tor-
sional oscillation frequencies carry observable imprints of strong-field dynamics, and possibly
hint at dynamics beyond GR? Vice versa, can we ignore effects due to hypothetical strong-
field modifications of GR when we explore the dependence of torsional oscillation frequencies
on the various physical mechanisms listed above?
We address these questions within the simplest class of modifications of GR, namely
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ST theory. Damour and Esposito-Fare`se [118] showed that a wide class of ST theories can
pass Solar System tests and exhibit nonperturbative strong-field deviations away from GR
(“spontaneous scalarization”) that can potentially be measured by observations of the bulk
properties of NSs, and of binary systems containing NSs. The magnitude of these deviations
is very sensitive to the value of a certain theory parameter β, defined in Eq. (6.16) below1.
Static NSs in theories with spontaneous scalarization were first studied in [118]. Their
stability was investigated using catastrophe theory by Harada [198, 199]. The formation of
scalarized NSs in gravitational collapse was studied in [336, 338], and a possible mechanism
to “seed” macroscopic scalar fields from quantum vacuum instabilities was recently suggested
[283, 357, 314]. Slowly rotating NSs were studied at first [119, 429] and second [353] order in
rotation by extending the Hartle-Thorne formalism [203, 204]. Recent work [153, 154, 151]
addressed the properties of rapidly rotating NS models.
Widely-separated binary systems of compact objects in ST theory have been studied
in [117, 119, 121], and the results have been combined with binary pulsar timing data in order
to obtain bounds on scalar-matter coupling parameters, in particular β. Recent pulsar timing
data continue to improve these bounds [169, 19]. Recently there has been interest in close
binaries and mergers, and it was found that dynamical scalarization may take place: a close
NS binary may scalarize even if the NSs would not scalarize in isolation [32, 415, 348]. The
possibility of exploiting this mechanism in order to obtain bounds on scalar-matter coupling
parameters from future gravitational wave observations has been explored in [400, 470].
A second motivation for this study comes from the surprising finding that there are
universal “I-Love-Q” relations between a NS’s moment of inertia, tidal Love number and
quadrupole moment in GR [514, 515]. These relations are “universal” in the sense that they
are independent of the poorly known equation of state (EOS) of matter at high densities. Yagi
and Yunes [514, 515] pointed out that if these relations were different in alternative theories
of gravity, measurements of these bulk NS properties could be used to constrain alternative
1There exists a threshold βc ∼ −4.5, whose exact value depends on the NS equation of state. Scalarization
is possible when β < βc.
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theories or even hint at possible strong-field modifications of GR. However, stellar structure
calculations in ST theories show that the I-Love-Q relations are remarkably insensitive to
scalarization for values of the theory parameters allowed by binary pulsar tests [353, 151]. If
the static properties of NSs (multipole moments and tidal deformation coefficients) cannot be
used for this purpose, it seems natural to explore QPOs and torsional oscillation frequencies
as promising observational avenues to look for smoking guns of new physics.
Several papers have investigated the signature of alternative theories of gravity on
the NS oscillation spectrum. Blazquez-Salcedo et al. studied axial perturbations in Einstein-
dilaton-Gauss-Bonnet theory [61]. Sotani et al. studied nonradial oscillations in ST gravity
[438, 439, 432], tensor-scalar-vector [423, 424, 426, 428] and Eddington-inspired Born-Infeld
gravity [433]. In particular, Refs. [438, 439] showed that the nonradial oscillation frequencies
of NSs can change when the effects of scalarization are large enough to modify the bulk prop-
erties of the star by an appreciable amount. These studies were motivated by gravitational-
wave asteroseismology, i.e. by the prospect of constraining the stellar properties and the
EOS from direct observations of gravitational radiation from oscillating NSs. This is one
of the major science goals of third-generation gravitational-wave detectors such as the Ein-
stein Telescope, but it seems highly unlikely that we will measure NS oscillation accurately
enough to constrain alternative theories of gravity with upcoming second-generation experi-
ments, such as Advanced LIGO and Virgo (cf. [16, 17] for reviews). The connection between
torsional oscillations and QPOs means that our results have more immediate experimental
relevance.
Another noteworthy aspect of our study is that, whereas models of NSs in alternative
theories of gravity usually adopt simple EOS models, none of these investigations have stud-
ied the effect of scalarization on the structure of the NS crust. Here we show quantitatively
the connection between the crustal depth, the threshold for scalarization and the scalar field
profile in a scalarized star.
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6.1.1 Organization of this chapter
The plan of the chapter is as follows. In Sec. 6.2 we give the equations of hydrostatic
equilibrium and we present numerical results for the equilibrium structure using different
models for the EOS prevailing in the crust. In Sec. 6.3 we derive the perturbation equation
describing torsional oscillations in ST theory in the Cowling approximation, and we describe
the numerical method we used to solve the corresponding eigenvalue problem. Sec. 6.4 shows
our numerical results for the oscillation spectra. In the conclusions, Sec. 6.5 we discuss the
implications and possible extensions of our work. Appendix E provides the derivation of an
approximate analytical expression for the ratio between the crust thickness and the stellar
radius in ST theory, that generalizes a similar result by Samuelsson and Andersson [402]
in GR. We carry out most of the work in the Einstein frame, but in Appendix F we show
that the Einstein- or Jordan-frame formulations are equivalent, in the sense that the energy-
momentum conservation law in either frame leads to the same perturbation equations.
6.2 Stellar models in scalar-tensor theory
6.2.1 Action and field equations
We consider the Einstein-frame action [118]
S =
c4
16piG∗
∫
d4x
√−g∗
c
(R∗ − 2gµν∗ ∂µϕ∂νϕ) + SM
[
ψM;A
2(ϕ)g∗µν
]
, (6.1)
whereG∗ is the bare gravitational constant, g∗ ≡ det [ g∗µν ] is the determinant of the Einstein-
frame metric g∗µν , R∗ is the Ricci curvature scalar of the metric g∗µν and ϕ is a massless scalar
field. SM is the action of the matter fields ψM, coupled to the Einstein-frame metric g∗µν
and scalar field ϕ via the Jordan-frame metric g˜µν ≡ A2(ϕ)g∗µν , where A(ϕ) is a conformal
factor. Throughout this chapter we use geometrical units (c = 1 = G∗) and a mostly plus
metric signature (−,+,+,+). Quantities associated with the Einstein (Jordan) frame will
be labeled with an asterisk (tilde).
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The field equations of this theory, obtained by varying the action S with respect to
gµν∗ and ϕ, respectively, are given by
R∗µν = 2∂µϕ∂νϕ+ 8pi
(
T∗µν − 1
2
T∗g∗µν
)
, (6.2)
∗ϕ = −4piα(ϕ)T∗ , (6.3)
where R∗µν is the Ricci tensor, α(ϕ) ≡ dlogA(ϕ)/dϕ is usually called the “scalar-matter
coupling function”, T µν∗ is the matter field energy-momentum tensor defined as
T µν∗ ≡
2√−g∗
δSM [ψM, A
2(ϕ)g∗µν ]
δg∗µν
, (6.4)
and T∗ ≡ T µν∗ g∗µν is its trace. The energy-momentum tensor in the Jordan frame T˜ µν , with
trace T˜ ≡ T˜ µν g˜µν , is defined as
T˜ µν ≡ 2√−g˜
δSM [ψM, g˜µν ]
δg˜µν
. (6.5)
The energy-momentum tensors (and their traces) in these two conformally related represen-
tations of the theory are related as follows:
T µν∗ = A
6(ϕ)T˜ µν , T∗µν = A2(ϕ)T˜µν , T∗ = A4(ϕ)T˜ . (6.6)
Moreover, the covariant divergence of the energy-momentum tensor in the Einstein and
Jordan frames can be shown to be
∇∗µT µν∗ = α(ϕ)T∗∇ν∗ϕ , (6.7)
∇˜µT˜ µν = 0 . (6.8)
In the limit α(ϕ)→ 0 the scalar field decouples from matter, and the theory reduces to GR.
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6.2.2 The equations of hydrostatic equilibrium
The line element describing the space-time of a static, spherically symmetric star in
Schwarzschild coordinates is given by
ds2∗ = −e2Φdt2 + e2Λdr2 + r2dθ2 + r2 sin2 θdφ2 (6.9)
in the Einstein frame, and by
ds˜2 = A2(ϕ)
(−e2Φdt2 + e2Λdr2 + r2dθ2 + r2 sin2 θdφ2) (6.10)
in the Jordan frame, where Φ and Λ are functions of the radial coordinate r. By symmetry,
the scalar field ϕ also depends only on r. We assume the energy-momentum tensor T˜µν to
be that of a perfect fluid:
T˜µν = (˜+ p˜)u˜µu˜ν + p˜g˜µν , (6.11)
where ˜ is the energy density, p˜ the pressure and u˜µ the fluid’s four-velocity. Using Eqs. (6.9)
and (6.11), the field equations (6.2) and (6.3) yield the following equations that describe a
static spherically symmetric star in hydrostatic equilibrium in ST theory [118, 119]:
dm
dr
= 4piA4(ϕ)r2˜+
1
2
r(r − 2m)ψ2 , (6.12)
dΦ
dr
= 4piA4(ϕ)
r2p˜
r − 2m +
1
2
rψ2 +
m
r(r − 2m) , (6.13)
dψ
dr
= 4piA4(ϕ)
r
r − 2m [α(ϕ)(˜− 3p˜) + r(˜− p˜)ψ]−
2(r −m)
r(r − 2m)ψ , (6.14)
dp˜
dr
= −(˜+ p˜)
[
dΦ
dr
+ α(ϕ)ψ
]
. (6.15)
Here m = m(r) is the mass function, defined in terms of Λ(r) as m ≡ (r/2) (1− e−2Λ), and
we introduced ψ ≡ dϕ/dr.
Hereafter, following Damour and Esposito-Fare`se [118, 119], we will focus on the ST
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theory specified by the choice
A(ϕ) = e
1
2
βϕ2 . (6.16)
For sufficiently large and negative values of β, as discussed in the introduction, NSs in
this theory can undergo a phase transition called spontaneous scalarization and acquire
a nonvanishing scalar charge associated with a nontrivial scalar field configuration. These
scalarized solutions of the field equations are more energetically favorable than non-scalarized
solutions.
To close this system of equations we must complement it with an EOS p˜ = p˜(˜). In
this chapter, we construct our stellar models adopting two EOSs for the NS core, namely
EOS APR [10] and EOS MS0 [328], while for the NS crust we use the EOSs derived by
Kobyakov and Pethick (henceforth KP, [255]) and by Douchin and Haensel (henceforth DH,
[155]). These crust EOSs have densities ˜b at the crust basis equal to ˜b = 1.504 × 1014
g/cm3 for EOS KP, and ˜b = 1.285 × 1014 g/cm3 for EOS DH. For a comparison between
the physical assumptions involved in the construction of these two EOSs, see e.g. [430]. In
Fig. 6.1 we display the relation between pressure and energy density for EOSs DH and KP.
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Figure 6.1: The crustal equations of state. Pressure p˜ versus energy density ˜ for the crust
EOSs considered in this work: EOS DH (solid line) and EOS KP (dashed line).
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Figure 6.2: Properties of our stellar models in ST theory. From left to right we show:
the mass-radius relation, the scalar field at the center of the star ϕc as a function of the
central density ˜c, the dimensionless ratio −α = Q/M as a function of the compactness C˜
and the fractional crust thickness R˜ as a function of C˜. The choice of crustal EOS does not
sensibly affect the crust thickness and the onset of scalarization. In all panels, curves with
various linestyles correspond to stellar models using EOS DH for the NS crust: solid lines
correspond to β = 0.0, dashed lines to β = −4.5, and dotted lines to β = −6.0. Different
symbols correspond to stellar models using EOS KP for the crust: circles for β = 0.0, squares
for β = −4.5 and triangles for β = −6.0.
6.2.3 Numerical results for unperturbed stars
To obtain the equilibrium stellar models we integrate numerically Eqs. (6.12)-(6.15)
outwards starting from r = 0 with initial conditions m(0) = 0, Φ(0) = Φc, ϕ(0) = ϕc,
ψ(0) = 0 and ˜(0) = ˜c, using one of the two EOSs (APR or MS0) for the core region. The
point r = rb such that ˜(rb) = ˜b determines the location of the crust basis. The integration
then proceeds until we reach a point r = rs for which p˜(rs) = 0, which defines the Einstein-
frame radius of the star. The radii rb and rs can be converted to the physical (Jordan) frame
using the relations R˜b = A(ϕb) rb and R˜ = A(ϕs) rs, where ϕb = ϕ(rb) and ϕs = ϕ(rs). We
can then define the crust thickness as ∆R˜ ≡ R˜− R˜b. For convenience, we also introduce the
dimensionless fractional crust thickness R˜ ≡ ∆R˜/R˜. We remark that the theory is invariant
under reflection symmetry (ϕ → −ϕ), and therefore, for simplicity, we shall only consider
positive values of the scalar field.
At spatial infinity (r →∞) the metric g∗µν and the scalar field ϕ behave asymptoti-
131
cally as
g∗tt = −1 + 2M
r
+O
(
1
r2
)
, (6.17a)
g∗rr = 1 +
2M
r
+O
(
1
r2
)
, (6.17b)
ϕ = ϕ∞ +
Q
r
+O
(
1
r2
)
, (6.17c)
where M is the ADM mass and Q is the scalar charge. The values of the various variables
at the stellar surfaces (labeled with the subscript s) can be used to calculate M , Q and the
asymptotic value of the scalar field ϕ∞ ≡ ϕ(r →∞) via the following expressions [118]:
M = r2sΦ
′
s
(
1− 2ms
rs
)1/2
exp
{
− Φ
′
s
(Φ′2s + ψ2s)
1/2
arctanh
[
(Φ′2s + ψ
2
s)
1/2
Φ′s + 1/rs
]}
, (6.18)
Q = −ψs
Φ′s
M , (6.19)
ϕ∞ = ϕs +
ψs
(Φ′2s + ψ2s)
1/2
arctanh
[
(Φ′2s + ψ
2
s)
1/2
Φ′s + 1/rs
]
, (6.20)
where Φ′s can be calculated with the aid of Eq. (6.13) as
Φ′s =
1
2
rs ψ
2
s +
ms
rs (rs − 2ms) , (6.21)
and primes indicate partial derivatives with respect to the radial coordinate r. From now
on, we will assume that ϕ∞ = 0.
To obtain solutions of Eqs. (6.12)-(6.15) satisfying this assumption, we apply the
shooting method in order to find the central values of the scalar field ϕc such that the
required value of ϕ∞ is obtained. As a check of our code we compared our results against
the ones presented in Refs. [154] (in ST theory) and [260, 55] (in GR), finding excellent
agreement.
In Fig. 6.2 we present general properties of stellar models constructed by solving
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Eqs. (6.12)-(6.15) combining EOS APR and EOS MS0 (for the NS core) with EOS KP and
EOS DH (for the NS crust). The top row refers to the APR EOS, and the bottom row refers
to the MS0 EOS; results for different crust models are shown using different linestyles in
each inset.
The leftmost column shows the mass-radius relation. Deviations from GR due to
spontaneous scalarization are clearly visible; we also see that the choice of crustal EOS has
negligible influence on the mass-radius relation, for both “ordinary” and scalarized stars. The
second column shows the central value of the scalar field ϕc as a function of the central density
˜c. The scalar field at the center acquires a nonzero value (i.e., the NS becomes scalarized)
around ˜c ≈ 4 × 1014 − 6 × 1014 g/cm3, and it has a maximum around ˜c ≈ 7 × 1014 −
9 × 1014 g/cm3. In the third column we plot the dimensionless scalar charge α ≡ −Q/M
as a function of the compactness C˜ ≡ M/R˜ (both expressed in geometrical units). Finally,
the rightmost column shows R˜ as a function of the compactness C˜. In comparison with
their GR counterparts, for scalarized stars the crust represents a smaller fraction of the NS
interior. Note also that deviations in the crust thickness due to scalarization and nonzero
scalar charges develop in the same range of compactness C˜, as expected.
These plots show that the choice of crustal EOS has negligible effects on the bulk
properties of the star. This is not surprising, considering that EOSs DH and KP have very
similar crust basis densities ˜b and p˜(˜) (cf. Fig. 6.1). However, as we will see in Sec. 6.3.2,
different crustal EOSs result in rather different elastic properties for the crust, and they do
have an effect on torsional oscillation frequencies.
6.2.4 An approximate formula for R
Samuelsson and Andersson [402] obtained a simple approximate analytical expression
for the ratio between the crust thickness and stellar radius R, within GR, in terms of the
star’s compactness C:
R =
(C
σ
e2Λ + 1
)−1
, (6.22)
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where e−2Λ = 1− 2 C and σ ≈ 0.02326 is a constant found by curve fitting, which in general
depends on the crustal EOS [401].
In Appendix E we show that this result can be generalized to ST theory as follows:
R = σ
2βζ
(
F −
√
F2 − 4βζ
σ
)
, (6.23)
where we introduced
F ≡ 1 + 1
σ
(Ce2Λ + βζ) (6.24)
and ζ = ζ(C) ≡ ϕs ψs rs, which is obtained by interpolation, given a family of stellar models,
as a function of C. We make the same approximations used in [402], and in addition we
assume the scalar field to be constant throughout the NS crust. From Eq. (6.23) we can also
calculate the first correction to Eq. (6.22) in powers of βζ, due the presence of the scalar
field in a scalarized NS:
R ≈
(C
σ
e2Λ + 1
)−1
− 2 Ce2Λ (βζ)
2
σ3
(C
σ
e2Λ + 1
)−3
, (6.25)
where the minus sign indicates thatR is smaller for such stars in comparison to nonscalarized
ones, as observed in Figs. 6.2 and 6.3.
To illustrate how accurately Eq. (6.23) describes the behavior of R observed in
Fig. 6.2, in Fig. 6.3 we plot R, choosing EOS APR to describe the NS core, as a func-
tion of C for β = −6.0 (the case in which deviations from GR are greatest). We find good
agreement between the approximate expression and data obtained by numerically solving
Eqs. (6.12)-(6.15). As can be seen, the same value of σ obtained in [402] for the EOS used
in [401] is accurate enough for both EOS DH and EOS KP.
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Figure 6.3: Fractional crust thickness of scalarized stars. Comparison between Eq. (6.23)
and the numerical results for β = −6.0, using σ = 0.02326. The GR expression (6.22) is also
shown. Since the integration of Eqs. (6.12)-(6.15), gives us ϕ in the Einstein-frame radial
coordinate r, the compactness and fractional crust thickness are evaluated in this frame.
Notice, however, that even for β = −4.5 (a value marginally excluded by binary pulsars
observations [169]) the percent difference between the compactnesses and fractional crust
thicknesses in the two frames is less than 1.0%, and therefore Eq. (6.23) is accurate for all
physically sensible values of β.
6.3 Torsional perturbations in the Cowling approximation
6.3.1 Derivation of the perturbation equations
Let us now derive the equation describing torsional oscillations in ST theory. We
begin by introducing a small fluid perturbation described by a Lagrangian displacement
vector
ξ˜i =
(
0, 0, Y˜(t, r) 1
sin θ
∂θP`(cos θ)
)
, (6.26)
where P`(cos θ) is the Legendre polynomial of order `. For notational convenience, in
Eq. (6.26) we omit the sum over `. The perturbation of the fluid four-velocity δu˜3 =
u˜0(∂ξ˜3/∂t) is
δu˜3 = A−1(ϕ)e−Φ ˙˜Y(t, r) 1
sin θ
∂θP`(cos θ) , (6.27)
where the dot represents a partial derivative with respect to the time coordinate t.
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In this work we use the Cowling approximation [308, 164], i.e. we assume that matter
perturbations do not result in perturbations on the metric g˜αβ: δg˜µν = 0. In spherically
symmetric, perfect fluid NSs, the pressure p˜, the energy density ˜ and the scalar field ϕ are
unaffected by odd (axial) perturbations (see e.g. [91] for a discussion within GR). Metric
perturbations are effectively variations of the gravitational potential induced by fluid per-
turbations (in GR) and scalar field perturbations (in ST theory). Therefore the Cowling
approximation is adequate to study torsional oscillations, that are odd (axial) in character.
Within this approximation, the perturbed perfect fluid energy-momentum tensor (6.11),
including the shear tensor contribution δS˜µν , is
δT˜µν = (p˜+ ˜) (δu˜µu˜ν + u˜µδu˜ν)− 2µ˜δS˜µν . (6.28)
where we have introduced the shear modulus µ˜ = µ˜(r). While the first term in Eq. (6.28)
is simple to calculate, to obtain δS˜µν we must first use the fact that δσ˜µν ≡ £u˜δS˜µν =
A−1(ϕ) exp(−Φ)∂0δS˜µν , where the perturbed rate of shear δσ˜µν = δσ˜νµ is given by
δσ˜µν =
1
2
(
δP˜αν ∇˜αu˜µ + δP˜αµ ∇˜αu˜ν + P˜αν ∇˜αδu˜µ + P˜αµ ∇˜αδu˜ν
)
− 1
3
(
δP˜µν∇˜αu˜α + P˜µν∇˜αδu˜α
)
, (6.29)
δP˜µν denotes the perturbed projection operator
δP˜µν = δu˜µu˜ν + u˜µδu˜ν , (6.30)
and £u˜ is the Lie derivative along the worldline of a fluid element [406]. The nonzero
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components of the perturbed rate of shear δσ˜µν can then be shown to be
δσ˜13 =
1
2
A(ϕ)e−Φ ˙˜Y
′
(t, r) r2 sin θ ∂θP`(cos θ) , (6.31)
δσ˜23 =
1
2
A(ϕ)e−Φ ˙˜Y(t, r)r2 sin2 θ ∂θ
[
1
sin θ
∂θP`(cos θ)
]
. (6.32)
Using Eqs. (6.31) and (6.32), the perturbed shear tensor has components
δS˜13 =
1
2
A2(ϕ)Y˜ ′(t, r)r2 sin θ ∂θP`(cos θ) , (6.33)
δS˜23 =
1
2
A2(ϕ)Y˜(t, r)r2 sin2 θ ∂θ
[
1
sin θ
∂θP`(cos θ)
]
. (6.34)
Combining these results, we find that the nonzero components of the perturbed
energy-momentum tensor are
δT˜03 = −(p˜+ ˜)A2(ϕ) ˙˜Y r2 sin θ ∂θP`(cos θ) , (6.35)
δT˜13 = −µ˜A2(ϕ)Y˜ ′(t, r)r2 sin θ ∂θP`(cos θ) , (6.36)
δT˜23 = −µ˜A2(ϕ)Y˜(t, r)r2 sin2 θ ∂θ
[
1
sin θ
∂θP`(cos θ)
]
. (6.37)
In the GR limit – obtained by taking A(ϕ) = 1, and consequently α(ϕ) = 0 – the above
results are in agreement with [406] when we neglect metric perturbations in their equations.
In the Cowling approximation, the variation of the energy-momentum conservation
law in the Jordan frame [438] can be obtained from Eq. (6.8)
∇˜νδT˜ νµ = ∂νδT˜ νµ + Γν∗ανδT˜αµ − Γα∗µνδT˜ να + 4α(ϕ)∂αϕ δT˜αµ − α(ϕ)∂µϕ δT˜αα
= 0 , (6.38)
where Γµ∗νσ denotes the Christoffel symbols of the Einstein-frame metric, related to they
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Jordan frame counterparts by
Γ˜σµν = Γ
σ
∗µν + α(ϕ)
(
δσν ∂µϕ+ δ
σ
µ∂νϕ− gσρ∗ g∗µν∂ρϕ
)
. (6.39)
In Appendix F we show that Eq. (6.38) can also be obtained starting from the energy-
momentum conservation law (6.7) in the Einstein frame, and therefore the perturbation
equations in the two frames are equivalent.
By setting µ = 3 and making use of Eqs. (6.35)-(6.37) we obtain the following differ-
ential equation for Y˜(t, r):
Y˜ ′′(r) +
[
4
r
+ Φ′ − Λ′ + µ˜
′
µ˜
+ 4α(ϕ)ψ
]
Y˜ ′(r) +
[(
ω
v˜s
)2
e−2Φ − (`+ 2)(`− 1)
r2
]
e2ΛY˜(r) = 0 ,
where we have assumed a harmonic time dependence Y˜(t, r) = Y˜(r)eiωt for the perturbation
variable, and we have introduced the shear wave velocity v˜2s ≡ µ˜/(p˜+ ˜).
We can recast Eq. (6.40) in a form identical to the GR case (cf. [406, 430]) if we
introduce an effective shear modulus µ˜eff ≡ A4(ϕ)µ˜, an effective wave velocity v˜2eff ≡ A4(ϕ)v˜2s
and a rescaled frequency ω¯ = A2(ϕ)ω:
Y˜ ′′(r) +
[
4
r
+ Φ′ − Λ′ + µ˜
′
eff
µ˜eff
]
Y˜ ′(r) +
[(
ω¯
v˜eff
)2
e−2Φ − (`+ 2)(`− 1)
r2
]
e2ΛY˜(r) = 0 . (6.40)
Given the definition of the conformal factor (6.16), the factor A4(ϕ) is always less than unity
when β < 0, and therefore µ˜eff/µ˜ ≤ 1.
To obtain the oscillation frequencies we must integrate Eq. (6.40) numerically with
appropriate boundary conditions. We assume that torsional oscillations are confined to the
NS crust, so our boundary conditions are a zero-torque condition at r = rs and a zero-
traction condition at rb. These boundary conditions follow from the fact that the shear
modulus is zero in the NS core and outside the star, and they imply that Y˜(r) must satisfy
Neumann boundary conditions, i.e. Y˜ ′(r) = 0 at both r = rb and r = rs [406, 430, 422].
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Our integrations of Eq. (6.40) are performed in the Einstein frame, but since ϕ∞ = 0, the
torsional oscillation frequencies measured at infinity are the same in the Einstein and Jordan
frames.
Following common practice in the literature, we will present numerical results for
the torsional oscillation frequencies nt` ≡ ω/(2pi). Here n is the number of radial nodes of
the function Y˜(r) in the crust region, and ` is the usual angular index associated with the
Legendre polynomials P`(cos θ).
6.3.2 The shear modulus
Torsional oscillations depend on the elastic properties of the solid NS crust [88], char-
acterized by the shear stress tensor2. A crucial element in describing the elastic properties
of the NS crust is the shear modulus µ˜. Assuming the NS crust to be a body-centered cubic
(bcc) lattice, Ogata and Ichimaru [340] (see also [460]) showed that the shear modulus in
the limit of zero temperature can be approximated as
µ˜ = 0.1194n
(Ze)2
a˜
, (6.41)
where n is the ion number density, Ze the charge of the nuclei and a˜3 = 3/(4pin) is the
radius of the Wigner-Seitz cell containing one nucleus. Although it is often assumed that
the electrons are uniformly distributed in the NS crust, one can also calculate the correction
to the shear modulus due a nonuniformity of the electron density distribution, i.e. electron
screening effects [255, 227]. Kobyakov and Pethick [255] obtained the following electron
screening correction term to Eq. (6.41):
µ˜ = 0.1194n
(
1− 0.010Z2/3) (Ze)2
a˜
. (6.42)
2Any deformation of an elastic medium can be decomposed into compressional and shear components.
Matter in the NS crust is essentially incompressible, and this is why only a shear stress tensor is studied in
the literature [88, 340].
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For Z = 40, electron screening can reduce the shear modulus by ≈ 11.7%. As discussed in
[430], this reduces the fundamental mode frequency 0t2 by roughly 6% in GR, independently
of whether we use EOS DH or KP.
In our calculations we consider both Eqs. (6.41) and (6.42) to see whether one would
be able, in principle, to distinguish modifications of the torsional oscillations spectrum due
a modified theory of gravity from microphysics effects (electron screening being one of the
simplest examples to investigate).
The impact of electron screening effects can be visualized by plotting the shear velocity
v˜2s = µ˜/(˜+ p˜) in the crust region. Fig. 6.4 shows v˜
2
s for NS models in GR and in a ST theory
with β = −6.0, using both EOS DH and KP, with and without electron screening effects.
All NS models shown in the figure have radius R = 15.21 km and mass M = 2.046M. The
(density-weighted) shear velocity
〈v˜s〉 =
∫ rs
rb
˜(r) v˜s(r) r
2 dr∫ rs
rb
v˜s(r) r2 dr
, (6.43)
is always close to ≈ 1×108 cm/s, in remarkable agreement with early estimates by Schumaker
and Thorne [406] (see also [196]).
6.3.3 Numerical procedure
To numerically integrate Eq. (6.40) and obtain the frequencies nt`, it is convenient to
introduce two new variables Y˜1(r) and Y˜2(r), defined as
Y˜1(r) ≡ r1−` Y˜(r) , (6.44)
Y˜2(r) ≡ µ˜eff eΦ−Λ r2−` Y˜ ′(r) . (6.45)
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Figure 6.4: Shear velocity in scalarized stars. Shear velocity profile v˜s(r) in the NS crust
in the following cases: (i) GR without electron screening (solid line); (ii) GR with electron
screening (dashed line); (iii) ST theory (β = −6.0) without electron screening (dashed-dotted
line); (iv) ST theory (β = −6.0) with electron screening (dotted line). The top panel refers
to EOS DH, the bottom panel to EOS KP. The sharp peaks occur near the neutron drip
density ˜ ≈ 3× 1011 g/cm3 [412].
In terms of these variables, Eq. (6.40) can be decomposed into a system of two first-order
coupled differential equations:
Y˜ ′1(r) = −
`− 1
r
Y˜1(r) + e
Λ−Φ
µ˜eff r
Y˜2(r) , (6.46)
Y˜ ′2(r) = −
`+ 2
r
Y˜2(r)− eΦ+Λ
[
(˜+ p˜) r ω¯2 e−2Φ − (`+ 2)(`− 1) µ˜eff
r
]
Y˜1(r) . (6.47)
The advantage of this approach is that it eliminates the necessity of computing the derivative
of the shear modulus µ˜, which is known only in tabulated form. In terms of Y˜2(r), the zero-
traction and zero-torque conditions translate into the requirements that Y˜2(rb) = Y˜2(rs) = 0.
The same change of variables was used in [422] in the context of magnetized stars (see also
[315]).
Using Eqs. (6.46) and (6.47) we can now find the frequencies nt` by applying a shooting
method (see e.g. [260]). Choosing Y˜1(r) to be normalized to unity, and setting Y˜2(r) = 0
at the stellar surface r = R, we integrate Eqs. (6.12)-(6.15), (6.46) and (6.47) inwards for
a trial value of ω until we reach the crust basis at r = rb, where we must have Y˜2(rb) = 0.
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Depending on whether or not this condition is satisfied, we adjust the trial value of ω until
we find Y˜2(rb) = 0 within a certain tolerance. In this way the determination of ω becomes
a root finding problem, which can be solved using (for instance) the bisection method.
6.4 The oscillation spectra
With our equilibrium NS models and our numerical framework to deal with crustal
perturbations, we are finally in a position to compute and discuss the spectrum of torsional
oscillation frequencies in ST theory. The spectrum depends quite sensitively on the bulk
properties of the star (mass M , radius R˜, crust thickness ∆R˜), on the choice of crustal EOS,
and on the scalar field profile in the crust region.
In Fig. 6.5 we show the torsional oscillation frequencies for the fundamental mode
0t2 (top panels) and first overtone 1t2 (bottom panels) as a function of the mass M for
NS models with all possible combinations of core EOS (MS0, APR) and crust EOS (DH,
KP). We show results for three different values of β: β = 0 (GR), β = −4.5 (marginally
excluded by binary pulsar observations) and β = −6 (observationally excluded, but shown
nonetheless to maximize the effects of scalarization). By comparing the left and right panels
we can quantify the influence of electron screening effects (everything else being the same):
electron screening typically lowers the oscillation spectra, in agreement with the findings of
Ref. [430]. For stellar models built using EOS MS0 and for the conservative value β = −4.5,
modifications from GR occur at values of M ' 2.0M, close to the largest observed NS
mass [138, 19]. Therefore from now on we will focus on EOS APR.
Notice that the first overtone is more sensitive to scalarization than the fundamental
mode. This is confirmed in Fig. 6.6, where we show the frequencies of the 0t` and 1t` modes
for a fixed stellar mass M = 1.8M as a function of β. Newtonian estimates [196] (see also
[402] for GR with similar conclusion), show that the overtones scale roughly as ≈ n/∆R˜
and are essentially independent of `, as long as ` is not much larger than n. As shown
by Eq. (6.23) and in Fig. 6.3, scalarization decreases the crust thickness. The shrinking
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Figure 6.5: The oscillation frequency spectra - I. We show the frequencies of the torsional
modes in ST theory as a function of M/M. Top panels : the fundamental torsional mode
0t2 without (left) and with (right) electron screening. Lower panels: the first overtone 1t`
without (left) and with (right) electron screening.
crust thickness compensates for the reduced effective shear modulus, and the net effect is an
increase of the oscillation frequencies. Notice also that in ST theory the frequencies of the
fundamental torsional oscillation mode decrease as we decrease β (the opposite happens in
tensor-vector-scalar theory [428]).
In Fig. 6.7 we address the following question: are uncertainties in the EOS small
enough to allow for tests of the underlying gravitational theory based on measurements of
torsional oscillation frequencies in QPOs? Unfortunately, the answer is in the negative.
Shaded regions in the plot are bounded by the values of the torsional oscillation frequencies
computed using EOS DH and KP for the crust. One region (bounded by dashed lines)
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Figure 6.6: The oscillation frequency spectra - II. Frequencies of the torsional modes in ST
theory as a function of β for stellar models with mass M = 1.8M. Circles and dotted lines
correspond to APR+DH; squares and dashed lines correspond to APR+KP. In the right
panel we plot the mode frequencies 0t` for ` = 2, 3, 4 and 5. In the left panel we show the
frequencies of the first overtone 1t`.
corresponds to GR, while the other (solid lines) to ST theory. These regions are meant to
roughly quantify the EOS uncertainty within each theory. Horizontal lines in the left panels
mark the QPO frequency of 28 Hz observed in SGR 1900+14 [461], and identified with the
0t2 mode. The plots show that for a theory parameter β = −4.5 (marginally ruled out by
binary pulsar observations [169]) the predictions of GR and ST theory are indistinguishable
within uncertainties in the crustal EOS. The bottom-left panel shows that, in principle, a
ST theory with β = −6.0 could be distinguished from GR if we were to observe QPOs
with frequencies smaller than 24 Hz in magnetars with M & 1.6M. However, such a large
value of β is already excluded by binary pulsar experiments. The right panel carries out a
similar analysis for the first overtone 1t`. The horizontal line indicates the QPO frequency
of 626.46 ± 0.02 Hz detected in SGR 1806-20 [462], and identified with the first overtone
1t`. The conclusions are similar: for β = −4.5, the predictions of GR and ST theory are
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Figure 6.7: Equation of state degeneracy. This plot compares modifications in torsional
oscillation frequencies due to the underlying gravitational theory with crustal EOS uncer-
tainties for models constructed using EOS APR in the core. Regions bounded by dashed lines
correspond to oscillation frequencies in GR with different crustal EOSs; regions bounded by
solid lines correspond to oscillation frequencies in ST theory with different crustal EOSs.
The degeneracy between modified gravity and crustal EOS is broken when the two regions
do not overlap. Left panels refer to a ST theory with β = −4.5, right panels to a theory
with β = −6.0 (a value already excluded by binary pulsar experiments [169]).
indistinguishable within uncertainties in the crustal EOS.
Let us now focus on the fundamental mode 0t2, which has been identified with QPOs
in both SGR 1900+14 (28±0.5 Hz) [461] and SGR 1806-20 (30.4±0.3 Hz) [462]. To quantify
the relative effect of scalarization and electron screening, assuming the crustal EOS to be
known, we introduce the ratio
η ≡ |0t2[ST]− 0t2[GR]||0t¯2[GR]− 0t2[GR]| , (6.48)
where 0t2[GR] (0t2[ST]) is the fundamental mode frequency in GR (ST theory) ignoring
electron screening, and 0t¯2[GR] is the corresponding frequency in GR computed by taking
into account electron screening. Electron screening has a larger impact than scalarization
whenever η < 1.
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Figure 6.8: Comparison between electron screening and scalarization effect on the oscil-
lation spectra. The ratio η defined in Eq. (6.48) for all stellar models considered in this
work. Values of η > 1 mean that the effect of scalarization is larger than that of electron
screening. This would only be possible for values of β that are already ruled out by binary
pulsar experiments.
In Fig. 6.8 we show η as a function of the mass M for all combinations of core and
crust EOS considered in this chapter. The punchline of this plot is consistent with our
previous findings: the effect of electron screening is always dominant over scalarization for
values of β that are compatible with current binary pulsar experiments. Unrealistically large
values of β (e.g., β = −6) would be needed to constrain ST theories via torsional oscillation
frequencies.
6.5 Conclusions
We studied torsional oscillations in NS crusts in ST theories of gravity allowing for
spontaneous scalarization. Working in the Cowling approximation, we showed that the
“master equation” governing torsional oscillations – our Eq. (6.40) – has the same form as
in GR [406] if we introduce an effective shear modulus µ˜eff, an effective wave velocity v˜eff and
a rescaled frequency ω¯. In general, a smaller effective shear modulus reduces the oscillation
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frequencies. However we showed both analytically and numerically that the NS crust becomes
thinner under scalarization, and a thinner crust tends to increase the overtone frequencies.
Our numerical calculations show that the reduced shear modulus is the dominant effect for
the fundamental mode, while the change in crust thickness is dominant for the first overtone.
We found that the dominant torsional oscillation frequencies in ST theory are essen-
tially indistinguishable from those in GR for all values of β ≥ −4.5 that are still allowed by
binary pulsar observations. One of the simplest microphysics effects that might affect the
torsional oscillation frequencies, namely electron screening [430], has a much more impor-
tant effect on torsional oscillation frequencies than scalarization. More noticeable deviations
from GR would occur for (say) β = −6.0, but such large values of β are already ruled out by
binary-pulsar observations [169]. We expect scalarization to be subdominant when compared
to other uncertainties in the microphysics, such as nonuniform nuclear structures (pastas)
[427] and superfluidity of dripped neutrons [440].
Given the similarities between torsional oscillation frequencies in GR and ST theory,
we can conjecture that the inclusion of slow rotation in our model will result in torsional
modes growing due to the Chandrasekhar-Friedmann-Schutz instability [485]. The inclusion
of slow rotation adds an extra term proportional to the frame dragging function $ (cf. [203])
in the perturbation equation (6.40). Previous studies of slowly rotating NSs in ST theory
[429] showed that scalarization affects $, and therefore it will affect torsional modes for
rotating stars.
One important omission in our study is the effect of magnetic fields, a crucial in-
gredient for realistic comparisons with QPO observations in magnetars. Very few works
have studied NSs with magnetic fields in alternative theories of gravity (see e.g. [195, 434]).
Couplings between the scalar field and magnetic fields may produce larger deviations of the
torsional oscillations frequencies with respect to GR. This is an interesting topic for future
study.
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CHAPTER 7
RELATIVISTIC STARS IN SCALAR-TENSOR THEORIES WITH DISFORMAL
COUPLING
7.1 Introduction
Although Einstein’s GR has passed all the experimental tests of gravity in the weak-
field/slow-motion regimes with flying colors [499], it remains fairly unconstrained in the
strong-gravity regime [51] and on the cosmological scales [107]. The recent observation of
gravitational waves generated during the merger of two BHs by the LIGO/Virgo Collabora-
tion, in accordance with general-relativistic predictions [3, 4], has offered us a first glimpse
of gravity in a fully nonlinear and highly dynamical regime whose theoretical implications
are still being explored [527]. Nevertheless, the pressing issues on understanding the nature
of dark matter and dark energy, the inflationary evolution of the early Universe and the
quest for an ultraviolet completion of GR have served as driving forces in the exploration of
modifications to GR [107, 51].
In general modifications of GR introduce new gravitational degree(s) of freedom in
addition to the metric tensor and can be described by a ST theory of gravity [172]. On the
theoretical side, ST theories should not contain Ostrogradski ghosts [505], i.e. the equations
of motion should be written in terms of the second-order differential equations despite the
possible existence of the higher-order derivative interactions at the action level. On the ex-
perimental/observational side, any extension of GR must pass all the current weak-field tests
which GR has successfully passed. Therefore realistic modifications of gravity should contain
a mechanism to suppress scalar interactions at small scales [480, 70] or (to be interesting)
satisfy weak-field tests, but deviate from GR at some energy scale. Some models satisfying
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these requirements belongs to the so-called Horndeski theory [225, 131, 133, 254], the most
general ST theory with second-order equations of motion.
In ST theories, the scalar field may directly couple to matter, and hence matter does
not follow geodesics associated with the metric gµν but with another g˜µν . In the simplest
case these two metrics are related as
g˜µν = A
2(ϕ)gµν , (7.1)
which is known as the conformal coupling [107]. The two frames described by gµν and g˜µν
are often referred to as the Einstein and Jordan frames, respectively.
7.1.1 Spontaneous scalarization
For relativistic stars, such as NSs, the conformal coupling to matter can trigger a
tachyonic instability (due to a negative effective mass) of the scalar field when the star has
a compactness above a certain threshold. This instability spontaneously scalarizes the NS,
whereupon it harbors a nontrivial scalar field configuration which smoothly decays outside
the star. In its simplest realization, scalarization occurs when the conformal factor in Eq.
(7.1) is chosen as A(ϕ) = exp(β1ϕ
2/2), where β1 is a free parameter of the theory and ϕ
is a massless scalar field. This theory passes all weak-field tests, but the presence of the
scalar field can significantly modify the bulk properties of NSs, such as masses and radii, in
comparison with GR. This effect was first analyzed for isolated NSs by Damour and Esposito-
Fare`se [118, 119]. The properties and observational consequences of this phenomenon were
studied in a number of situations, including stability [198, 101], asteroseismology [438, 439,
432, 420], slow (and rapidly) rotating NS solutions [119, 429, 153, 151, 353], its influence on
geodesic motion of particles around NSs [130, 154], tidal interactions [353] and the multipolar
structure of the spacetime [366, 365]. Moreover, the dynamical process of scalarization was
studied in Ref. [336] and stellar collapse (including the associated process of scalar radiation
emission) was investigated in Refs. [200, 337, 181]. We refer the reader to Ref. [223] for an
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extensive literature review.
Additionally, a semiclassical version of this effect [283] (cf. also [270, 314, 271, 312]
and [357] for a connection with the Damour-Esposito-Fare`se model [118, 119]) has been
shown to awaken the vacuum state of a quantum field leading to an exponential growth of
its vacuum energy density in the background of a relativistic star.
These nontrivial excitations of scalar fields induced by relativistic stars are a conse-
quence of the generic absence of a “no-hair theorem” for these objects (see Refs. [513, 512, 33]
for counterexamples), in contrast to the case of BHs, and can potentially be an important
source for signatures of the presence of fundamental gravitational scalar degrees of freedom
through astronomical observations [376, 51], including the measurements of gravitational
and scalar radiation signals [526].
The phenomenological implications of spontaneous scalarization have also been ex-
plored in binary NS mergers [32, 348, 470, 409] and in BHs surrounded by matter [79, 80].
In the former situation, a dynamical scalarization allows binary members to scalarize under
conditions where this would not happen if they were isolated. This effect can dramatically
change the dynamics of the system in the final cycles before the merger with potentially ob-
servable consequences. In the latter case, the presence of matter can cause the appearance
of a nontrivial scalar field configuration, growing “hair” on the BH.
On the experimental side, binary-pulsar observations [169] have set stringent bounds
on β1, whose value is presently constrained to be β1 & −4.5. This tightly constrains the
effects of spontaneous scalarization in isolated NSs, for it has been shown that independently
of the choice of the equation of state (EOS) scalarization can occur only if β1 . −4.35 for
NSs modeled by a perfect fluid [199, 336, 417]. These two results confine β1 to a very limited
range, in which, even if it exists in nature, the effects of scalarization on isolated NSs are
bound to be small; see Refs. [417, 153] for examples where the threshold value of β1 can be
increased and Refs. [311, 349, 313] for recent work exploring the large positive β1 region of
the theory.
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7.1.2 Disformal coupling
It was recently understood that modern ST theories of gravity, under the umbrella
of Horndeski gravity [225, 132], offer a more general class of coupling [57, 532] between the
scalar field and matter through the so-called disformal coupling [37]
g˜µν = A
2(ϕ)
[
gµν + ΛB
2(ϕ)ϕµϕν
]
, (7.2)
where ϕµ = ∇µϕ is the covariant derivative of the scalar field associated with the gravity
frame metric gµν , and Λ is a constant with dimensions of (length)
2. For Λ = 0 we recover
the purely conformal case of Eq. (7.1). Disformal transformations were originally introduced
by Bekenstein and consist of the most general coupling constructed from the metric gµν and
the scalar field ϕ that respects causality and the weak equivalence principle [37]. Disformal
couplings have been investigated so far mainly in the context of cosmology [258, 396, 397].
They also arise in higher-dimensional gravitational theories with moving branes [533, 257], in
relativistic extensions of modified Newtonian theories, (the tensor-vector-scalar theories) [38,
39], and in the decoupling limit of the nonlinear massive gravity [127, 126, 43, 72]. Moreover,
in Ref. [57] it was shown that the mathematical structure of Horndeski theory is preserved
under the transformation (7.2), namely if the ST theory written in terms of gµν belongs
to a class of the Horndeski theory the same theory rewritten in terms of g˜µν belongs to
another class of the Horndeski theory. Thus disformal transformations provide a natural
generalization of conformal transformations.
Disformal coupling was also considered in models of a varying speed of light [295]
and inflation [241, 482]. The invariance of cosmological observables in the frames related
by the disformal relation (7.2) was verified in Refs. [113, 320, 477, 492, 327, 144]. Although
applications to early Universe models are still limited, disformal couplings have been exten-
sively applied to late-time cosmology [393, 481, 397, 258, 533, 531, 259, 125, 58, 194]. A new
screening mechanism of the scalar force in the high-density region was proposed in Ref. [259],
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where in the presence of disformal coupling the nonrelativistic limit of the scalar field equa-
tion seemed to be independent of the local energy density. However, a reanalysis suggested
that no new screening mechanism from disformal coupling could work [393, 233]. It was also
argued that disformal coupling could not contribute to a chameleon screening mechanism
around a nonrelativistic source [334]. Experimental and observational constraints on disfor-
mal coupling to particular matter sectors have also been investigated. Disformal couplings
to baryons and photons have been severely constrained in terms of the nondetection of new
physics in collider experiments [241, 65, 66, 68, 267, 69], the absence of spectral distor-
tion of the cosmic microwave background and the violation of distance reciprocal relations
[484, 67, 68, 483], respectively. On the other hand, disformal coupling to the dark sector has
been proposed in [330, 481] and is presently less constrained in comparison with coupling to
visible matter sectors.
When conformal and disformal couplings are universal to all the matter species, they
can only be constrained through experimental tests of gravity. A detailed study of ST
theory with the pure disformal coupling A(ϕ) = 1 and B(ϕ) = 1 in the weak-field limit
was presented in [393] and the post-Newtonian (PN) corrections due to the presence of
pure disformal coupling were computed [233]. In these papers [393, 233], in contrast to the
claim of Refs. [533, 259], it was shown that no screening mechanism which could suppress
the scalar force in the vicinity of the source exists and the difference of the parametrized
post-Newtonian (PPN) parameters from GR are of order |Λ|H20 , where H0(∼ 10−28 cm−1) is
the present-day Hubble scale. The strongest bound on |Λ| comes from the constraints on
the PPN preferred frame parameter α2. The near perfect alignment between the Sun’s spin
axis and the orbital angular momenta of the planets provides the constraint α2 < 4 × 10−5
(see Ref. [232] for a discussion), which implies that |Λ| . 10−6H−20 (∼ 1040 km2). With the
inclusion of the conformal factor, i.e. A(ϕ) 6= 1, the authors of Ref. [233] argued that the
Cassini bound |γ − 1| < 2.1 × 10−5 [56] imposes a constraint on α(ϕ0), where ϕ0 is the
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cosmological background value of the scalar field and
α(ϕ) ≡ d logA(ϕ)
dϕ
, β(ϕ) ≡ d logB(ϕ)
dϕ
. (7.3)
On the other hand the disformal part of the coupling β(ϕ0) remains unconstrained, because
corrections to the PPN parameters which include β(ϕ) are subdominant compared to the
conformal part. These weaker constraints on the disformal coupling parameters are due to
the fact that in the nonrelativistic regime with negligible pressure and a slowly evolving
scalar field the disformal coupling becomes negligible. We also point out that in the weak-
field regime such as in the Solar System, typical densities are small therefore preventing the
appearance of ghosts in the theory for negative values of Λ.
In the strong-gravity regime such as that found in the interior of NSs, the pressure
cannot be neglected and the disformal coupling is expected to be as important as the con-
formal one. This would affect the spontaneous scalarization mechanism and consequently
influence the structure (and stability) of relativistic stars, or have significant impact on
gravitational-wave astronomy [51]. The influence of disformal coupling on the stability of
matter configurations around BHs was analyzed in Ref. [256]. The authors of Ref. [256]
derived the stability conditions of the system by generalizing the case of pure conformal cou-
pling [79, 80]. They also generalized these works to ST theories with noncanonical kinetic
terms and disformal coupling, finding that the disformal coupling could make matter con-
figurations more unstable, triggering spontaneous scalarization. In the present work within
the same class of ST theory considered in Ref. [256], we will study relativistic stars and
investigate the influence of disformal coupling on the scalarization of NSs.
7.1.3 Organization of this chapter
We have organized this chapter as follows. In Sec. 7.2 we review the fundamentals of
ST theories with generalized kinetic term and disformal coupling. In Sec. 7.3 we present a
general formulation to analyze the structure of slowly rotating stars in theories with disformal
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coupling. In Sec. 7.4, as a case study, we consider a canonical scalar field with a generic scalar
field potential. We particularize the stellar structure equations to this model and discuss
how to solve them numerically. In Sec. 7.5 we explore the consequences of the disformal
coupling by studying small scalar perturbations to an incompressible relativistic star in GR.
In particular we investigate the conditions for which spontaneous scalarization happens. In
Sec. 7.6 we present our numerical studies about the influence of disformal coupling on the
spontaneous scalarization by solving the full stellar structure equations. In Sec. 7.7 as an
application of our numerical integrations, we examine the EOS independence between the
moment of inertia and compactness of NSs in ST theory comparing it against the results
obtained in GR. Finally, in Sec. 7.8 we summarize our main findings and point out possible
future avenues of research.
7.2 Scalar-tensor theory with the disformal coupling
We consider ST theories in which matter is disformally coupled to the scalar field.
The action in the Einstein frame reads
S =
1
2κ
∫
d4x
√−g [R + 2P (X,ϕ)] +
∫
d4x
√
−g˜ (ϕ, ϕµ)Lm [g˜µν (ϕ, ϕµ) ,Ψ] , (7.4)
where xµ (µ = 0, 1, 2, 3) represents the coordinate system of the spacetime, gµν and g˜µν are
respectively the Einstein and Jordan frame metrics disformally related by (7.2), g ≡ det(gµν)
and g˜ ≡ det(g˜µν), R is the Ricci scalar curvature associated with gµν , κ ≡ (8piG)/c4, where
G is the gravitational constant defined in the Einstein frame and c is the speed of light in
vacuum. P (X,ϕ) is an arbitrary function of the scalar field ϕ and X ≡ −1
2
gµνϕµϕν , and
Lm represents the Lagrangian density of matter fields Ψ. We note that the canonical scalar
field corresponds to the case of P (X,ϕ) = 2X − V (ϕ), but we will not restrict the form of
P (X,ϕ) at this stage. In this chapter, exceptionally, we will not omit G and c.
Varying the action (7.4) with respect to the Einstein frame metric gµν , we obtain the
154
Einstein field equations
Gµν = κ
(
T µν(m) + T
µν
(ϕ)
)
, (7.5)
where the energy-momentum tensors of the matter fields Ψ and scalar field ϕ are given by
T µν(m) =
2√−g
δ
(√−g˜Lm [g˜(ϕ),Ψ])
δgµν
, (7.6)
and
T µν(ϕ) ≡
1
κ
2√−g
δ (
√−gP (X,ϕ))
δgµν
,
=
1
κ
(PXϕ
µϕν + Pgµν) , (7.7)
respectively, where PX ≡ ∂XP and ϕµ ≡ gµνϕν . From Eq. (7.2), the inverse Jordan frame
metric g˜µν is related to the inverse Einstein frame metric gµν by
g˜µν = A−2(ϕ)
[
gµν − ΛB
2(ϕ)
χ(X,ϕ)
ϕµϕν
]
, (7.8)
where we have defined
χ(X,ϕ) ≡ 1− 2ΛB2(ϕ)X . (7.9)
The volume element in the Jordan frame
√−g˜ is given by √−g˜ = A4(ϕ)√−g√χ(X,ϕ).
In order to keep the Lorentzian signature of the Jordan frame metric g˜µν , χ must be non-
negative. We note that in the purely conformal coupling limit Λ = 0 and χ = 1.
The contravariant energy-momentum tensor in the Jordan frame T˜ µν(m) is related to
that in the Einstein frame by
T˜ µν(m) ≡
2√−g˜
δ
(√−g˜Lm [g˜,Ψ])
δg˜µν
,
=
√
g
g˜
δgαβ
δg˜µν
Tαβ(m) =
A−6(ϕ)√
χ(X,ϕ)
T µν(m) . (7.10)
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The mixed and covariant energy-momentum tensors in the Jordan frame are respectively
given by
T˜(m)µ
ν =
A−4(ϕ)√
χ(X,ϕ)
(
δαµ + ΛB
2(ϕ)ϕµϕ
α
)
T(m)α
ν , (7.11a)
T˜(m)µν =
A−2(ϕ)√
χ(X,ϕ)
(
δαµ + ΛB
2(ϕ)ϕµϕ
α
) (
δβν + ΛB
2(ϕ)ϕνϕ
β
)
T(m)αβ , (7.11b)
and
T µν(m) = A
6(ϕ)
√
χ(X,ϕ)T˜ µν(m) , (7.12a)
T(m)ν
µ = A4(ϕ)
√
χ(X,ϕ)
(
δρν −
ΛB2(ϕ)ϕρϕν
χ(X,ϕ)
)
T˜(m)ρ
µ , (7.12b)
T(m)µν = A
2(ϕ)
√
χ(X,ϕ)
(
δρµ −
ΛB2(ϕ)ϕρϕµ
χ(X,ϕ)
)(
δσν −
ΛB2(ϕ)ϕσϕν
χ(X,ϕ)
)
T˜(m)ρσ . (7.12c)
In terms of the covariant tensors, the Einstein equations in the Einstein frame (7.5)
can be recast as
Gµν = κA
2(ϕ)
√
χ(X,ϕ)
(
δρµ −
ΛB2(ϕ)ϕρϕµ
χ(X,ϕ)
)(
δσν −
ΛB2(ϕ)ϕσϕν
χ(X,ϕ)
)
T˜(m)ρσ
+ PXϕµϕν + gµνP . (7.13)
Varying the action (7.4) with respect to the scalar field ϕ, we obtain the scalar field equation
of motion
PXϕ+ Pϕ − PXXϕρϕσϕρσ − 2XPXϕ = κQ , (7.14)
where the function Q characterizes the strength of the coupling of matter to the scalar field
Q ≡ Λ∇ρ
(
B2(ϕ)T ρσ(m)ϕσ
)
− α(ϕ)T(m) − ΛB2(ϕ) [α(ϕ) + β(ϕ)]T ρσ(m)ϕρϕσ , (7.15)
where T(m) ≡ gρσT(m)ρσ is the trace of T(m)ρσ, and α(ϕ) and β(ϕ) were defined in Eq. (7.3).
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Taking the divergence of Eq. (7.5), employing the contracted Bianchi identity ∇ρGρσ = 0,
and using the scalar field equation of motion (7.14), we obtain
∇ρT ρσ(m) = −∇ρT ρσ(ϕ) = −Qϕσ , (7.16)
and the coupling strength Q can be rewritten
Q = ΛB2(ϕ)
(
∇ρT ρσ(m)
)
ϕσ + Y , (7.17)
where we have introduced
Y ≡ ΛB2(ϕ)
{
[β(ϕ)− α(ϕ)]T ρσ(m)ϕρϕσ + T ρσ(m)ϕρσ
}
− α(ϕ)T(m) . (7.18)
Multiplying Eq. (7.16) by ϕσ and solving it with respect to
(
∇ρT ρσ(m)
)
ϕσ, we obtain
χ
(
∇ρT ρσ(m)
)
ϕσ = 2XY . (7.19)
Then, substituting it in Eq. (7.17), usingQ = Y/χ, and finally eliminatingQ from Eq. (7.14),
we obtain the reduced scalar field equation of motion
PXϕ+ Pϕ − PXXϕρϕσϕρσ − 2XPXϕ = κ
χ(X,ϕ)
×
{
ΛB2(ϕ)
[
(β(ϕ)− α(ϕ))T ρσ(m)ϕρϕσ + T ρσ(m)ϕρσ
]
− α(ϕ)T(m)
}
. (7.20)
7.3 The equations of stellar structure
7.3.1 Equations of motion
In this section, we consider a static and spherically symmetric spacetime with line
element
ds2 = gµνdx
µdxν = −eν(r)c2dt2 + eλ(r)dr2 + r2γijdθidθj , (7.21)
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where ν(r) and λ(r) are functions of the radial coordinate r only, γij is the metric of the
unit 2-sphere, and the coordinates θi (i = 1, 2) run over the directions of the unit 2-sphere,
such that γijdθ
idθj = dθ2 + sin2 θdφ2. We also assume by symmetry that the scalar field is
only a function of r, ϕ = ϕ(r). Hence the coupling functions A(ϕ) and B(ϕ) are also only
functions of r through ϕ(r).
We assume that in the Jordan frame only diagonal components of the energy-momentum
tensor of matter are nonvanishing
T˜(m)
t
t = −ρ˜c2 , T˜(m)rr = p˜r , T˜(m)ij = p˜tδij , (7.22)
where ρ˜, p˜r and p˜t are respectively the energy density, radial and tangential pressures of
an anisotropic fluid in the Jordan frame [63]. Using Eq. (7.12b), they are related to the
components of the energy-momentum tensor of matter in the Einstein frame, which are
represented by the quantities without a tilde, by
ρ = A4(ϕ)
√
χρ˜ , pr =
A4(ϕ)√
χ
p˜r , pt = A
4(ϕ)
√
χp˜t , (7.23)
where in the background given by Eq. (7.21), the quantity χ defined in Eq. (7.9) reduces to
χ = 1 + e−λΛB2(ϕ)(ϕ′)2 . (7.24)
We note that even if the fluid in the Jordan frame has an isotropic pressure, p˜r = p˜t, it is
transformed into an anisotropic one in the Einstein frame i.e. pr 6= pt in the presence of
disformal coupling χ 6= 1.
The (t, t), (r, r) and the trace of (i, j) components of the Einstein equations (7.13)
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are given by
1
r2
[
1− e−λ(1− rλ′)] = −P + A4(ϕ)√χκρ˜c2 , (7.25)
eλ
r2
[
1− e−λ(1 + rν ′)] = −(ϕ′)2PX − eλ [P + A4(ϕ)√
χ
(κp˜r)
]
, (7.26)
1
2
[
ν ′′ +
(
ν ′
2
+
1
r
)
(ν ′ − λ′)
]
= eλ
[
P + A4(ϕ)
√
χ(κp˜t)
]
. (7.27)
On the other hand, the scalar field equation of motion (7.20) reduces to
χ
{
PXe
−λ
[
ϕ′′ +
(
ν ′
2
− λ
′
2
+
2
r
)
ϕ′
]
+ Pϕ − PXXe−2λ(ϕ′)2
(
ϕ′′ − λ
′
2
ϕ′
)
+ e−λ(ϕ′)2PXϕ
}
= κ
A4(ϕ)
ϕ′
{
p˜r√
χ
[
−α(ϕ)ϕ′ + ΛB2(ϕ)e−λϕ′
(
ϕ′′ +
(
β(ϕ)ϕ′ − α(ϕ)ϕ′ − λ
′
2
)
ϕ′
)]
− √χ
[
α(ϕ)ϕ′
(−ρ˜c2 + 2p˜t)+ ΛB2(ϕ)e−λ(ν ′
2
ρ˜c2 − 2
r
p˜t
)
(ϕ′)2
]}
. (7.28)
The nontrivial radial component of the energy-momentum conservation law in the
Einstein frame (7.16) gives us
dp˜r
dr
= −
[
ν ′
2
+ α(ϕ)ϕ′
] (
ρ˜c2 + p˜r
)− 2 [1
r
+ α(ϕ)ϕ′
]
σ˜ , (7.29)
where we have defined σ˜ ≡ p˜r− p˜t, which measures the degree of anisotropy of the fluid [63].
The same result can be obtained from the conservation law in the Jordan frame ∇˜ρT˜ ρr(m) = 0,
where ∇˜ρ represents the covariant derivative associated with the Jordan frame metric g˜µν .
The conservation law (7.29) depends implicitly on B(ϕ) and its derivative through ν ′ [cf.
Eq. (7.26)].
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7.3.2 The reduced equations of motion
We then reduce the set of equations (7.25)-(7.27), (7.28) and (7.29) into a form more
convenient for a numerical integration. We introduce the mass function µ(r) through
e−λ(r) ≡ 1− 2µ(r)
r
, (7.30)
and replace all λ(r) dependence with µ(r). We also introduce the first-order derivative of
the scalar field ψ(r), i.e.
ψ ≡ dϕ
dr
. (7.31)
We can write the kinetic energy as
X = −r − 2µ
2r
ψ2 (7.32)
and χ can then be expressed as
χ = 1 +
r − 2µ
r
ΛB2(ϕ)ψ2 . (7.33)
The (t, t) component of the Einstein equations [cf. Eq (7.25)] determines the gradient
of µ
dµ
dr
=
r2
2
[
A4(ϕ)
√
χκρ˜c2 − P ] . (7.34)
Similarly, the (r, r) component of the Einstein equations (7.26) reduces to
dν
dr
=
2µ
r(r − 2µ) + r
{
ψ2PX +
r
r − 2µ
[
P +
A4(ϕ)√
χ
(κp˜r)
]}
. (7.35)
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The conservation law (7.29) combined with Eq. (7.35) leads to
dp˜r
dr
= −
{
α(ϕ)ψ +
µ
r(r − 2µ) +
r
2
[
ψ2PX +
r
r − 2µ
(
P +
A4(ϕ)√
χ
(κp˜r)
)]}(
ρ˜c2 + p˜r
)
− 2
[
1
r
+ α(ϕ)ψ
]
σ˜ . (7.36)
Finally, the scalar field equation of motion (7.28) reduces to
[
χ
(
PX − e−λψ2PXX
)− κΛA4(ϕ)B2(ϕ) p˜r√
χ
]
ψ′
+
{
χ
[(
ν ′
2
− λ
′
2
+
2
r
)
PX +
λ′
2
e−λψ2PXX + ψPXϕ
]
− κΛA4(ϕ)B2(ϕ)
[√
χ
(
−ν
′
2
ρ˜c2 +
2
r
p˜t
)
+
p˜r√
χ
(
β(ϕ)ψ − α(ϕ)ψ − λ
′
2
)]}
ψ
= −eλχPϕ + κA4(ϕ)α(ϕ)eλ
[
− p˜r√
χ
+
√
χ(ρ˜c2 − 2p˜t)
]
. (7.37)
Eliminating λ′ and ν ′ from Eq. (7.37), and using Eqs. (7.25)-(7.26), the scalar field equation
of motion (7.37) can be rewritten as
C2
dψ
dr
= −C1ψ + r
r − 2µ
{
−χPϕ + κA4(ϕ)α(ϕ)
[
− p˜r√
χ
−√χ(−ρ˜c2 + 2p˜t)
]}
, (7.38)
where we introduced
C2 = χ
[
PX −
(
1− 2µ
r
)
ψ2PXX
]
− κΛA4(ϕ)B2(ϕ) p˜r√
χ
, (7.39)
C1 = χ
{
PX
[
2(r − µ)
r(r − 2µ) +
r
2
ψ2PX +
r2
r − 2µ
(
P − κ
2
A4(ϕ)
(√
χρ˜c2 − p˜r√
χ
))]
+
1
2
[
−2µ
r2
+ r
(−P + A4(ϕ)√χ(κρ˜c2))]ψ2PXX + ψPXϕ}
− κΛA4(ϕ)B2(ϕ)
{
− 1
r − 2µ
(
µ
r
+
r2P
2
)(√
χρ˜c2 − p˜r√
χ
)
− ρ˜c
2√χ
2
ψ2PXr
− κr
2
r − 2µ(ρ˜c
2p˜r)A
4(ϕ) +
2
√
χ
r
p˜t +
ψ√
χ
[β(ϕ)− α(ϕ)] p˜r
}
. (7.40)
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The set of Eqs. (7.31), (7.34), (7.35), (7.36) and (7.38) together with a given EOS
p˜r = p˜r(ρ˜) , p˜t = p˜t(ρ˜) , (7.41)
form a closed system of equations to analyze the structure of relativistic stars in the ST
theory (7.4).
7.3.3 Slowly rotating stars
In this subsection, we extend our calculation to the case of slowly rotating stars. Once
the set of the equations of motion for a static and spherically symmetric star is given, it is
simple to take first-order corrections due to rotation into consideration using the Hartle-
Thorne scheme [203, 204]. At first order in the Hartle-Thorne perturbative expansion, we
derive our results in a manner as general as possible, similarly to the previous section.
In the Einstein frame, the line element including the first-order correction due to
rotation is given by
ds2 = −eν(r)c2dt2 + eλ(r)dr2 + r2 (dθ2 + sin2 θdφ2)+ 2 (ω − Ω) r2 sin2 θdtdφ , (7.42)
where ω(r) is a function of r, which is of the same order as the star’s angular velocity Ω. We
can construct the Jordan frame line element using Eqs. (7.2) and (7.8). The construction of
the energy-momentum tensor for the anisotropic fluid in the Jordan frame is similar to what
was done before, except that now, the normalization of the four-velocity, demands that
u˜t =
[
−
(
g˜tt + 2Ω˜g˜tφ + Ω˜
2g˜φφ
)]−1/2
, u˜r = u˜θ = 0 , u˜φ = Ω˜u˜t , (7.43)
where Ω˜ is the star’s angular velocity in the Jordan frame [measured in the coordinates of
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xµ = (t, r, θ, φ)],
g˜tt = A
2gtt , g˜rr = A
2
[
grr + ΛB
2 (ϕ′)2
]
, (7.44a)
g˜ij = A
2gij , (i, j = θ, φ) (7.44b)
g˜tφ = A
2gtφ , (7.44c)
and we must expand all expressions, keeping only terms of order O(Ω). As shown in the
Appendix G the star’s angular velocity is disformally invariant, Ω˜ = Ω. We also note that
rotation can induce a dependence of the scalar field on θ, which appears however only at more
than second order in rotation, O(Ω2) [353]. Thus in our case, the scalar field configuration
remains the same as in the nonrotating situation.
At the first order in rotation, the diagonal components of the Einstein equations and
the scalar field equation of motion remain the same as Eqs. (7.31), (7.34), (7.35), (7.36) and
(7.38). A new equation comes however from the (t, φ) component of the Einstein equation:
d2ω
dr2
−
(
4
r
− λ
′ + ν ′
2
)
dω
dr
+ 2κA4(ϕ)r
√
χ
(ρ˜c2 + p˜r − σ˜)
(r − 2µ) ω(r) = 0 . (7.45)
By eliminating ν ′ and λ′ with the use of Eqs. (7.34) and (7.35), we obtain the frame-dragging
equation
d2ω
dr2
+
[
1
2
rPXψ
2 +
κr2A4(ϕ)
2
√
χ(r − 2µ)
(
p˜r + χ ρ˜c
2
)− 4
r
]
dω
dr
+ 2κA4(ϕ)r
√
χ
(ρ˜c2 + p˜r − σ˜)
(r − 2µ) ω(r) = 0 . (7.46)
Equation (7.46) can be solved together with Eqs. (7.31), (7.34), (7.35), (7.36) and (7.38).
Together these equations fully describe a slowly rotating anisotropic relativistic star in the
theory described by the action (7.4).
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7.3.4 Particular limits
The equations obtained in the previous section represent the most general set of stellar
structure equations for a broad class of ST theories with a single scalar degree of freedom
with a disformal coupling between the scalar field and a spherically symmetric slowly rotating
anisotropic fluid distribution. Because of its generality, we can recover many particular cases
previously studied in the literature:
1. In the limit of the pure conformal coupling, Λ→ 0 (thus χ→ 1), we recover the case
studied in Chapter 5 (cf. [417]).
2. If we additionally assume isotropic pressure p˜r = p˜t = p˜, we recover the standard
equations given in Refs. [118, 119] and studied in Chapter 6 (cf. [420]).
3. If we assume a kinetic term of the form P (X,ϕ) = 2X − V (ϕ), where V (ϕ) is a mass
term m2ϕ2, isotropic pressure and purely conformal coupling we recover the massive
ST theory studied in Refs. [381, 523, 148] and the asymmetron scenario proposed in
Ref. [100] by appropriately choosing A(ϕ).
7.4 Scalar-tensor theory with a canonical scalar field
7.4.1 Stellar structure equations
Now let us apply the general formulation developed in the previous section to the
canonical scalar field with the potential V (ϕ), i.e. P = 2X − V (ϕ). The stellar structure
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equations (7.31), (7.34), (7.35), (7.36) and (7.38) reduce to
dµ
dr
=
r(r − 2µ)
2
ψ2 +
r2
2
V (ϕ) + A4(ϕ)
√
χ
(κ
2
ρ˜c2r2
)
, (7.47a)
dν
dr
=
2µ
r(r − 2µ) + rψ
2 − r
2
r − 2µV (ϕ) +
r2
r − 2µ
A4(ϕ)√
χ
(κp˜r) , (7.47b)
dp˜r
dr
= −
[
α(ϕ)ψ +
µ
r(r − 2µ) +
r
2
ψ2 − r
2
2(r − 2µ)V (ϕ)
+
r2
r − 2µ
A4(ϕ)√
χ
(κ
2
p˜r
)] (
ρ˜c2 + p˜r
)− 2(1
r
+ α(ϕ)ψ
)
σ˜ , (7.47c)
dϕ
dr
= ψ , (7.47d)
C2
dψ
dr
= −C1ψ + rχVϕ(ϕ)
r − 2µ +
κr
r − 2µA
4(ϕ)α(ϕ)
[
− p˜r√
χ
+
√
χ(ρ˜c2 − 2p˜r) + 2√χσ˜
]
,
(7.47e)
where
C1 =
2χ
r − 2µ
[
2(r − µ)
r
− r2V (ϕ)− κ
2
A4(ϕ)r2
(√
χρ˜c2 − p˜r√
χ
)]
− κΛA4(ϕ)B2(ϕ)
×
{
− µ
r(r − 2µ)
(√
χρ˜c2 − p˜r√
χ
)
− rψ
2
2
(√
χρ˜c2 +
p˜r√
χ
)
+
r2V (ϕ)
2(r − 2µ)
×
(√
χρ˜c2 − p˜r√
χ
)
− κA4(ϕ) r
2
r − 2µp˜rρ˜c
2 +
2
√
χ
r
(p˜r − σ˜) + ψ√
χ
[β(ϕ)− α(ϕ)] p˜r
}
,
(7.48)
and
C2 = 2χ− κΛA(ϕ)4B(ϕ)2 p˜r√
χ
. (7.49)
In the case of a slowly rotating star, the frame-dragging equation (7.46) becomes
d2ω
dr2
−
[
rψ2 +
κr2A4(ϕ)
2(r − 2µ)
(
ρ˜c2√
χ
+
√
χp˜r
)
− 4
r
]
dω
dr
− 2κA4(ϕ)r√χ(ρ˜c
2 + p˜r − σ˜)
(r − 2µ) ω(r) = 0 .
(7.50)
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Through the Einstein equation (7.26), we find that if Λ > 0 the second term of C2 in
Eq. (7.49) is of order O (ΛB2/r2), from which we can estimate the radius within which the
contributions of disformal coupling to the gradient terms become comparable to the standard
ones in the ST theory as RD ≡
√
ΛB(ϕ). If RD > R, where r = R is the star’s radius, the
contributions of disformal coupling to the gradient terms become important throughout
the star, while if RD < R they could be important only in a portion of the star’s interior
r < RD. When B → 1, RD ≈
√
Λ and therefore
√
Λ characterizes the length scale for which
the disformal coupling effects become apparent. As the radius of a typical NS is about 10
km, the effects of disformal coupling of the star become apparent when Λ > O(100 km2).
We note that in the presence of the disformal coupling, when integrating the scalar
field equation (7.38), the coefficient C2 in the dψ/dr equation may vanish at some r = R∗, i.e.
C2(R∗) = 0. This could happen when both Λ > 0 and the pressure at the center of the star
is large enough such that C2 < 0 in the vicinity of r = 0. In such a case, as we integrate the
equations outwards, since the radial pressure p˜r decreases and vanishes at the surface of the
star, there must be a point R∗ where C2 vanishes. This point represents a singularity of our
equations and a regular stellar model cannot be constructed. The nonexistence of a regular
relativistic star for a large positive Λ is one of the most important consequences due to the
disformal coupling. The appearance of the singularity is due to the fact that the gradient
term in the scalar field equation of motion (7.47e) picks a wrong sign (i.e., negative speed of
sound) and is an illustration of the gradient instability pointed out in Refs. [259, 43, 59].
7.4.2 Interior solutions
From this section onwards, we focus on the case of isotropic pressure p˜ = p˜r = p˜t.
We then derive the boundary conditions at the center of the star, r = 0, which have to be
specified when integrating Eqs. (7.47) and (7.50). We assume that at r = 0, ρ˜(0) = ρ˜c. The
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remaining metric and matter variables can be expanded as
µ(r) =
1
6
[
κρ˜cc
2A4(ϕc) + V (ϕc)
]
r3 +O(r5) , (7.51a)
ν(r) =
1
6
[
κ
(
ρ˜cc
2 + 3p˜c
)
A4(ϕc)− 2V (ϕc)
]
r2 +O(r4) , (7.51b)
ϕ(r) = ϕc +
κA4(ϕc)α(ϕc) (ρ˜cc
2 − 3p˜c) + Vϕ(ϕc)
12 [2− κΛp˜cA4(ϕc)B2(ϕc)] r
2 +O(r4) , (7.51c)
p˜(r) = p˜c − 1
12
(
ρ˜cc
2 + p˜c
){
κA4(ϕc)
[
ρ˜cc
2 + 3p˜c + α(ϕc)
2 ρ˜cc
2 − 3p˜c
1− κ
2
Λp˜cA4(ϕc)B2(ϕc)
]
−2V (ϕc)
[
1− α(ϕc)Vϕ(ϕc)
2V (ϕc)
1
1− κ
2
Λp˜cA4(ϕc)B2(ϕc)
]}
r2 +O(r4) , (7.51d)
where p˜c is fixed by ρ˜c through the EOS, i.e. p˜c = p˜(ρ˜c). The central value of the scalar field
ϕc is fixed by demanding that outside the star the scalar field approaches a given cosmological
value ϕ0 as r → ∞, which is consistent with observational constraints. We will come back
to this in Sec. 7.4.3.
As a well-behaved stellar model requires p˜′′(0) < 0, we impose
κA4(ϕc)
[
ρ˜cc
2 + 3p˜c + α(ϕc)
2 ρ˜cc
2 − 3p˜c
1− κ
2
Λp˜cA4(ϕc)B2(ϕc)
]
− 2V (ϕc)
[
1− α(ϕc)Vϕ(ϕc)
2V (ϕc)
1
1− κ
2
Λp˜cA4(ϕc)B2(ϕc)
]
> 0 . (7.52)
For a large positive disformal coupling parameter Λ > 0 and a large pressure at the center p˜c
such that
∣∣1− κΛ
2
p˜cA
4(ϕc)B
2(ϕc)
∣∣ 1, the r2 terms of the scalar field and pressure diverge
and the Taylor series solution (7.51) breaks down. Such a property is a direct consequence
of the appearance of the singularity inside the star which was mentioned in the previous
subsection. Assuming that A(ϕc) ≈ 1 and B(ϕc) ≈ 1, the maximal positive value of Λmax
can be roughly estimated as
Λmax ≈ 2
κp˜c
=
c4
4piGp˜c
≈ 102 km2 , (7.53)
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for p˜c = 10
36 dyne/cm2, which agrees with the numerical analysis done in Sec. 7.6. On
the other hand, for a large negative value of the disformal coupling Λ < 0, no singularity
appears, from Eq. (7.51c) the r2 correction to the scalar field amplitude is suppressed, and
ϕ(r) → ϕc everywhere inside the star. This indicates that A(ϕc) ≈ constant, and for a
vanishing potential V (ϕ) = 0 the stellar configuration approaches that in GR.
In the case of slowly rotating stars, the boundary condition for ω near the origin reads
ω = ωc
[
1 +
κ
5
A4(ϕc)
(
ρ˜cc
2 + p˜c
)
r2
]
+O(r4) . (7.54)
7.4.2.1 Stellar models in purely disformal theories
It is interesting to analyze the stellar structure equations in the purely disformal
coupling limit, when A(ϕ) = 1. In this case we find that the expansions near the origin are
µ(r) =
1
6
[
κρ˜cc
2 + V (ϕc)
]
r3 +O(r5) , (7.55a)
ν(r) =
1
6
[
κ
(
ρ˜cc
2 + 3p˜c
)− 2V (ϕc)] r2 +O(r4) , (7.55b)
ϕ(r) = ϕc +
Vϕ(ϕc)
12
[
1− κ
2
Λp˜cB2(ϕc)
]r2 +O(r4) , (7.55c)
p˜(r) = p˜c − 1
12
(
p˜c + ρ˜cc
2
) [
κ
(
ρ˜cc
2 + 3p˜c
)− 2V (ϕc)] r2 +O(r4) , (7.55d)
Thus for V (ϕ) = 0, ϕ = ϕc everywhere, and the disformal coupling term does not modify the
stellar structure with respect to GR. Only with a nontrivial potential V (ϕ), the disformal
coupling can modify the profile of the scalar field inside the NS. It was argued in Ref. [393]
that for a simple mass term potential Vϕ ∼ m2ϕ, where m is the mass of the scalar field,
disformal contributions can be neglected and the NS solution is the same as in GR.
7.4.2.2 Metric functions in the Jordan frame
Finally, we mention the behaviors of the metric functions in the Jordan frame. In
the Appendix we derive the relationship of the physical quantities defined in the two frames.
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The boundary conditions (7.51) indicate that in the singular stellar solution of the Einstein
frame the metric functions µ and ν remain regular. Using Eqs. (G.3) and (G.9), the metric
functions in the Jordan frame behave as
ν¯(r) = lnA(ϕc)
2 +
1
6
[(
ρ˜cc
2 + 3p˜c
)− 2V (ϕc) + α(ϕc)κA4(ϕc)α (ρ˜cc2 − 3p˜c) + V ′(ϕc)
1− κΛ
2
A4(ϕc)B2(ϕc)p˜c
]
r2
+O(r4) , (7.56)
µ¯(r) =
A(ϕc)
18
[
3
(
A4(ϕc)ρ˜c
2 + V (ϕc)
)
+ 3α(ϕc)
κA4(ϕc)α (ρ˜cc
2 − 3p˜c) + V ′(ϕc)
1− κΛ
2
A4(ϕc)B2(ϕc)p˜c
+ ΛB2(ϕc)
(κA4(ϕc)α (ρ˜cc
2 − 3p˜c) + V ′(ϕc))2
4
(
1− κΛ
2
A4(ϕc)B2(ϕc)p˜c
)2
]
r3 +O(r5) . (7.57)
Therefore, for
∣∣1− κΛ
2
A4(ϕc)B
2(ϕc)p˜c
∣∣  1, the Taylor series solutions for µ¯(r) and ν¯(r)
break down, which indicates that the metric functions in the Jordan frame µ¯ and ν¯ diverge
at some finite radius and a curvature singularity appears there.
7.4.3 Exterior solution
In the vacuum region outside the star r > R, the fluid variables ρ˜, p˜r and p˜t vanish.
The exterior solution should be the vacuum solution of GR coupled to the massless canonical
scalar field. The following exact solution can be obtained [118, 120]
ds2 = −eν(ρ)c2dt2 + e−ν(ρ)
[
dρ2 +
(
ρ2 − 2Gs
c2
ρ
)
γijdθ
idθj
]
, (7.58)
ν(ρ) = ν0 + ln
(
1− 2Gs
c2ρ
)M
s
, (7.59)
ϕ(ρ) = ϕ0 − Q
2M
ln
(
1− 2Gs
c2ρ
)M
s
, (7.60)
where ν0 represents the freedom of the rescaling of the time coordinate, ϕ0 is the cosmo-
logical value of the scalar field at r → ∞, M and Q are the integration constants and
s ≡ √M2 +Q2. The metric (7.58) can be rewritten in terms of the Schwarzschild-like
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coordinate r by the transformations
r(ρ) = ρ
(
1− 2Gs
c2ρ
) s−M
2s
, (7.61)
µ(ρ) = M
1− G (s−M)2
2Mρc2
(
1− 2Gs
c2ρ
)
(1− 2Gs
c2ρ
) s−M
2s
. (7.62)
As r →∞, the solution (7.58) behaves as
µ(r) =
GM
c2
− G
2Q2
2c4r
+O
(
1
r2
)
, (7.63a)
ν(r) = ν0 − 2GM
c2r
+O
(
1
r2
)
, (7.63b)
ϕ(r) = ϕ0 +
GQ
c2r
+O
(
1
r2
)
. (7.63c)
Thus the integration constants M and Q correspond to the Arnowitt-Deser-Misner (ADM)
mass and the scalar charge in the Einstein frame, respectively. For later convenience we also
define the fractional binding energy
Eb ≡ Mb
M
− 1 , (7.64)
which is positive for bound (but not necessarily stable) configurations. We note that for the
vanishing scalar field at asymptotic infinity the ADM mass is disformally invariant, M¯ = M
[see Eq. (G.10)].
In the slowly rotating case, the integration of Eq. (7.45) in vacuum ρ˜ = p˜t = 0 gives
ω′ =
6G
c2r4
e
λ+ν
2 J , (7.65)
where J is the integration constant. In the vacuum case, we can find the exact exterior
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solution at the first order in rotation [119]. Expanding it in the vicinity of r →∞ gives
ω = Ω− 2GJ
c2r3
+O
(
1
r5
)
. (7.66)
Thus J corresponds to the angular momentum in the exterior spacetime.
7.4.4 Matching
At the surface of the star, the interior solution is matched to the exterior solu-
tion (7.58). Then the cosmological value of the scalar field ϕ0, the ADM mass M and
the scalar charge Q are evaluated as
ϕ0 = ϕs + ln
(
x1 + x2
x1 − x2
)ψs
x2
, (7.67a)
M =
c2R2ν ′s
2G
(
1− 2µs
R
) 1
2
(
x1 + x2
x1 − x2
)− ν′s
2x2
, (7.67b)
q ≡ Q
M
= −2ψs
ν ′s
. (7.67c)
where we introduced x1 ≡ ν ′s + 2/R and x2 ≡
√
ν ′s2 + 4ψ2s . We also defined µs ≡ µ(R) and
νs ≡ ν(R)
In the case of a slowly rotating star, the angular velocity and angular momentum of
the star, Ω and J , are evaluated as
Ω = ωs − 3c
4J
4G2M3(3− α(ϕs)2)
 4
x21 − x22
(
x1 − x2
x1 + x2
) 2ν′s
x2
(
3ν ′s
R
+
1
R2
+ 3ν ′s
2 − ψ2s
)
− 1
 ,
(7.68)
J =
c2R4
6G
√
1− 2µs
R
e−
ν′s
2 ω′s . (7.69)
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The moment of inertia can be obtained by
I ≡ J
Ω
, (7.70)
or equivalently by integrating Eq. (7.45), using Eqs. (7.34) and (7.35)
I =
8pi
3c2
∫ R
0
drA4(ϕ)
√
χ r4e−
ν−λ
2
(
ρ˜c2 + p˜t
) (ω
Ω
)
. (7.71)
We observe that this relation for the moment of inertia holds for any choice of P (X,ϕ), A(ϕ)
and B(ϕ). In the purely conformal theory we obtain the result of Ref. [417].
For a given EOS the equations of motion (7.47) and (7.50) are numerically integrated
from r = 0 up to the surface of the star r = R, where the pressure vanishes p˜(R) = 0. With
the values of various variables at the surface at hand, we can compute ϕ0, M , q and I using
the matching conditions.
From the Einstein frame radius R, we can calculate the physical Jordan frame radius
R˜ through [cf. Eq. (7.2)]
R˜ ≡
√
A2(ϕs) [R2 + ΛB2(ϕs)ψ2s ] (7.72)
where we introduced ϕs ≡ ϕ(R) and ψs ≡ ψ(R). For a vanishing scalar field we have R˜ = R.
The total baryonic mass of the star Mb can be obtained by integrating
Mb =
∫ R
0
drA3(ϕ)
√
χ
4pim˜br
2√
1− 2µ
r
n˜(r) , (7.73)
where m˜b = 1.66× 10−24 g is the atomic mass unit and n˜ is the baryonic number density.
In the Appendix we show that the physical quantities related to the rotation of fluid
and spacetime, namely I and J as well as ω and Ω, are invariant under the disformal
transformation (7.2).
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7.5 A toy model of spontaneous scalarization with an incompressible fluid
Before carrying out the full numerical integrations of the stellar structure equations
it is illuminating to study under which conditions scalarization can occur in our model.
This can be accomplished by studying a simple toy model where a scalar field lives on the
background of an incompressible fluid star. The results obtained in this section will be
validated in Sec. 7.6.
Let us start by assuming that the star has a constant density ρ (incompressible) and
an isotropic pressure p = pr = pt. The scalar field ϕ is massless, and has a canonical kinetic
term and small amplitude, such that we can linearize the equations of motion. The conformal
and disformal coupling functions can be expanded as
A(ϕ) = 1 +
1
2
β1ϕ
2 +O (ϕ3) ,
B(ϕ) = 1 +
1
2
β2ϕ
2 +O (ϕ3) , (7.74)
where we have defined β1 ≡ Aϕϕ(0) and β2 ≡ Bϕϕ(0). As at the background level the scalar
field is trivial ϕ = 0, the Jordan and Einstein frames coincide, and ρ˜ = ρ and p˜ = p. For an
incompressible star, the Einstein field equations admit an exact solution of the form (7.21)
given by [201]
eλ(r) =
(
1− 2GMr
2
c2R3
)−1
, (7.75a)
eν(r) =
[
3
2
(
1− 2GM
c2R
)1/2
− 1
2
(
1− 2GMr
2
c2R3
)1/2]2
, (7.75b)
p(r) = ρc2
(
1− 2GMr2
c2R3
)1/2
− (1− 2GM
c2R
)1/2
3
(
1− 2GM
c2R
)1/2 − (1− 2GMr2
c2R3
)1/2 , (7.75c)
where r = R is the surface of the star, at which p(R) = 0. Here, M and C are the total mass
173
and compactness of the star:
M =
4piR3
3
ρ , C = GM
c2R
. (7.76)
We then consider the perturbations to the background (7.75) induced by the fluctu-
ations of ϕ. Since the corrections to the Einstein equations appear in O (ϕ2, ϕµ2), at the
leading order of ϕ only the scalar field equation of motion becomes nontrivial. In the lin-
earized approximation, χ = 1 + O(ϕµ2), α = β1ϕ + O(ϕ2) and β = β2ϕ + O(ϕ2), and the
scalar field equation of motion (7.20) for the massless and minimally coupled scalar field
P = 2X reduces to
(
gρσ − κΛ
2
T ρσ(m)
)
ϕρσ = −κβ1
2
T(m)
ρ
ρϕ+O
(
ϕ2, ϕ2µ
)
. (7.77)
Thus, as expected, in the Einstein frame the corrections from disformal coupling appear as
the modification of the kinetic term via the coupling to the energy-momentum tensor.
Taking the s-wave configuration for a stationary field, ϕ˙ = ϕ¨ = 0, we get
ϕ′′ +
ν′−λ′
2
+ 2
r
− κΛ
2
[−ν′
2
ρc2 +
(−λ′
2
+ 2
r
)
p(r)
]
1− κΛ
2
p(r)
ϕ′ − κβ1
2
eλ(r)
ρc2 − 3p(r)
1− κΛ
2
p(r)
ϕ
+O (ϕ2, ϕ′2) = 0 . (7.78)
Inside the star, the scalar field equation of motion in the stationary background (7.78)
can be expanded as
ϕ′′ +
2
r
[
1 +O
(
C r
2
R2
)]
ϕ′ + u
[
1 +O
(
C r
2
R2
)]
ϕ = 0 , (7.79)
where we have defined
u ≡ 6
(
3
√
1− 2C − 2) C(
3
√
1− 2C − 1)R2 + 3C (√1− 2C − 1)Λ |β1| . (7.80)
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By neglecting the correction terms of order O (Cr2/R2) in Eq. (7.79), the approximated
solution inside the star satisfying the regularity boundary condition at the center, ϕ(0) = ϕc
and ϕ′(0) = 0, is given by
ϕ(r) ≈ ϕc sin(
√
ur)√
ur
. (7.81)
We note that at the surface of the star, r = R, the corrections to this approximate solution
(7.81) would be of O (C), which is negligible for C  1 and gives at most a 10% error even
for C ' 0.1. Thus the solution (7.81) provides a good approximation to the precise interior
solution of Eq. (7.78), up to corrections of O(10%) for typical NSs.
Outside the star (ρ˜ = p˜ = 0) the scalar field equation of motion (7.78) reduces to
ϕ′′ +
(
1
r
+
1
r − 2GM
c2
)
ϕ′ = 0 . (7.82)
The exterior solution of the scalar field is given by
ϕ(r) = ϕ0 +
Q
2M
ln
(
1− 2GM
c2r
)
, (7.83)
which can be expanded as
ϕ(r) = ϕ0 − GQ
c2r
+O
(
1
r2
)
, (7.84)
where Q denotes scalar charge. Matching at the surface r = R gives
GQ
c2Rϕ0
= −2C (1− 2C) (
√
uR− tan(√uR))
Ξ
, (7.85)
ϕc
ϕ0
= − 2C
√
uR
cos (
√
uR)
1
Ξ
, (7.86)
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where we introduced
Ξ = (1− 2C)√uR ln (1− 2C)− [2C + (1− 2C) ln (1− 2C)] tan(R√u) (7.87)
The scalar charge Q and the central value of the scalar field ϕc blow up when
tan (
√
uR)√
uR
=
(1− 2C) ln(1− 2C)
2C + (1− 2C) ln(1− 2C) . (7.88)
Thus, inside the star, the scalar field can be enhanced and the scalarization takes place when
√
uR ≈ pi
2
(
1 +
4
pi2
C
)
. (7.89)
The condition (7.89) can be rewritten as
|βcrit1 | ≈
pi2
24C
3
√
1− 2C − 1 + 3C (√1− 2C − 1) Λ
R2
3
√
1− 2C − 2
(
1 +
4
pi2
C
)2
, (7.90)
where βcrit1 is the critical value of β1 for which scalarization can be triggered.
For small compactness C  1, we find at leading order
|βcrit1 | ≈
pi2
12C
(
1− 3C
2
2R2
Λ
)
. (7.91)
For a typical NS, the compactness parameter C ' 0.2, and if Λ is negligibly small |βcrit1 | =
pi2/(12 C) ' 4.1, which agrees with the ordinary scalarization threshold [118, 198]. On the
other hand, disformal coupling becomes important when Λ ' (R/C)2, which for R ∼ 10 km
and C ' 0.2, corresponds to Λ ' 2500 km2.
In the other limit, for sufficiently large negative disformal coupling parameters |Λ| 
(R/C)2, as uR2 ' 2R2/(|Λ| C2) 1, from Eqs. (7.85) and (7.86) we have
GQ
c2Rϕ0
' −1− 2C
3
uR2  1 and ϕc ' ϕ0 , (7.92)
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and the scalar field excitation is suppressed inside the star; the stellar configuration is that
of GR.
In the next section, we will show explicit examples of the numerical integrations of
the stellar structure and scalar field equations [cf. Eqs. (7.47) and (7.50)], and explore how
the disformal coupling affects the standard scalarization mechanism in the models proposed
in Refs. [118, 119]. We will confirm our main conclusions from the perturbative calculations
presented here.
7.6 Numerical results
Having gained analytical insight into the effect of the disformal coupling on sponta-
neous scalarization, we now will perform full numerical integrations of the stellar structure
equations.
For simplicity, we will focus on the simple case of a canonical scalar field without a
potential, V (ϕ) = 0, and we will assume the special form of the coupling functions that enter
Eq. (7.2)
A(ϕ) = e
1
2
β1ϕ2 , B(ϕ) = e
1
2
β2ϕ2 , (7.93)
as a minimal model to include the disformal coupling in our problem. In the absence of
the disformal coupling function (Λ = 0), this model reduces to that studied originally by
Damour and Esposito-Fare`se [118, 119]. Another input from the theory is the cosmological
value of the scalar field ϕ0, which for simplicity we take to be zero throughout this section.
We also studied the case ϕ0 = 10
−3, which does not alter our conclusions.
Under these assumptions our model is invariant under the transformation ϕ → −ϕ
(reflection symmetry). Therefore for each scalarized NS with scalar field configuration ϕ,
there exists a reflection-symmetric counterpart with ϕ→ −ϕ. For both families of solutions
the bulk properties (such as masses, radii and moment of inertia) are the same, while the
scalar charges Q have opposite sign, but the same magnitudes. Moreover, ϕ = 0 is a trivial
solution of the stellar structure equations. These solutions are equivalent to NSs in GR.
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In this section we sample the (β1, β2, Λ) parameter space of the theory, analyzing
each parameter’s influence on NS models and on spontaneous scalarization. As mentioned in
Sec. 7.1, binary-pulsar observations have set a constraint of β1 & −4.5 in what corresponds
to the purely conformal coupling (Λ = 0) limit of our model. This lower bound on β1 is not
expected to apply for our more general model and therefore, so far, the set of parameters
(β1, β2, Λ) are largely unconstrained.
7.6.1 Equation of state
To numerically integrate the stellar structure equations we must complement them
with a choice of EOS. Here we consider three realistic EOSs, namely APR [10], SLy4 [155]
and FPS [170], in decreasing order of stiffness. The first two support NSs with masses larger
than the M = 2.01±0.04M lower bound from the pulsar PSR J0348+0432 in GR [138]. On
the other hand, EOS FPS has a maximum mass of ∼ 1.8M in GR and is in principle ruled
out by Ref. [138]. Nevertheless, as we will see this EOS can support NSs with M & 2M,
albeit scalarized, for certain values of the theory’s parameters.
With this set of EOSs we validated our numerical code by reproducing the results of
Refs. [154, 417] in the purely conformal coupling limit. Our results including the presence
of the disformal coupling are presented next.
7.6.2 Stellar models in the minimal scalar-tensor theory with disformal coupling
In Sec. 7.5 we found that β1 always needs to be sufficiently negative for scalarization to
be triggered. For this reason, let us first analyze how Λ and β2 affect scalarized nonrotating
NSs assuming a fixed value of β1.
In Fig. 7.1, we consider what happens when we change the value of Λ while main-
taining β1 and β2 fixed. We observe that for sufficiently negative values of Λ the effects
of scalarization become suppressed. This can be qualitatively understood from Eq. (7.91):
as Λ/R2 → −∞ we need |βcrit1 | → ∞ for scalarization to happen. For fixed values of β1
and C, there will be a sufficiently negative value of Λ, for which βcrit1 > β1 and scalarization
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ceases to occur. Although in Fig. 7.1 we show Λ = −3000 km2, we have confirmed this by
constructing stellar models for even smaller values of Λ. Also, in agreement with Sec. 7.5, we
see that Λ alters the threshold for scalarization. This is most clearly seen in the right panel
of Fig. 7.1, where for different values of Λ scalarization starts (evidenced by a nonzero scalar
charge q) when different values of compactness C are reached.1 In particular, for Λ > 0,
because of the minus sign in the disformal term in Eq. (7.91), NSs can scalarize for smaller
values of C, while the opposite happens when Λ < 0. We remark that for large positive Λ
the structure equations become singular at the origin as discussed in Sec. 7.4. This prevents
nonrelativistic stars, for which C → 0, from scalarizing.
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Figure 7.1: The role of Λ in spontaneous scalarization. In both panels we consider stellar
models using EOS SLy4 with β1 = −6.0, β2 = 0 and for Λ = (−500, −3000, 50) km2. For
reference the solid line corresponds to GR. Left panel: The mass-radius relation. Right panel:
The dimensionless scalar charge q ≡ −Q/M [118] as a function of the compactness C. We
see that Λ > 0 slightly increases scalarization with respect to the purely conformal theory
(cf. Fig. 7.2). On the other hand, Λ < 0 can dramatically suppress scalarization. Note
also that unlike β2, Λ can change the compactness threshold above which scalarization can
happen, as predicted by the analysis of Sec. 7.5. These results are qualitatively independent
of the choice of EOS.
1In the preceding section, because of the weak (scalar) field approximation the Jordan and Einstein
frame radii are approximately the same, i.e R˜ = R. This is not the case in this section and hereafter the
compactness uses the Jordan frame radius, i.e. C = GM/(c2R˜).
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In Fig. 7.2, we consider what happens when we change the value of β2 while main-
taining β1 and Λ fixed. We see that in agreement with Eq. (7.91), the parameter β2 does
not affect the threshold for scalarization. Moreover, we observe that β2 < 0 (β2 > 0) makes
scalarization more (less) evident with respect to β2 = 0. In fact, in Eqs. (7.49) and (7.48),
we see that β1 and β2 contribute to the scalar field equation through the factors ΛA
4B2 and
β − α, which have competing effects in sourcing the scalar field for β1 < 0 and β2 6= 0. Our
numerical integrations indicate that the former is dominant and that β2 6= 0 affects only
very compact NSs (C & 0.15 in the example of Fig. 7.2).
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Figure 7.2: The role of β2 in spontaneous scalarization. As in Fig. 7.1, in both panels
we consider stellar models using SLy4 EOS but with β1 = −6.0 and Λ = −1000 km2 for
β2 = (−20, 0, 20). For reference the solid line corresponds to GR. Left panel: The mass-
radius relation. Right panel: The dimensionless scalar charge q = −Q/M as a function of the
compactness C. We see that β2 affects highly scalarized stellar models making scalarization
stronger (in the sense of increasing the value of q) when β2 < 0, or weaker for β2 > 0.
Observe that β2 has a negligible effect on weakly scalarized models (|q| . 0.35). This is in
agreement with its absence from the perturbative analysis of Sec. 7.5. Note that the range
of C for which scalarization occurs is the same, irrespective of the choice of β2. Again, these
results are qualitatively independent of the choice of EOS.
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Figure 7.3: Radial profiles of some quantities of interest. We show the normalized pressure
profile p/pc (top left), dimensionless mass function µ/M (top right), scalar field ϕ (bottom
left) and the disformal factor χ (bottom right) in the stellar interior. The radial coordinate
was normalized by the Einstein frame radius R. The radial profiles above correspond to three
stellar configurations using SLy4 EOS, with fixed baryonic mass Mb/M = 1.5 and theory
parameters (β1, β2,Λ) = (−6, 0, 60), (−6,−40,−500) and (−6, 0, 0), the latter corresponding
to a stellar model in the Damour-Esposito-Fare`se theory [118, 120]. While the fluid variables
are not dramatically affected, models with Λ > 0 (Λ < 0) become more (less) scalarized due
to the disformal coupling. The bulk properties of these models are summarized in Table 7.1.
It is also of interest to see how scalarization affects the interior of NSs. In Fig. 7.3, we
show the normalized pressure profile p/pc (top left), the dimensionless mass function µ/M
(top right), the scalar field ϕ (bottom left) and the disformal factor χ (bottom right) in the
stellar interior. The radial coordinate was normalized by the Einstein frame radius R. The
quantities correspond to three stellar configurations using SLy4 EOS with fixed baryonic
mass Mb/M = 1.5, which in GR yields a canonical NS with mass M ≈ 1.4M, for the
sample values of (β1, β2,Λ) indicated in Table 7.1. In agreement with our previous discussion
we see that NSs with Λ > 0 (Λ < 0) support a larger (smaller) value of ϕc, which translates
to a larger (smaller) value of q. It is particularly important to observe that χ is non-negative
for all NS models, guaranteeing the Lorentzian signature of the spacetime [cf. Eq. (7.9)].
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(β1, β2, Λ) R˜ [km] M [M] I [1045g cm2] ϕc q
GR 11.72 1.363 1.319 – –
(−6, 0, 0) 11.60 1.354 1.431 0.220 0.613
(−6,−40,−500) 11.64 1.355 1.440 0.218 0.620
(−6, 0, 60) 11.59 1.354 1.430 0.223 0.614
Table 7.1: The properties of NSs in GR and ST theory using EOS SLy4 and fixed baryonic
mass Mb/M = 1.5. The radial profiles of some of the physical variables involved in the
integration of the stellar model are shown in Fig. 7.3.
In Fig. 7.4 we show the mass-radius curves (top panels) and moment of inertia-mass
(lower panels) for increasing values of β1 (from left to right), for three realistic EOSs, keeping
β2 = 0, but using different values of Λ. As we anticipated in Fig. 7.1, negative values of
Λ reduce the effects of scalarization, while positive values increase them. The case Λ = 0
corresponds to the purely conformal theory of Ref. [118]. We observe that scalarized NS
models branch from the GR family at different points for different values of Λ (when β1
is fixed). In agreement with our previous discussion, sufficiently negative values of Λ can
completely suppress scalarization. Indeed for β = −4.5 the solutions with Λ = −1000 km2
are identical to GR, while scalarized solutions exist when Λ = 0. Additionally, we observe
degeneracy between families of solutions in theories with different parameters. For instance,
the maximum mass for a NS assuming EOS APR is approximately the same, M/M ≈ 2.38,
for both β1 = −5.5, Λ = 0 and β1 = −6.0, Λ = −1000 km2. We also point out the degeneracy
between the choice of EOS and of the parameters of the theory. For instance, the maximum
mass predicted by EOS FPS in the theory with β1 = −5.5 and Λ = 50 km2 is approximately
the same as that predicted by GR, but for EOS SLy4, i.e M/M ≈ 2.05. We emphasize that
these two types of degeneracies are not exclusive to the theory we are considering, but are
generic to any modification to GR [184] (and emphasized in Chapter 3).
In Fig. 7.5, we exhibit the mass-radius (top panels) and moment of inertia-mass
(lower panels) for increasing values of β1 (from left to right), but now keeping Λ = −1000
km2 and changing the value of β2. Once more, sufficiently negative values of Λ can completely
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Figure 7.4: NSs in ST theories with disformal coupling – Part I. We show NS models
for three choices of realistic EOSs, namely APR, SLy4 and FPS, in decreasing order of
stiffness. We illustrate the effect of varying the values of β1 and Λ, while keeping β2 fixed
(β2 = 0) for simplicity. The curves corresponding to Λ = 0, represent stellar models in purely
conformal theory [118, 119]. Top panels: Mass-radius relations. Bottom panels: Moment of
inertia versus mass. As seen in Fig. 7.1 already, while Λ < 0 weakens scalarization, Λ > 0
strengthens the effect. For β2 = 0, this latter effect is very mild, being more evident by
β2 < 0 (cf. Fig. 7.5).
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suppress scalarization. This is clearly seen in the panels for β1 = −4.5, where Λ = −1000
km2, suppresses scalarization for all values of β2 considered. We observe that independently
of the choice of EOS, β2 > 0 (β2 < 0) yields smaller (larger) deviations from GR.
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Figure 7.5: NSs in ST theories with disformal coupling – Part II. In comparison to Fig. 7.4,
here we show the influence of β2 in spontaneous scalarization while keeping Λ = −1000 km2.
As we have seen in Fig. 7.1 (and by the analytic treatment of Sec. 7.5), negative values of
Λ suppress scalarization. This effect is such that for β1 = −4.5, scalarization is suppressed
altogether (top left panel). For smaller values of β1, this value of Λ weakens scalarization and
we clearly see that β2 affects the most scalarized stellar models in the conformal coupling
theory. Note that the range covered by the axis here and in Fig. 7.4 is the same, making it
clear that scalarization is less strong for the values of β2 adopted.
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7.6.3 Stability of the solutions
Let us briefly comment on the stability of the scalarized solutions obtained in this
section. In general, for a given set of parameters (β1, β2,Λ) and fixed values of Mb and ϕ0,
we have more than one stellar configuration with different values of the mass M . Following
the arguments of Refs. [118, 198, 223], we take the solution of smallest mass M , i.e., larger
fractional binding energy Eb defined in Eq. (7.64), to be the one which is energetically fa-
vorable to be realized in nature. In Fig. 7.6, we show Eb as a function of Mb for the two
families of solutions in a theory with (β1, β2,Λ) = (−6, 0, 50) and ϕ0 = 0. The dashed line
corresponds to solutions which are indistinguishable from the ones obtained in GR, while the
solid line (which branches off from the former around Mb/M ≈ 1.1) corresponds to scalar-
ized solutions. We see that scalarized stellar configurations in our model are energetically
favorable, as happens in the case of purely conformal coupling theory [118, 198, 223].
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Figure 7.6: Binding energy. We show the fractional binding energy Eb as a function of the
baryonic mass for stellar models using EOS SLy4 and for theory with (β1, β2,Λ) = (−6, 0, 50).
Solutions in this theory branch around Mb/M ≈ 1.1 with scalarized solutions (solid line)
being energetically favorable over the general-relativistic ones (dashed line). The turning
point at the solid curve corresponds to the maximum in the M -R relation, cf. Fig. 7.1.
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7.7 An application: EOS-independent I − C relations
As we have seen in the previous sections the presence of the disformal coupling modi-
fies the structure of NSs making ST theories generically predict different bulk properties with
respect to GR. However, as we discussed based on Figs. 7.4 and 7.5, modifications caused by
scalarization are usually degenerate with the choice of EOS, severely limiting our ability to
constrain the parameters of the theory using current NS observations (see e.g. Ref. [206]).
Moreover, different theory parameters can yield similar stellar models for a fixed EOS.
An interesting possibility to circumvent these problems is to search for EOS-independent
(or at least weakly EOS-dependent) properties of NSs. Accumulating evidence favoring the
existence of such EOS independence between certain properties of NSs, culminated with the
discovery of the I-Love-Q relations [514, 515] connecting the moment of inertia, the tidal
Love number and the rotational quadrupole moment (all made dimensionless by certain
multiplicative factors) of NSs in GR.
If such relations hold in modified theories of gravitation they can potentially be com-
bined with future NS measurements to constrain competing theories of gravity. This attrac-
tive idea was explored in the context of dynamical Chern-Simons theory [515], Eddington-
inspired Born-Infeld gravity [411], Einstein-dilaton-Gauss-Bonnet (EdGB) gravity [247, 248],
f(R) theories [149] and the Damour-Esposito-Fare`se model of ST gravity [153, 353].
Within the present framework we cannot compute the I-Love-Q relations, since while
on one hand we can compute I, the tidal Love number requires an analysis of tidal in-
teractions, and the rotational quadrupole moment Q requires pushing the Hartle-Thorne
perturbative expansion up to order O(Ω2). Nevertheless, we can investigate whether the
recently proposed I-C relations [71] between the moment of inertia I and the compactness
C remain valid in our theory. For a recent study in the Damour-Esposito-Fare`se and R2
theories, see Ref. [448]. This relation was also studied for EdGB and the subclass of Horn-
deski gravity with nonminimal coupling between the scalar field and the Einstein tensor in
Ref. [307].
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The relation proposed in Ref. [71] for the moment of inertia I¯ ≡ I/M3 and the
compactness C is
I¯ = a1 C−1 + a2 C−2 + a3 C−3 + a4 C−4 , (7.94)
where the coefficients ai (i = 1, . . . , 4) are given by a1 = 8.134 × 10−1, a2 = 2.101 × 10−1,
a3 = 3.175×10−3 and a4 = −2.717×10−4. This result is valid for slowly rotating NSs in GR,
although it can easily be adapted for rapidly rotating NSs [71]. The coefficients in Eq. (7.94)
are obtained by fitting the equation to a large sample of EOSs. For earlier work considering
a different normalization for I¯, namely I/(MR2), see e.g. Refs. [385, 272, 36, 276, 479].
We confront this fit against stellar models in two ST theories with the parameters
(β1, β2,Λ) having the values (−6,−20,−500) and (−7,−20,−500) that support highly scalar-
ized solutions. As seen in Fig. 7.7, the deviations from GR can be quite large, up to 40% for
the theory with β1 = −7 in the range of compactness for which spontaneous scalarization
happens (cf. Fig. 7.7, bottom panel). Nevertheless, the EOS independence between I¯ and C
remains even when scalarization occurs (cf. Fig. 7.7, top panel).
Since our model is largely unconstrained observationally, measurements of the mo-
ment of inertia and compactness of NSs could in principle be used to constrain it or, more
optimistically, indicate the occurrence of spontaneous scalarization in NSs. This is in con-
trast with the standard Damour-Esposito-Fare`se model, for which the theory’s parameters
are so tightly constrained by binary pulsar observations [18], that spontaneous scalarization
(if it exists) is bound to have a negligible influence on the I-C relation [448]. We stress
however that in general it will be difficult to constrain the parameter space (β1, β2,Λ) only
through the I-C relation. The reason is in the degeneracy of stellar models for different
values of the parameters; see the discussion in Sec. 7.6.2.
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Figure 7.7: The I-C relation in ST gravity. Top panel: The fit (7.94) obtained in the
context of GR (thick solid line) is confronted against stellar models obtained in GR (solid
line); and ST theories with parameters (β2,Λ) = (−20,−500), but with β1 = −6 (dashed
lines) and β2 = −7 (dash-dotted lines), using EOSs APR, SLy4 and FPS. Middle panel:
Relative error between the fit for GR against ST theory with β1 = −6. Bottom panel:
Similarly, but for β1 = −7. In all panels the shaded regions correspond to approximately the
domain of compactness for which spontaneous scalarization occurs in each theory. While for
GR, the errors are typically below 6%, scalarized models can deviate from GR by 20% (for
β1 = −6) and up to 40% (for β1 = −7).
7.8 Conclusions and outlook
In this chapter we have presented a general formulation to analyze the structure of
relativistic stars in ST theories with disformal coupling, including the leading-order correc-
tions due to slow rotation. The disformal coupling is negligibly small in comparison with
conformal coupling in the weak-gravity or slow-motion regimes, where the scalar field is
slowly evolving and typical pressures are much smaller than the energy density scales, but it
may be comparable to the ordinary conformal coupling in the strong-gravity regime found
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inside relativistic stars. Our calculation covers a variety of ST models, especially, confor-
mal and disformal couplings to matter, nonstandard scalar kinetic terms and generic scalar
potential terms.
After obtaining the stellar structure equations, we have particularly focused on the
case of a canonical scalar field with a generic scalar potential. We showed that in the absence
of both conformal coupling and a scalar potential, the disformal coupling does not modify
the stellar structure with respect to GR. On the other hand, this result shows us that inside
relativistic stars the effects of disformal coupling always appear only when there is conformal
coupling to matter and/or a nontrivial potential term. The strength of disformal coupling
crucially depends on the coupling strength Λ in Eq. (7.2) with dimensions of (length)2. For
a canonical scalar field, Λ has to be of O(103) km2 to significantly influence the structure of
NSs.
In our numerical analyses, we have investigated the effects of the disformal coupling
on the spontaneous scalarization of NSs in the ST theory with purely conformal coupling.
We found that the effects of disformal coupling depend on the sign of Λ. We showed that for
negative values of Λ the mass and moment of inertia of NSs decrease, approaching the values
in GR for sufficiently large negative values of Λ. We speculate that this is the consequence of
a mechanism similar to the disformal screening proposed in Ref. [259] where in a high density
or a large disformal coupling limit the response of the scalar field becomes insensitive to the
local matter density, exemplified here by studying relativistic stars. On the other hand, for
positive values of Λ, we showed that the mass and moment of inertia increase but for too
large positive values of Λ the stellar structure equation becomes singular and a regular NS
solution cannot be found. This allowed us to derive a mild upper bound of Λ . 100 km2,
that does not depend on the choice of the EOS.
We have also tested the applicability of a recently proposed EOS-independent relation
between the dimensionless moment of inertia I/M3 and the compactness C for NSs in GR. We
found that for a certain domain of the theory’s parameter space, the deviations from GR can
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be as large as ∼ 40%, suggesting that future measurements of NS moment of inertia might
be used to test ST theories with disformal coupling. Because of the large dimensionality of
the parameter space, modifications with respect to GR are generically degenerate between
different choices of β1, β2 and Λ. Thereby, even though deviations from GR can be larger,
it seems unlikely that constraints can be put on the theory’s parameters using exclusively
the I-C relation. In this regard, it would be worth extending our work and studying how
the I-Love-Q relations are affected by the disformal coupling, generalizing the works of
Refs. [353, 151, 153] for ST theories with disformal coupling.
Still in this direction, one could investigate whether the “three-hair” relations – EOS-
independent relations connecting higher-order multipole moments of rotating NSs in terms
of the first three multipole moments in GR [364, 510, 297] - remain valid in ST theory,
including those with disformal coupling. This could be accomplished by combining the
formalism developed in [366] with numerical solutions for rotating NSs such as those obtained
in Ref. [153].
Although the main subject of our study was to investigate the hydrostatic equilib-
rium configurations in ST theories with disformal coupling, let us briefly comment on the
gravitational (core) collapse resulting in the formation of a NS (see e.g. Ref. [181]). A fully
numerical analysis of dynamical collapse in this theory is beyond the scope of our chapter,
but an important issue in this dynamical process may be the possible appearance of ghost
instabilities for negative values of Λ [241, 259, 43, 59]. During collapse, matter density at
a given position increases, and if at some instant it reaches the threshold value where the
effective kinetic term in the scalar field equation vanishes, the time evolution afterwards
cannot be determined. For a canonical scalar field P = 2X, in a linearized approximation
where χ ' 1 and B(ϕ) ' 1, the effective kinetic term of the equation of motion (7.20) is
roughly given by
−
(
1− κ|Λ|
2
ρ˜c2
)
ϕ¨ , (7.95)
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where a dot represents a time derivative. The sign of the kinetic term may change in the
region of a critical density higher than ρ˜crit = 2/ (κc
2|Λ|). The choice of Λ = −100 km2 gives
ρ˜crit ' 1015 g/cm3, which is a typical central density of NSs. Thus for |Λ| . 100 km2 a NS
is not expected to suffer an instability while for other values it might occur in the interior
of the star. Of course, for a more precise estimation, nonlinear interactions between the
dynamical scalar field, spacetime and matter must be taken into consideration. A detailed
study of time-dependent processes in our theory is definitely important, but is left for future
work.
Another interesting prospect for future work would be to study compact binaries
within our model. The most stringent test of ST gravity comes from the measurement of the
orbital decay of binaries with asymmetric masses, which constrains the emission of dipolar
scalar radiation by the system [169]. We expect that the disformal coupling parameters
β2 and Λ should play a role in the orbital evolution of a binary system by influencing the
emission of scalar radiation from the system. In fact, both parameters are expected to modify
the so-called sensitivities [497, 528] that enter at the lowest PN orders sourcing the emission
of dipolar scalar radiation. An investigation of compact binaries within our model could,
combined with current observational data, yield tight constraints on disformal coupling.
Moreover one could study NS solutions for other classes of ST theories not considered here.
This task is facilitated by the generality of our calculations presented in Sec. 7.3.
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CHAPTER 8
TENSOR-MULTI-SCALAR THEORIES: RELATIVISTIC STARS AND 3+1
DECOMPOSITION
8.1 Introduction
Modifications of GR often lead to the introduction of additional degrees of free-
dom [51]. The simplest and best studied extension of GR is ST theory, in which one or more
scalar fields are included in the gravitational sector of the action through a non-minimal
coupling between the Ricci scalar and a function of the scalar field(s). A further motivation
to study ST theories is that they appear in different contexts in high-energy physics: they
can be obtained as the low-energy limit of string theories [370], in Kaluza-Klein-like mod-
els [156] or in braneworld scenarios [382, 383]. Moreover, ST theories play an important role
in cosmology [107].
Almost 60 years ago, in an attempt to implement Mach’s ideas in a relativistic theory
of gravity, Jordan, Fierz, Brans and Dicke proposed a specific ST theory (commonly referred
to as “Brans-Dicke theory”) as a possible modification of GR [239, 163, 64]. Their theory is
still viable, but it has since been constrained to be extremely close to GR by Solar System
and binary pulsar observations [499]. Brans-Dicke theory was generalized by Bergmann and
Wagoner, who considered the most general ST theory with a single scalar field and an action
at most quadratic in derivatives of the fields [44, 491]. In 1992 Damour and Esposito-Fare`se
introduced and investigated TMS theory, a generalization of the Bergmann-Wagoner theory
to an arbitrary number of scalar fields [117]. Multiple scalar degrees of freedom are a generic
prediction of string theories and theories involving extra dimensions (see e.g. [240, 11, 114,
115]). In recent years, Bergmann-Wagoner theory has been extensively studied in the case of
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a single scalar field (see e.g. [101, 172, 223, 442] and references therein). In comparison, very
limited attention has been devoted to the phenomenological implications of TMS theory.
Even in the simplest case of a single scalar, extensively studied by us in Chapter 5
and 6, ST theories give rise to interesting phenomenology. Although their action is linear
in the curvature tensor, and scalar-matter couplings are highly constrained by observational
bounds from the Solar System [56], ST theories can modify the strong-field regime of GR.
Indeed, the equations of structure describing compact stars can admit non-perturbative so-
lutions where the scalar fields can have large amplitudes [118]. This phenomenon, called
spontaneous scalarization, can significantly affect the masses and radii of NSs. Spontaneous
scalarization is strongly constrained by binary pulsar observations [169], but it could still
leave a signature in the late inspiral of compact binaries through the so-called “dynami-
cal scalarization” [32, 348, 415], which may be observable by advanced gravitational-wave
detectors [400, 470].
In this article we study the phenomenology of TMS theories. The importance of our
work for BH physics is to a significant extent of indirect nature. Stellar collapse represents, of
course, one of the most important channels for BH formation, and ST theories of gravity are
more likely to produce experimental signatures during BH formation than in the dynamics
of the remnant “quiescent” BH spacetimes [337, 200].
The reason is that there are strong no-hair theorems1 implying that stationary, vac-
uum BH solutions in ST and TMS theories must be identical to GR (cf. [117, 40, 445, 216,
102, 217] and also [443]). In addition, it has been shown that the dynamics of black-hole
binaries in ST theory is undistinguishable from that in GR up to 2.5 post-Newtonian or-
der [497, 322] or – in the case of extreme mass-ratio – to all post-Newtonian orders [524].
This result does not apply in the presence of non-trivial boundary conditions [224, 207, 49],
but in this case violations of the no-hair theorem would most likely be unobservable. Nev-
1Hairy BH solutions are possible in presence of a complex scalar field (i.e. two real scalar fields), as long
as its phase is time-dependent [212]. No-hair theorems can also be evaded if the potential is non-convex; in
this case the solutions are unstable, but their growth time can be extremely large [213].
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ertheless, BH binaries have been studied in the framework of single-scalar theories using
numerical relativity (cf. [207, 49]), and the extension of such studies to TMS theories may
still reveal surprising discoveries.
In order to pave the way for numerical investigations of BHs and NSs in TMS theories,
in Section 8.4 we write down the TMS field equations in a 3+1 formalism that is suitable
for numerical evolutions of compact binary systems.
A promising avenue to understand the experimental implications of TMS theories
(following the reasoning of [118, 119]) is to focus first on the coupling between the various
scalars and matter. The scalar fields take values in a coordinate patch of a Riemannian
target-space manifold. It is natural to ask whether this additional geometric structure can
leave a detectable signature in compact stars and/or in the late inspiral of compact binaries,
while still allowing for solutions compatible with binary pulsar observations.
This chapter is a preliminary investigation in this direction. We will mainly focus on
a simple non-trivial TMS model with two scalar fields and a vanishing potential. This model
contains the main novel features that distinguish TMS theories from single-scalar theories,
i.e. the presence of a target-space manifold with non-trivial Riemannian structure and
non-vanishing curvature, and the presence of a continuous symmetry that is spontaneously
broken by scalarized solutions. A more systematic study of scalarization in this prototype
TMS theory will be the topic of a future publication, and it should give us useful insight
into strong-field effects that characterize more general TMS theories.
8.1.1 Organization of this chapter
The plan of the chapter is as follows. In Section 8.2 we introduce the action and
the field equations of TMS theory. We then specialize the field equations to the case of two
scalar fields with vanishing potential and a maximally symmetric target-space manifold. In
Section 8.3 we derive the equations for slowly rotating relativistic stars, and we perform
numerical integrations of these equations in the non-rotating case. In Section 8.4 we derive
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the 3 + 1 decomposition of the TMS field equations, which can be used to perform fully non-
linear numerical evolutions. In Section 8.5 we draw some conclusions and point out possible
directions for future work. The Appendices contain some technical material on the structure
of target spaces in our model (H), experimental constraints (I) and perturbative arguments
to predict the spontaneous scalarization threshold in models with two scalar fields (J).
8.2 Tensor-multi-scalar theories: action, field equations, scalar-matter couplings, and sym-
metries
8.2.1 Units, notation and conventions
Throughout the chapter we use units with c = 1. The gravitational constant measured
in a Cavendish experiment is denoted byG, while the “bare” gravitational constant appearing
in the action is denoted by G?: the relation between the two constants is written down
explicitly in Eq. (I.1). Indices on space-time tensors are denoted by Greek letters and take
values 0, . . . , 3, and space-time coordinates are denoted by xµ. The Lorentzian space-time
metric is taken to have signature (−,+,+,+), and its components are denoted by gµν(x). The
conventions for the Riemann curvature tensor and its contractions, as well as the notation
for symmetrization and anti-symmetrization of tensors, are those of Misner, Thorne, and
Wheeler [323].
The N -tuple of scalar fields ϕA(x) = (ϕ1(x), . . . , ϕN(x)) takes values in a coordi-
nate patch of an N -dimensional Riemannian target-space manifold. Indices on target-space
tensors are denoted by early capital Roman letters A, B, C, . . ., and take integer values
1, . . . , N . Components of the Riemannian target-space metric are denoted by γAB(ϕ), and
the associated Christoffel symbols are denoted by γCAB(ϕ). The target-space Riemann cur-
vature tensor is denoted by RABCD(ϕ), with obvious notation for derived quantities such as
the Ricci tensor and the Ricci scalar. If the target space has a Hermitian structure2, then
indices on complexified tensors are denoted by lower-case Roman letters, and take values
2For an introduction to Hermitian structures and complex differential geometry, see e.g. [326].
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1, 2, . . . , N/2. Holomorphic coordinates are denoted by (ϕa, ϕ¯a), and the components of the
Hermitian metric in these coordinates are denoted by γa¯b(ϕ, ϕ¯). For reference, in Tables 8.1
and 8.2 we provide an overview of the meaning of the various symbols and conventions used
in this chapter.
8.2.2 Action and field equations for N real scalars
We consider a gravitational theory with metric tensor gµν , and scalar fields ϕ
1, . . . , ϕN
which take values in a coordinate patch of an N -dimensional target-space manifold. We
assume that all non-gravitational fields, denoted collectively by Ψ, couple only to the Jordan-
frame metric g˜µν = A
2(ϕ)gµν , so that the matter action has the functional form Sm[Ψ; g˜µν ].
This assumption guarantees that the WEP, which has been experimentally verified with
great accuracy [499], will hold. The quantity A(ϕ) is a conformal factor relating the metrics
g˜µν and gµν .
The most general action which is invariant under space-time and target-space diffeo-
morphisms (up to boundary terms and field redefinitions), and has at most two space-time
derivatives, can be written in the form [117]
S =
1
4piG?
∫
d4x
√−g
[
R
4
− 1
2
gµνγAB(ϕ)∂µϕ
A ∂νϕ
B − V (ϕ)
]
+ Sm[A
2(ϕ)gµν ; Ψ] , (8.1)
where G? is a bare gravitational constant, and g and R are the determinant and Ricci scalar
of gµν , respectively. The positive-definiteness of the target-space Riemannian metric γAB(ϕ)
guarantees the absence of negative-energy excitations. The scalars ϕA are dimensionless
and the potential V (ϕ) has length dimensions minus two. The conformal factor A(ϕ) is
dimensionless. In the case of a single scalar (N = 1), the target-space metric γAB(ϕ) reduces
to a scalar function γ(ϕ), and the choice γ(ϕ) = 1 can be made without loss of generality.
The field equations of the theory, obtained by varying the action (8.1) with respect
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G Gravitational constant from a Cavendish experiment
G? Bare gravitational constants appearing in the action
µ, ν, ρ Spacetime indices
xµ Spacetime coordinates
gµν Spacetime metric in the Einstein frame
∇µ Covariant derivative associated with gµν
Rµνρσ Spacetime Riemann tensor
A,B,C Scalar-field indices in real notation
N Number of scalar fields
ϕA Gravitational scalar fields in real notation
γAB Target-space metric in real notation
γABC Christoffel symbols on the target space in real notation
RABCD Target-space Riemann tensor
Ψ Non-gravitational fields
g˜µν Spacetime metric in the Jordan frame
A(ϕ) Einstein-Jordan frame conformal factor
V (ϕ) Scalar-field potential
a, b, c Scalar-field indices in complex notation
ϕa, ϕ¯a Gravitational scalar fields in complex notation
γa¯b Target-space metric in complex notation
γa
b¯c
, γabc Christoffel symbols on the target space in complex notation
r Target-space curvature radius (N = 2)
κ(ϕ, ϕ¯) Scalar-matter coupling function (N = 2), see Eq. (8.19)
α∗, α¯∗ Linear-term coefficients in the expansion of logA(ψ, ψ¯)
β0, β
∗
1 , β¯
∗
1 Quadratic-term coefficients in the expansion of logA(ψ, ψ¯)
θ Generic rotation angle in the target-space complex plane
α, β1 Redefinition of α
∗, β∗1 , after rotation
ψ, ψ¯ Redefinition of the fields ϕ, ϕ¯ after rotation
Z Re[ψ]
W Im[ψ]
Table 8.1: Variables and conventions used in this chapter – Part I. Quantities defining the
theory
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t, r, θ, φ Spacetime coordinates for stellar models
ν(r) Lapse function
m(r) = rµ(r) Mass function
ω(r) Fluid differential angular velocity
Ω Angular velocity of the star
ρ Fluid mass-energy density
P Fluid pressure
nB Baryon density
uµ, u˜µ Fluid 4-velocity in the Einstein/Jordan frame
Subscript “0” Previous quantities evaluated at the star’s center, r = 0
R, R˜ Stellar radius in the Einstein/Jordan frame
ψ∞ Asymptotic value of the scalar field
M Gravitational mass of the star
Q Scalar charge of the star
MB Baryonic mass of the star
K,n0,mb, γ Equation of state parameters, see Eq. (8.36)
Table 8.2: Variables and conventions used in this chapter – Part II. Quantities character-
izing the stellar configurations.
to gµν and ϕ, take the form
Rµν = 2γAB(ϕ)∇µϕA∇νϕB + 2V (ϕ)gµν + 8piG?
(
Tµν − 1
2
Tgµν
)
, (8.2)
ϕA = −γABC(ϕ)gµν∇µϕB∇νϕC + γAB(ϕ)
∂V (ϕ)
∂ϕB
− 4piG?γAB(ϕ)∂ logA(ϕ)
∂ϕB
T . (8.3)
Here ∇µ is the covariant derivative associated with gµν , and  ≡ ∇µ∇µ is the corresponding
d’Alembertian operator. The Ricci tensor built out of the metric gµν is denoted as Rµν . The
energy-momentum tensor Tµν of the non-gravitational fields is defined by
Tµν ≡ − 2√−g
δSm[A
2(ϕ)gρσ; Ψ]
δgµν
, (8.4)
and its trace is given by T ≡ gµνTµν .
The energy conservation equation reads
∇µ [Tµν + T (ϕ)µν ] = 0 , (8.5)
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or, more explicitly,
∇µTµν = ∂ logA(ϕ)
∂ϕA
T ∇νϕA . (8.6)
Here
T (ϕ)µν ≡ −
2√−g
δSϕ[gρσ;ϕ]
δgµν
,
=
1
4piG?
[
γAB(ϕ)
(
∇µϕA∇νϕB − 1
2
gµνg
ρσ∇ρϕA∇σϕB
)
− V (ϕ)gµν
]
(8.7)
is an effective energy-momentum tensor for the scalar fields, where Sϕ denotes the scalar
kinetic and potential contributions to the action (8.1). One may build an energy-momentum
tensor which is conserved with respect to the Levi-Civita connection of the Jordan-frame
metric, and whose components are directly related to physically observable quantities as
T˜µν ≡ − 2√−g˜
δSm[g˜ρσ; Ψ]
δg˜µν
= A−2(ϕ)Tµν . (8.8)
8.2.3 Complexification
If the target space has a Hermitian structure, then it is useful to write the action in
terms of holomorphic coordinates and complexified tensors:
S =
1
4piG?
∫
d4x
√−g
[
R
4
− gµνγa¯b(ϕ, ϕ¯)∇µϕ¯a∇νϕb − V (ϕ, ϕ¯)
]
+ Sm[A
2(ϕ, ϕ¯)gµν ; Ψ] .
(8.9)
The complexified field equations are:
Rµν = 4γa¯b(ϕ, ϕ¯)∇(µϕ¯a∇ν)ϕb + 2V (ϕ, ϕ¯)gµν + 8piG?
(
Tµν − 1
2
Tgµν
)
, (8.10)
ϕa = −γabc(ϕ, ϕ¯)gµν∇µϕb∇νϕc − 2γab¯c(ϕ, ϕ¯)gµν∇µϕ¯b∇νϕc
+ γab¯(ϕ, ϕ¯)
∂V (ϕ, ϕ¯)
∂ϕ¯b
− 4piG?γab¯(ϕ, ϕ¯)∂ logA(ϕ, ϕ¯)
∂ϕ¯b
T . (8.11)
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Note that for Ka¨hler manifolds (and in particular one-complex-dimensional manifolds)
γab¯c(ϕ, ϕ¯) = 0 , γ
a
bc(ϕ, ϕ¯) = γ
ad¯(ϕ, ϕ¯)
∂γcd¯(ϕ, ϕ¯)
∂ϕb
, (8.12)
so in this particular case the scalar field equations would simplify considerably.
8.2.4 A two-real-scalar model with maximally symmetric target space
The simplest extension of a ST theory with a single real scalar field is the case of two
real scalar fields. We will mostly focus on this model to illustrate the basic features of the
new phenomenology arising in TMS theories relative to the case of a single real scalar. If
the target space is assumed to be maximally symmetric, then there are three possibilities
for its geometry: flat, spherical, or hyperbolic. In the flat case, the target space may be
trivially identified with the complex plane C. In the spherical case, the target space may be
conformally mapped to the one-point-compactification Cˆ of the complex plane C by means
of stereographic projection. In the case of a hyperboloid of two sheets, the target space may
be conformally mapped to Cˆ\S1, also by means of stereographic projection (we shall neglect
the case of a hyperboloid of one sheet); see Appendix H for details. Using the complex
formulation discussed in Section 8.2.3, we work with a single complex scalar rather than two
real scalars, for which the action (8.9) reduces to
S =
1
4piG?
∫
d4x
√−g
[
R
4
− gµνγ(ϕ, ϕ¯)∇µϕ¯∇νϕ− V (ϕ, ϕ¯)
]
+ Sm[A
2(ϕ, ϕ¯)gµν ; Ψ] , (8.13)
and the field equations are
Rµν = 4γ(ϕ, ϕ¯)∇(µϕ¯∇ν)ϕ+ 2V (ϕ, ϕ¯)gµν + 8piG?
(
Tµν − 1
2
Tgµν
)
, (8.14)
ϕ = −∂ log γ(ϕ, ϕ¯)
∂ϕ
gµν∇µϕ∇νϕ+ γ−1(ϕ, ϕ¯)∂V (ϕ, ϕ¯)
∂ϕ¯
− 4piG?γ−1(ϕ, ϕ¯)∂ logA(ϕ, ϕ¯)
∂ϕ¯
T . (8.15)
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Hereafter we assume that the potential vanishes, i.e. V (ϕ, ϕ¯) = 0, and that the target space
is maximally symmetric. Therefore, upon stereographic projection and field redefinition (see
Appendix H), the target-space metric can be written as
γ(ϕ, ϕ¯) =
1
2
(
1 +
ϕ¯ϕ
4r2
)−2
, (8.16)
where r is the radius of curvature of the target-space geometry: for a spherical geometry we
have r2 > 0, for a hyperbolic geometry r2 < 0, and in the limit r→∞ the geometry is flat.
With the above choices, the field equations become
Rµν = 2
(
1 +
ϕ¯ϕ
4r2
)−2
∂(µϕ¯∂ν)ϕ+ 8piG?
(
Tµν − 1
2
Tgµν
)
, (8.17)
ϕ =
(
2ϕ¯
ϕ¯ϕ+ 4r2
)
gµν∂µϕ∂νϕ− 4piG?
(
1 +
ϕ¯ϕ
4r2
)
κ¯(ϕ, ϕ¯)T , (8.18)
where we introduced
κ(ϕ, ϕ¯) ≡ 2
(
1 +
ϕ¯ϕ
4r2
) ∂ logA(ϕ, ϕ¯)
∂ϕ
, (8.19)
the so-called scalar-matter coupling function.
The function A(ϕ, ϕ¯), whose derivative enters into the field equations, determines the
scalar-matter coupling through Eq. (8.19). Without loss of generality we assume that far
away from the source the field vanishes, i.e. that the asymptotic value of the scalar field is
ϕ∞ = 0. We then expand the function logA in a series about ϕ = 0:
logA(ϕ, ϕ¯) = α∗ϕ+ α¯∗ϕ¯+
1
2
β0ϕϕ¯+
1
4
β∗1ϕ
2 +
1
4
β¯∗1 ϕ¯
2 + . . . , (8.20)
where β0 is real, while α
∗ and β∗1 are in general complex numbers
3. Although the five real
3At the onset of spontaneous scalarization |ϕ|  1, and we can always expand the conformal factor as in
Eq. (8.20). For scalarized solutions the field amplitude may be large, the higher-order terms in the expansion
may not be negligible, and the expansion (8.20) should be considered as an ansatz for the conformal factor.
For a general functional form of the conformal factor, the series expansion used here (and in Ref. [118]) can
only provide a qualitative description of the scalarized solution.
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parameters Re[α∗], Im[α∗], β0, Re[β∗1 ], Im[β
∗
1 ] are defined in terms of a specific target-space
coordinate system, the four real quantities (|α∗|, β0, |β∗1 |, argα∗− 12 arg β∗1) may be expressed
solely in terms of target-space scalar quantities, and thus have an invariant geometric mean-
ing4. The remaining real parameter is an unmeasurable overall complex phase.
To make this explicit, redefine β∗1 ≡ β1eiθ, where θ is chosen such that β1 is real.
Then, after defining α∗ ≡ αeiθ/2 and a new field ψ ≡ ϕeiθ/2, the field equations become
Rµν = 2
(
1 +
ψ¯ψ
4r2
)−2
∂(µψ¯∂ν)ψ + 8piG?
(
Tµν − 1
2
Tgµν
)
, (8.21)
ψ =
(
2ψ¯
ψ¯ψ + 4r2
)
gµν∂µψ∂νψ − 4piG?
(
1 +
ψ¯ψ
4r2
)
κ¯(ψ, ψ¯)T , (8.22)
where the function κ is defined in Eq. (8.19) and
logA(ψ, ψ¯) = αψ + α¯ψ¯ +
1
2
β0ψψ¯ +
1
4
β1ψ
2 +
1
4
β1ψ¯
2 + . . . . (8.23)
Therefore, any solution of the original theory (formulated with respect to ϕ and complex
coupling coefficients α∗ and β∗1) can be obtained from a theory where we consider the field
ψ, a real-valued β1 and a generically complex α. The solution for the theory corresponding
to the conformal factor (8.20) is then given by a simple rotation, ϕ = ψ exp (−iθ/ 2).
The model just described represents the simplest, yet quite comprehensive, general-
ization of the model of single ST theory investigated originally in Ref. [118].
Note that the quantity |α|2 ≡ αα¯ ≡ Re[α]2 + Im[α]2 is strongly constrained by
observations (cf. Appendix I), similarly to the single-scalar case. When α = 0, the conformal
coupling reduces to
logA(ψ, ψ¯) =
1
2
β0ψψ¯ +
1
4
β1ψ
2 +
1
4
β1ψ¯
2 , (8.24)
where we neglected higher-order terms in the scalar field. However, in TMS theories α is
4The eigenvalues of the quadratic form in (8.20), given by β0 ± |β∗1 |, are target-space scalars. The phase
difference argα∗ − 12 arg β∗1 arises when this quadratic form is contracted with α∗, see Eq. (I.6).
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a complex quantity and its argument, argα, is completely unconstrained in the weak-field
regime. In Section 8.3.2.2 we will show that compact stars in theories with α = 0 and α 6= 0
are rather different.
The field equations can be also written in terms of two real scalars. For this purpose,
let us split the field ψ into real and imaginary parts: ψ ≡ Re[ψ]+i Im[ψ]. Then the conformal
factor (8.24), again in the α = α¯ = 0 case, reads:
logA(ψ, ψ¯) =
1
2
[
(β0 + β1)Re[ψ]
2 + (β0 − β1)Im[ψ]2
]
. (8.25)
The structure of this TMS theory is ultimately determined by three real parameters: β0 +β1,
β0 − β1 and the target-space curvature defined by r2. When α 6= 0, two further parameters
(|α| and argα) are necessary to define the theory.
8.3 Stellar structure in tensor-multi-scalar theories
In this section we consider the structure of relativistic stars in the context of the TMS
theory introduced in Section 8.2.4. We first derive the equations of structure for a slowly
rotating star in the Hartle-Thorne formalism [203, 204] (Section 8.3.1), then we integrate
these equations and discuss some properties of scalarized solutions in increasingly complex
scenarios (Section 8.3.2).
8.3.1 Equations of hydrostatic equilibrium
We describe a stationary, axisymmetric star, composed by a perfect fluid, slowly
rotating with angular velocity Ω, using coordinates xµ = (t, r, θ, φ) and the line element
gµνdx
µdxν = −eν(r)dt2 + dr
2
1− 2µ(r) + r
2(dθ2 + sin2 θdφ2) + 2 [ω(r)− Ω] r2 sin2 θdtdφ . (8.26)
where we neglect terms of order ∼ Ω2 and higher in the metric and in the hydrodynamical
quantities. The variable µ(r) is related to the more familiar mass function m(r) by µ = m/r.
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The energy-momentum tensor of the perfect fluid takes the usual form
T µν = A4(ψ, ψ¯) [(ρ+ P )uµuν + Pgµν ] , (8.27)
where ρ, P , and u˜µ = A−1(ψ, ψ¯)uµ are the mass-energy density, pressure, and four-velocity
of the fluid, respectively, and
uµ = e−ν/2(1, 0, 0, Ω) . (8.28)
With these choices, the field equations (8.2)–(8.3) reduce to a system of coupled ordinary
differential equations, namely
(rµ)′ =
1
2
(1− 2µ)r2
(
1 +
ψ¯ψ
4r2
)−2
ψ¯′ψ′ + 4piG?A4(ψ, ψ¯)r2ρ , (8.29)
P ′ = −(ρc2 + P )
{
ν ′
2
+
1
2
(
1 +
ψ¯ψ
4r2
)−1 [
κ(ψ, ψ¯)ψ′ + κ¯(ψ, ψ¯)ψ¯′
]}
, (8.30)
ν ′ =
2µ
r(1− 2µ) + r
(
1 +
ψ¯ψ
4r2
)−2
ψ¯′ψ′ +
8piG?A
4(ψ, ψ¯)rP
1− 2µ , (8.31)
ψ′′ =
2ψ¯ψ′2
ψ¯ψ + 4r2
− 2(1− µ)
r(1− 2µ)ψ
′
+
4piG?A
4(ψ, ψ¯)
1− 2µ
[
(ρ− 3P )
(
1 +
ψ¯ψ
4r2
)
κ¯(ψ, ψ¯) + rψ′(ρ− P )
]
, (8.32)
ω′′ =
[
r
(
1 +
ψ¯ψ
4r2
)−2
ψ¯′ψ′ − 4
r
]
ω′ +
4piG?A
4(ψ, ψ¯)r(ρc2 + P )
1− 2µ
(
ω′ +
4
r
ω
)
, (8.33)
where primes denote derivatives with respect to the radial coordinate x1 = r. As usual, the
system is closed by specifying a barotropic equation of state P = P (ρ).
For the purpose of numerical integration, it is useful to work out series expansions of
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the functions µ(r), ν(r), P (r), ψ(r), and ω(r) about r = 0:
µ(r) =
4piG?
3
A40ρ0r
2 +O(r4) , (8.34a)
ν(r) = ν0 +
4piG?
3
A40(ρ0 + 3P0)r
2 +O(r4) , (8.34b)
P (r) = P0 − 2piG?
3
A40(ρ0 + P0) [ρ0 + 3P0 + κ¯0κ0 (ρ0 − 3P0)] r2 +O(r4) , (8.34c)
ψ(r) = ψ0 +
2piG?
3
A40κ¯0(ρ0 − 3P0)
(
1 +
ψ¯0ψ0
4r2
)
r2 +O(r4) , (8.34d)
ω(r) = ω0 +
8piG?
5
ω0A
4
0(ρ0 + P0)r
2 +O(r4) . (8.34e)
Here the subscript 0 denotes evaluation at the stellar center r = 0.
When ψ and ψ¯ are constant and A(ψ, ψ¯) = 1 the field equations reduce to the
standard Tolman-Oppenheimer-Volkoff equations in GR. Indeed, GR solutions are part of
the solution spectrum of TMS theories with α = 0 in Eq. (8.23), as in the usual single-scalar
case [117, 118]. On the other hand, when α 6= 0 the scalar field is forced to have a non-trivial
profile in the presence of matter (T 6= 0).
Furthermore, even when α = 0, other solutions characterized by a non-trivial profile
for the scalar fields can co-exist with the GR solutions; in Appendix J we give a simple
interpretation of these “spontaneously scalarized” solutions in terms of a tachyonic instability
of relativistic GR solutions. Besides their gravitational mass M and radius R, scalarized
NSs are characterized by their scalar charge Q, which is generally a complex number for the
complex scalar field ψ discussed here5.
The gravitational mass M and the scalar charge Q of stellar models in TMS theories
can be computed by integration in the vacuum exterior region, where P = ρ = 0. We
integrate the structure equations outwards from r = 0 up to a point r = R such that
P (R) = 0, which determines the stellar surface in the Einstein frame. The areal radius R˜
5Note that Q is defined in terms of a specific target-space coordinate system. Observable quantities must
be invariant under changes of coordinates, and can thus only depend on target-space scalars such as |Q|2, or
|QA −QB|2 (for a binary system with bodies A and B), or more complicated contractions.
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in the Jordan frame can be obtained rescaling R by the conformal factor A(ψ, ψ¯), which
depends on the value of the scalar field ψ and its complex conjugate ψ¯ at r = R. The values
of the mass function m, of the scalar field ψ and of its derivative ψ′ at r = R are used as
initial conditions to integrate the structure equations in the exterior region. In practice, the
integration is terminated at some finite but large grid point where r = R∞. From the values
of m, ψ and ψ′ at R∞ we can determine M and Q by solving the system of equations
m(r) =M − |Q|
2
2r
− M |Q|
2
2r2
+O
(
1
r3
)
, (8.35a)
ψ(r) =ψ∞ +
Q
r
+
QM
r2
+O
(
1
r3
)
, (8.35b)
ψ′(r) =− Q
r2
+O
(
1
r3
)
. (8.35c)
where ψ∞ is the constant background value of the scalar field. Therefore we have three
equations to solve for three unknowns: M , Q and ψ∞. The physical solution of interest is
the one corresponding to the particular central value of the scalar field ψ0 (which can be
found e.g. by a shooting method) such that the background field vanishes, i.e. ψ∞ = 0.
As an alternative integration technique, we have also implemented a compactified
coordinate grid in the vacuum exterior introducing a variable y ≡ 1/r, which results in a
regular set of differential equations that is readily integrated to spatial infinity at y = 0.
The gravitational mass M , scalar charge Q and asymptotic scalar field magnitude are then
directly obtained from m(y = 0), ψ(y = 0) and ∂yψ(y = 0), and numerical shooting provides
a fast-converging algorithm to enforce the boundary condition limy→0 ψ = 0. The two
independent integrators yield bulk stellar properties that agree within ∼ 1% or better.
8.3.2 Numerical integration and results
In this section we discuss the result of the numerical integration of the hydrostatic
equilibrium equations in the TMS theory of Section 8.2.4. Our main interest is to understand
scalarization in this model, and for simplicity in this chapter we will focus on static stars.
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We will use the polytropic equation of state labeled “EOS1” in Ref. [337], for which the
pressure P and the energy density ρ are given as functions of the baryonic density nB by
P = Kn0mB
(
nB
n0
)γ
, ρ = nBmB +K
n0mB
γ − 1
(
nB
n0
)γ
, (8.36)
where n0 = 0.1 fm
−3, mB = 1.66 × 10−27 kg, K = 0.0195 and γ = 2.34. Therefore, the
function ρ = ρ(P ) can be constructed parametrically by varying nB.
8.3.2.1 The O(2) symmetric theory
In the absence of a scalar potential, the gravitational part of the action (8.1) is
invariant under the target-space isometry group G. For our simple two-real-scalar model with
maximally symmetric target space, G is the orthogonal group O(3) in the case of spherical
geometry, the indefinite orthogonal group O(2, 1) in the case of hyperbolic geometry, and
the inhomogeneous orthogonal group IO(2) = R2 oO(2) in the case of flat geometry.
When scalar-matter couplings are introduced, the action is no longer invariant under
all of G, but only under some subgroup H < G. As a first example, let us consider the
particular case in which β1 = α = 0. In this case the conformal factor A(ψ, ψ¯) given in
Eq. (8.24) reduces to
A(ψ, ψ¯) = exp
(
1
2
β0ψψ¯
)
, (8.37)
where again we have neglected higher-order terms in the scalar field. This equation is obvi-
ously invariant under rotations in the complex plane (ψ → ψ eiθ) and complex conjugation
(ψ → ψ¯). Therefore, H = O(2). Note that the boundary condition ψ∞ = 0 is H-invariant.
We refer to this special case as the O(2)-symmetric TMS theory. In this theory, a GR stellar
configuration with ψ ≡ 0 is always a solution that is O(2)-invariant.
We now construct scalarized solutions, which spontaneously break the O(2) symme-
try. They depend on the two real parameters (β0 and r
2) of this theory, as well as the
central baryon density nB. The O(2)–symmetric character of the scalarized solution space
207
is exhibited in Fig. 8.1, where we show that, for given values of r and nB, there exists an
infinite number of scalarized solutions characterized by a different value of the complex field
ψ0 at the center of the star. The different values of the scalar field are related by a phase
rotation, and the masses and radii of neutron star models along each of the circles shown
in Fig. 8.1 are identical. The target-space curvature r has the effect of suppressing (r2 < 0)
or increasing (r2 > 0) the value of |ψ0|, and consequently of the scalar charge Q. Therefore
a spherical target space (r2 > 0) produces stronger scalarization effects in the mass-radius
relations with respect to the case of a flat target-space metric, as illustrated in Fig. 8.2. On
the other hand, a hyperbolic target space (r2 < 0) tends to reduce the effects of spontaneous
scalarization. This can be intuitively, if not rigorously, understood by a glance at Eqs. (8.18)
and (8.19): the curvature term plays the role of an “effective (field-dependent) gravitational
constant” which is either larger or smaller than the “bare” gravitational constant depending
on whether r2 > 0 or r2 < 0. In both cases, as r→∞ the solution reduces (modulo a trivial
phase rotation) to that of a ST theory with a single real scalar field ψ and scalar-matter
coupling A(ψ) = exp
(
1
2
β0ψ
2
)
. We remark that due to the O(2) symmetry, all solutions of
this theory are equivalent to solutions with Im[ψ] = 0; as discussed in Section 8.3.2.2 below,
these are effectively – modulo a field redefinition – solutions of a single-scalar theory.
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Figure 8.1: Spontaneous scalarization in a TMS theory with O(2) symmetry. The value
ψ0 of the scalar field at the center of the star for scalarized solutions in the O(2)–symmetric
theory with β0 = −5.0 and central baryon density nB = 10.4nnuc, where the nuclear density
is nnuc = 10
44 m−3. Left panel: spherical target space with r2 > 0. Right panel: hyperbolic
target space with r2 < 0. In both panels the origin corresponds to the neutron star solution
in GR.
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Figure 8.2: Stellar properties in the O(2)–symmetric theory. Left panel: The mass-radius
relation for different values of r and β0 = −5.0. Right panel: Central value of the magnitude
of the scalar field |ψ0| as a function of the stellar compactness G?M/(R˜c2). Here R˜ is the
areal Jordan-frame radius of the star. The onset of scalarization does not depend on the
value of r.
Finally, in Fig. 8.3 we illustrate the radial profiles of the mass function m, metric
potential ν, mass-energy density ρ and scalar field ψ for scalarized stellar models with fixed
baryonic mass MB = 1.70 M in theories with β0 = −5.0 and r2 = ±1/4.
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Figure 8.3: Radial profiles. Different panels show the profiles of the mass function m, metric
potential ν, total energy density ρ and complex scalar field ψ, in units of c = G = M = 1.
The profiles correspond to a scalarized star in the O(2)-symmetric theory with β0 = −5.0,
β1 = α = 0, and fixed baryon mass MB = 1.70M. The target space curvature is either
r = 0.5 (spherical) or r = 0.5i (hyperboloidal). In the spherical case, the scalarized solution
has a gravitational mass M = 1.54 M, Jordan-frame areal radius R˜ = 13.0 km, total scalar
charge Q = 0.553 M and central scalar magnitude |ψ0| = 0.154. In the hyperbolic case,
these quantities are M = 1.54 M, R˜ = 13.0 km, Q = 0.393M and |ψ0| = 0.110. For
comparison, the GR solution with the same baryonic mass has M = 1.54M and R = R˜ =
13.2 km.
8.3.2.2 The full TMS theory
We now turn our attention to the existence of scalarized stellar models in the theory
defined by Eq. (8.23), which depends on three real parameters (β0, β1 and r
2) and the
complex constant α. When α = 0 and β1 6= 0, this theory is invariant under the symmetry
group Z2 × Z2 generated by conjugation (ψ → ψ¯) and inversion (ψ → −ψ). Introduction of
α ∈ R partially breaks this symmetry down to Z2, consisting of conjugation only, whereas
introduction of α ∈ C\R fully breaks this symmetry.
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An interesting question is whether there exists a region of the parameter space of this
theory in which both fields scalarize6. We first searched for such “biscalarized” solutions in
the Z2×Z2 theory with α = 0, considering a wide range of the (β0, β1, r) space, but we could
not find any. However, the situation is dramatically different when α 6= 0. Crucially, |α| has
to be small enough to satisfy the observational bounds summarized in Appendix I, and in
particular Eq. (I.3), but argα is completely unconstrained by weak-field observations. Our
numerical findings are in agreement with an approximate analytical model which will be
presented elsewhere [222]. In the following we discuss the cases α = 0 and α 6= 0 separately.
Case α = 0: breaking the O(2) symmetry down to Z2 ×Z2 When α = 0 but β1 6= 0,
we found solutions where only either the real or the imaginary part of the scalar field has a
non-trivial profile. Therefore, in this case the circle shown in Fig. 8.1 for the O(2)-symmetric
theory collapses down to four discrete points on the real and imaginary axes (cf. Fig. 8.4).
6This question is not invariant under field redefinitions. More precisely, we ask whether there exists a
doubly scalarized solution which can not be described by an effective single-real-scalar theory.
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Figure 8.4: Symmetry breaking of the space of solutions. When β1 6= 0, the O(2)-symmetric
solution-space analyzed in the previous section (cf. Fig. 8.1) collapses down to a (Z2 × Z2)-
symmetric solution-space. This property of the theory is here illustrated for stellar models
with the same equation of state and central energy density as in Fig. 8.1, β0 = −5.0 and
r = 5.0.
In Appendix J we perform a linear analysis of the field equations, deriving the con-
ditions for scalarization to occur. From Eqs. (J.2), (J.3) and (J.5) we expect that scalarized
models exist if β0 +β1 . −4.35 when Re[ψ] 6= 0, or β0−β1 . −4.35 when instead Im[ψ] 6= 0.
We have checked this expectation by calculating models for the parameter sets (i) 1/r = 0,
β1 = 0 and (ii) 1/r = 2, β1 = 0. For each of these cases, we have varied the central density
from 10−5 km−2 to 0.0015 km−2 in steps of 10−5 km−2. We applied our shooting algorithm
for a scalar field amplitude |ψ(r = 0)| ∈ [0, 1] in steps of 0.1, choosing discrete values of
the complex phase θ = 0, pi/2, pi, 3pi/2, and varying β0 ∈ [−20, 3] in steps of 0.01. For all
values of the central density and β0, the shooting method identifies one GR solution model
with vanishing scalar charge. For sufficiently negative β0, we additionally identify scalarized
models. Among these models we then identify for a given value of β0 the scalarized model
with the lowest baryon mass, and thus generate a scalarization plot analogous to Fig. 2
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Figure 8.5: Minimal baryonic mass of scalarized models. The baryon mass of scalarized
solutions at the onset of scalarization as a function of (i) β0 + β1 for models where Re[ψ]
is non-zero (left panel) and (ii) β0 − β1 for models where Im[ψ] is non-zero (right panel).
Each panel contains 6 curves, corresponding to the three values of β1 at fixed r =∞ (dashed
curves) and the same three values of β1 at r = 1/2 (dotted curves). The three dashed
curves and the three dotted curves, respectively, are indistinguishable in the plot and the
two families of dashed and dotted curves are only distinguishable in the inset, where we
zoom into a smaller region. In both panels, the vertical long-dashed curve denotes the value
β0 ± β1 = −4.35 above which we no longer identify scalarized models, in agreement with
Eq. (J.5). From Eq. (8.25) it is clear that the natural parameters are β0 + β1 and β0 − β1
when the theory is written in terms of the real and imaginary part of ψ, respectively.
in [119] for ST theory with a single scalar field. The result is shown in Fig. 8.5. The small
difference between the curves for different curvature radius r likely arises from the small but
finite amplitude of the scalar field appearing in the lowest-mass scalarized binaries, which is
a byproduct of finite discretization in the mass parameter space. In the continuum limit of
infinitesimal amplitudes of the scalar field in scalarized models, we expect this difference to
disappear completely and the dotted and dashed curves to overlap. This is indeed supported
by an analytic calculation.7 These results confirm the prediction of Eq. (J.5) and agree
(qualitatively and quantitatively) with the single-scalar case shown in Fig. 2 of [119].
Indeed, in this case the analogy with the single-scalar case can be made more formal.
Let us consider without loss of generality the subspace of the solution space in which the
7This calculation uses Riemann-normal coordinates at ϕ∞ in target space, and finds that target-space-
curvature terms appear in the field equations at third order in the scalar-amplitude expansion. Details will
be published elsewhere [222].
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scalar field is real, i.e. Z = Re[ψ] 6= 0, W = Im[ψ] = 0. The kinetic term can be put in the
canonical form by a scalar field redefinition, i.e.
K = −1
2
(
1 +
Z2
4r2
)−2
∂µZ∂
µZ = −1
2
∂µZ˜∂
µZ˜ , (8.38)
where the two fields are related by Z = 2r tan
(
Z˜
2r
)
, and −pir < Z˜ < pir. For |Z|  r we
have
Z˜ = Z − Z
3
12r2
+O(Z5) , Z = Z˜ +
Z˜3
12r2
+O(Z˜5) . (8.39)
Replacing this Taylor expansion in the conformal factor (8.24) we see that the parameters
β0, β1 remain the same. In particular, we obtain A(Z˜) = exp
[
(β0 + β1)Z˜
2/2
]
(plus higher-
order terms), i.e., the coupling function coincides with that of a single-scalar theory with
coupling constant β = β0 +β1. Thus, as long as |Z|  r, the theory with α = 0 is equivalent
to a ST theory with one scalar and coupling β = β0 + β1 (or β = β0− β1, in which case only
W = Im[ψ] scalarizes). Clearly, this proof also includes the limit r→∞, where the solutions
reduce exactly to those of a single-scalar theory with the identification β ≡ β0 + β1.
When the condition |Z|  r is not fulfilled, the theory is still equivalent to a ST
theory with one scalar field, but the form of the conformal factor A changes. These theories
only differ by higher-order terms in the series expansion (8.20), (8.22), which are negligible
at the onset of the scalarization.
In Fig. 8.6 we show the mass-radius relation of scalarized neutron star solutions in
the non-O(2) symmetric theory for different values of r and β0 + β1. When the coupling is
large, we observe that the solutions can differ dramatically from their GR counterpart.
Case α 6= 0: multi-scalarization When α 6= 0, GR configurations are not solutions
of the field equations. In particular, a constant (or vanishing) scalar field does not satisfy
Eq. (8.18) when T 6= 0. Therefore it is not surprising that when α 6= 0 we can find solutions
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Figure 8.6: Mass-radius relations in the full TMS theory. Analogous to the left panel of
Fig. 8.2 for three values of the curvature radius of the target metric (r = ∞, r = 1 and
r = 0.5), β0 + β1 = −5 (left panel) and β0 + β1 = −10 (right panel). Here we only consider
models where Re[ψ] 6= 0. The gravitational mass M is shown as a function of the Jordan-
frame radius R˜. For comparison, we include in both panels the GR curve. Note the different
axis ranges in the two panels. When r → ∞, the theory reduces to a ST theory with one
scalar and effective coupling β = β0 + β1, and the observational constraint β0 + β1 & −4.5
is in place [169]. However, such lower bound might be less stringent when r is finite.
with two non-trivial scalar profiles even when β0 = β1 = 0. A more interesting question is
whether there are stellar configurations in which both scalar fields have a large amplitude. As
we have seen, these “biscalarized” solutions are absent in the α = 0 case. Here we present
preliminary results that demonstrate the existence of interesting biscalarized solutions as
long as α 6= 0.
For concreteness we set |α| = 10−3: such a small value of |α| satisfies the experimental
bounds discussed in Appendix I (but we have also studied the case where |α| = 10−4, with
qualitatively similar results).
In this preliminary study we vary argα in the range [0, 2pi] in steps of pi/6 and we
set 1/r = 0 (i.e., we consider a flat target space). A finite target-space curvature r does not
change the picture qualitatively; a more detailed analysis will be presented elsewhere [222].
Our search yields several models with non-zero scalar field, as shown in Figs. 8.7 and 8.8,
where dots denote the real and imaginary parts of the central value of the scalar field ψ0 for
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which solutions were found.
For the time being, we wish to remark two very interesting (and perhaps unexpected)
features of these biscalarized solutions:
1) Figure 8.7 shows that the solutions are at least approximately O(2) symmetric when
β1 ∼ |α|, and the O(2) symmetry is broken (the solution “circles” turn into “crosses”)
when β1  |α|. The cross-like shape of the scalarized solutions in the Re[ψ0], Im[ψ0]
plane collapses towards a set of solutions on the vertical line Re[ψ0] = 0 for the larger
values of β1 (bottom panels in Fig. 8.7). This behavior can be interpreted as an
approximation to the spontaneous scalarization for the case α = 0 displayed in Fig. 8.5,
and discussed in the text around Eqs. (8.38) and (8.39). There we observed that
spontaneous scalarization of Re[ψ] occurs (in analogy with the single-field case) if
β0 + β1 . −4.35, and scalarized models with a large imaginary part Im[ψ] exist if
β0 − β1 . −4.35. The biscalarized models in Fig. 8.5 have been calculated for fixed
β0 = −5. For β1 & 0.65 we therefore enter the regime where β0 + β1 & −4.35,
and we no longer expect to find models with strongly scalarized Re[ψ]. The condition
β0−β1 . −4.35 for scalarization of Im[ψ], however, remains satisfied, so that scalarized
models should cluster close to the Re[ψ0]–axis. This is indeed observed in the bottom
panels of Fig. 8.7. Note that in this case the condition β1 & 0.65  |α| = 10−3 is
satisfied, in close correspondence to the case α = 0 of Fig. 8.5.
2) Figure 8.8 (which is a “zoom-in” on the top-left panel of Figure 8.7) indicates additional
fine structure in the space of solutions, with at least three different families of scalarized
solutions having remarkably different values of the scalar field (and therefore of the
scalar charge).
When r → ∞, binary pulsar observations in the single-scalar case would impose a
constraint equivalent to β0 + β1 & −4.5 [169]. More work is required to clarify whether a
similar constraint is in place also for multiple scalars. Preliminary calculations indicate that
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Figure 8.7: Scalar field amplitudes in the full TMS theory - I. Scalar field amplitude at
the stellar center ψ0 for stellar models with β0 = −5, |α| = 0.001 and fixed baryon mass
MB = 1.8 M. The different panels show the solutions found for different values of β1 as
indicated in each panel. In each case, we vary the phase of α from 0 to 2pi in steps of pi/6. In
contrast to the α = 0 case in Fig. 8.4, the breaking of the O(2) symmetry occurs gradually
as β1 is increased away from 0.
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Figure 8.8: Scalar field amplitudes in the full TMS theory - II. The data of the upper left
panel of Fig. 8.7 are shown on different scales to resolve the fine structure of the solutions
in the ψ0 plane. In each panel the vertical extent is equal to the horizontal.
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the target-space curvature should affect the energy flux from compact binaries at high post-
Newtonian order. However, it is unclear whether the formalism of [117] for describing orbital
binary dynamics is applicable to the theory studied in this chapter, due to the discontinuity
at α = 0. Furthermore, for multiple scalars, it is possible that some combination of β0
and β1 other than their sum may be constrained by binary pulsar observations. A detailed
answer to this question requires two theoretical developments that are currently missing: (1)
the investigation of stellar structure in generic TMS theories to understand the effect of the
theory parameters on stellar properties, and (2) an implementation of these stellar structure
calculations in flux formulas similar to those derived in [117] (or generalizations thereof).
These are important tasks that should be addressed in future work. In Fig. 8.6 we adopt
an agnostic point of view and use large values of β0 + β1 in order to illustrate the effect of
scalarization in TMS theory in some extreme cases. The phenomenological implications and
the stability of biscalarized stellar models will be discussed elsewhere [222].
8.4 3+1 formulation of the field equations for numerical relativity
Studies of the strong-field dynamics of compact stars and BHs, whether isolated or in
binary systems, require the fully non-linear theory without any symmetry assumptions. Such
studies can now be carried out using numerical relativity techniques, and they have already
led to new insights into the behavior of ST theories. For example, numerical simulations of
neutron star binaries in single-scalar theories have identified a new phenomenon (“dynamical
scalarization”) occurring in the late stages of the inspiral, just before merger [32, 415, 371].
Similarly, studies of equilibrium sequences of neutron star binaries have shown that dynam-
ical scalarization can lead to a reduction of the number of gravitational-wave cycles with
respect to GR [470]. Scalar radiation has also been identified in the inspiral of black hole
binaries when the binary is embedded in a non-trivial scalar background gradient [207, 49].
All numerical studies rely on a formulation of the theory suitable for numerical implementa-
tion, which is most commonly achieved in terms of a space-time (or 3+1) decomposition of
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the field equations. Here we present the 3+1 formulation of the field equations for general
multi-scalar theories. The work presented in this section is a prerequisite for future numer-
ical studies of multi-scalar theories, and we hope that it will motivate other researchers to
investigate this interesting, unexplored topic.
8.4.1 Action, stress-energy tensor and field equations
We consider a multi-scalar theory described by the action (8.1):
S =
1
4piG?
∫
d4x
√−g
[
R
4
− 1
2
gµνγAB(ϕ)∂µϕ
A∂νϕ
B − V (ϕ)
]
+ Sm[A
2(ϕ)gµν ; Ψ] . (8.40)
For computational purposes it is useful to consider the scalar fields themselves as
ordinary matter, described by the stress-energy tensor T
(ϕ)
µν defined in Eq. (8.7):
8piG?T
(ϕ)
µν = 2γAB
(
∂µϕ
A∂νϕ
B − 1
2
gµνg
αβ∂αϕ
A∂βϕ
B
)
− 2gµνV , (8.41)
while Tµν , defined in Eq. (8.4), is associated to the fields Ψ (for instance, the fluid composing
a neutron star). The total stress-energy tensor, then, is Tµν + T
(ϕ)
µν . This allows us to
use the 3 + 1 decomposition of Einstein’s equations given in [12], with the replacement
Tµν → Tµν + T (ϕ)µν . Since
16piG?√−g
δS
δgµν
= Rµν−2γAB∂µϕA∂νϕB− 1
2
gµν
(
R− 2γABgαβ∂αϕA∂βϕB − 4V
)−8piG?Tµν = 0 ,
(8.42)
Einstein’s equations have the form Rµν − (1/2)gµνR = 8piG?(Tµν + T (ϕ)µnˆ ). The trace of
Eq. (8.42) yields
−R + 2γABgαβ∂αϕA∂βϕB + 8V − 8piG?T = 0 , (8.43)
where T = gµνTµν , and therefore we have
Rµν − 2γAB∂µϕA∂νϕB − 2gµνV − 8piG?
(
Tµν − 1
2
gµνT
)
= 0 . (8.44)
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By varying the action (8.40) with respect to ϕA one gets the scalar field equation
4piG?
γAB√−g
δS
δϕB
= ϕA + γACDgµν∂µϕC∂νϕD − γAB
∂V
∂ϕB
+ 4piG?γ
AB ∂ logA
∂ϕB
T = 0 , (8.45)
where γACD are the Christoffel symbols on the target space.
8.4.2 The 3 + 1 decomposition
As discussed in Ref. [49] (see also [12]), we consider a slicing of the spacetime in a set
of surfaces Σ. We introduce the normal nµ to those surfaces and the projector
hµν = gµν + nµnν , (8.46)
and write the metric in the form (µ, ν = 0, . . . , 3; i, j = 1, 2, 3)
ds2 = gµνdx
µdxν = −α2dt2 + hij(dxi + βidt)(dxj + βjdt) , (8.47)
where α, βi and hij are the lapse, the shift, and the metric on Σ, respectively. We remark that
in these coordinates ni = 0, therefore the 3-dimensional metric coincides with the projector
(8.46) restricted to the spatial indices. It is also worth noting that h0µ = 0, and gµνhµν = 3.
We define the covariant derivative on Σ as Di ≡ hiα∇α. Since ∂t = αn + β, the Lie
derivative with respect to n is Ln = (∂t − Lβ)/α. The extrinsic curvature is defined as
Kµν ≡ −hµσ∇σnν . (8.48)
Its contravariant form is purely spatial, i.e., K0µ = 0. The extrinsic curvature satisfies the
relation Kij = Lnhij/2, so the evolution equation for the metric reads
Lnhij = −2Kij . (8.49)
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Other useful relations are [398, 12]
∇µnµ = −K , nµ∇µnν = Dν(lnα) , (8.50)
where we defined K ≡ gµνKµν .
In the same way, we can define the curvature of each of the scalar fields as KAϕ ≡
−LnϕA/2. Consequently, the evolution equation for the scalar fields reads
LnϕA = −2KAϕ , (8.51)
where we note that LnϕA = nµϕAµ .
It will also be useful to decompose the quantity gαβ∂αϕ
A∂βϕ
B as follows:
gαβ∂αϕ
A∂βϕ
B = (hαβ − nαnβ)∂αϕA∂βϕB = DiϕADiϕB − 4KAϕKBϕ . (8.52)
8.4.2.1 Einstein’s equations
The 3+1 decomposition of Einstein’s equations with matter is given e.g. in Eqs. (2.4.6),
(2.4.9) and (2.5.6) of [12]; in those equations the matter terms are expressed in terms of the
quantities ρ = nµnνTµν , j
i = −hiµnνTµν , and Sij = h αi h βj Tαβ. We simply replace in those
equations Tµν → Tµν + T (ϕ)µν , where the explicit expression of T (ϕ)µν is given in Eq. (8.41), i.e.,
we replace ρ→ ρ+ ρ(ϕ), ji → ji + ji(ϕ), Sij → Sij + S(ϕ)ij , where:
8piG?ρ
(ϕ) = γAB
[
DiϕADiϕ
B + 4KAϕK
B
ϕ
]
+ 2V , (8.53)
8piG?j
i(ϕ) = −2γABDiϕA(−2KBϕ ) = 4γABDiϕAKBϕ , (8.54)
8piG?S
(ϕ)
ij = 2γAB
[
Diϕ
ADjϕ
B + 2hijK
A
ϕK
B
ϕ −
1
2
hijDiϕ
ADiϕB
]
− 2hijV . (8.55)
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We also have:
4piG?
[
(S(ϕ) − ρ(ϕ))hij − 2S(ϕ)ij
]
= −2γABDiϕADjϕB − 2hijV . (8.56)
Then Eqs. (2.4.6), (2.4.9) and (2.5.6) of [12] give:
(3)R +K2 −KµνKµν = 16piG?ρ+ 2γAB
[
DiϕADiϕ
B + 4KAϕK
B
ϕ
]
+ 4V, (8.57)
Dj(K
ij − hijK) = 8piG?ji + 4γABDiϕAKBϕ (8.58)
and
LnKij = −DiDj(lnα) + (3)Rij +KKij − 2KikKkj + 4piG? [hij(S − ρ)− 2Sij]
− 2γABDiϕADjϕB − 2hijV , (8.59)
where (3)Rij and
(3)R are the Ricci tensor and the Ricci scalar of the metric hij, respectively.
8.4.2.2 Scalar field equation
To decompose the scalar equation (8.45), i.e.
ϕA + γACDgµν∂µϕC∂νϕD − γAB
∂V
∂ϕB
+ 4piG?γ
AB ∂ logA
∂ϕB
T = 0, (8.60)
we start by considering the first term, ϕA (the single-scalar case was discussed in [398, 399]).
We have:
ϕA = ∇σ(gσρ∇ρϕA)
= ∇σ
[
(−nσnρ + hσρ)∇ρϕA
]
= ∇σ[2nσKaϕ +DσϕA]
= 2LnKAϕ − 2KKAϕ +DiDiϕA +Dρ(lnα)DρϕA . (8.61)
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Then, since T = S − ρ, the scalar field equation takes the form
LnKAϕ = KKAϕ −
1
2
DiD
iϕA − 1
2
DiϕADi(lnα)− 1
2
γACD
(
DiϕCDiϕ
D − 4KCϕKDϕ
)
+
1
2
γAB
∂V
∂ϕB
− 2piG?γAB ∂ logA
∂ϕB
(S − ρ) . (8.62)
8.4.3 3 + 1 equations for 2-sphere and 2-hyperboloid
Let us now specialize to scalar fields living in a two-dimensional target space with
maximal symmetry and positive or negative curvature, i.e. a sphere or hyperboloid. For
simplicity we also assume a vanishing potential (V ≡ 0). As discussed in Appendix H, the
sphere and hyperboloid are both described in stereographic coordinates by the metric
γAB = F
 1 0
0 1
 , (8.63)
with
F (Z,W ) ≡ r
4
[(Z2 +W 2)/4 + r2]2
. (8.64)
Here ϕA = (Z,W ), and r2 is positive (negative) for the sphere (hyperboloid). The Christoffel
symbols (see Appendix H) are
γZAB =
1
Z2 +W 2 + r2
 −2Z −2W
−2W 2Z
 , γWAB = 1Z2 +W 2 + r2
 2W −2Z
−2Z −2W
 ,
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and Einstein’s equations can be written as
(3)R +K2 −KµνKµν = 2γAB
[
DiϕADiϕ
B + 4KAϕK
B
ϕ
]
+ 16piG?ρ
= 2F
[
DiZDiZ +D
iWDiW + 4(K
2
Z +K
2
W )
]
+ 16piG?ρ , (8.65)
Dj(K
ij − hijK) = 4γABDiϕAKBϕ + 8piG?ji
= 4F (DiZKZ +D
iWKW ) + 8piG?j
i , (8.66)
LnKij =−DiDj(lnα) + (3)Rij +KKij − 2KikKkj
− 2γABDiϕADjϕB + 4piG? [hij(S − ρ)− 2Sij]
=−DiDj(lnα) + (3)Rij +KKij − 2KikKkj
− 2F (DiZDjZ +DiWDjW ) + 4piG? [hij(S − ρ)− 2Sij] . (8.67)
Finally, the scalar field equations are
LnKZ = KKZ − 1
2
DiD
iZ − 1
2
DiZDi(lnα)− 1
2
γZCD(D
iϕCDiϕ
D − 4KCϕKDϕ )
= KKZ − 1
2
DiD
iZ − 1
2
DiZDi(lnα) +
1
Z2 +W 2 + r2
× [(ZDiZDiZ − ZDiWDiW + 2WDiZDiW)
−4 (ZK2Z − ZK2W + 2WKZKW )]− 2piG?F−1∂ logA∂Z (S − ρ) , (8.68)
LnKW = KKW − 1
2
DiD
iW − 1
2
DiWDi(lnα)− 1
2
γWCD(D
iϕCDiϕ
D − 4KCϕKDϕ )
= KKW − 1
2
DiD
iW − 1
2
DiWDi(lnα) +
1
Z2 +W 2 + r2
× [(−WDiZDiZ +WDiWDiW + 2ZDiZDiW)
−4 (−WK2Z +WK2W + 2ZKZKW )]− 2piG?F−1∂ logA∂W (S − ρ) , (8.69)
where we used the expressions of the Christoffel symbols given in Appendix H.
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8.5 Discussion and conclusions
In this chapter we have barely scratched the surface of the potentially rich phe-
nomenology of gravitational theories with multiple scalar fields. Several important issues
should be addressed in follow-up work. First of all, it is important to compute experimental
bounds on the parameters β0, |β1|, r, |α| and argα− 12 arg β1 that follow from binary pulsar
timing [51, 169]. The quadrupole-order scalar and tensor radiation in TMS theories was
computed in [117], but it is unclear whether the formalism of [117] is applicable to the theo-
ries that we have studied due to the discontinuity at |α| = 0. In any case, drawing exclusion
diagrams in the multidimensional phase space of the theory would require extensive stellar-
structure calculations, that will be presented in future work. Preliminary results suggest
that the target-space curvature radius r enters the gravitational-wave flux (at least formally)
at high post-Newtonian order, and therefore it is quite likely that r will be poorly con-
strained by binary pulsars. This opens the possibility of interesting new phenomenology in
the sensitivity window of advanced Earth-based gravitational-wave detectors. Furthermore,
it is unclear whether binary pulsar observations will constrain β0, |β1|, or some combination
thereof, and the parameter argα− 1
2
arg β1 (which according to our preliminary results plays
a crucial role in “biscalarization”) is presently unconstrained.
In this chapter we have mainly presented various formal developments, but also some
new physical results, which in our opinion are representative of the behavior of a wide class
of TMS theories:
1. In theories with α = 0, GR solutions co-exist with scalarized solutions but (besides
the case of O(2)-symmetric theories with β1 = 0) we could not find any “biscalarized”
solution for any value of β0. In other words, in this case either the real or the imaginary
part of the complex scalar field scalarizes but not both, and the O(2) symmetry of the
β1 = 0 case is broken.
2. The α 6= 0 case is dramatically different. In this case – even when |α| is small enough
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to be compatible with Solar System constraints – biscalarized solutions exist, and their
existence depends quite critically on the value of argα− 1
2
arg β1. These solutions seem
to exist quite generically in the complex-α plane, but their properties strongly depend
on the values of β0 and |β1|.
These results were obtained through extensive numerical searches. However, given the
large dimensionality of the parameter space, we cannot exclude the existence of other solu-
tions which were not found in our initial searches. An approximate analytical model which
supports our results and a more detailed analysis of biscalarization will be presented else-
where [222].
Some obvious extensions of the present results concern the study of rotating NSs in
TMS theory (generalizing [119, 425, 153, 353]) and of the universal relations valid for NSs
in general relativity [514, 515], which may or may not hold in this theory. Another possible
extension is to relax the assumption of a vanishing potential in the action, i.e. to consider
the multi-scalar generalization of massive Brans-Dicke theory [14, 52], and investigate the
effect of the scalar field masses on the structure of scalarized NSs. The use of more realistic
equations of state is pivotal in confronting TMS theory predictions on the evolution of
binary pulsars with observations. Furthermore, we hope that the 3 + 1 split worked out in
Section 8.4 will encourage other research groups to perform numerical simulations in TMS
theories. This may lead to studies of phenomenological interest, such as investigations of
dynamical multi-scalarization in neutron star binaries and evolutions of binary black-hole
systems in the presence of non-trivial scalar field backgrounds.
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CHAPTER 9
SLOWLY-ROTATING BLACK HOLE SOLUTIONS IN HORNDESKI GRAVITY
9.1 Introduction
GR has passed all experimental tests in the Solar System and in binary pulsars with
flying colors [499]. Current observations mostly probe the weak-field/slow-motion regime of
the theory (with the exception of binary pulsars, where the orbital motion is nonrelativistic
but the individual binary members are compact objects), and some of the most interesting
strong-field predictions of GR are still elusive and difficult to verify. Observational and the-
oretical issues with Einstein’s theory – including the dark matter and dark energy problems,
the origin of curvature singularities and the quest for an ultraviolet completion of GR –
have motivated strong efforts to develop modified theories of gravity which differ from GR in
the infrared and ultraviolet regimes, while being consistent with the stringent observational
bounds at intermediate energies [51]. The search for unambiguous signatures of modifica-
tions of GR in the strong-gravity regime is a major goal of several research fields, including
cosmology [107], “standard” electromagnetic astronomy [376], and Earth- and space-based
gravitational-wave astronomy [526, 174].
In this chapter we consider a class of modifications of GR known as Horndeski grav-
ity [225]. This is the most general ST theory with a single scalar yielding second-order field
equations for the metric and the scalar field (see e.g. [117, 221] for tensor-multiscalar the-
ories, and [347, 97] for multiscalar versions of Horndeski gravity). All the terms present in
the action of Horndeski gravity have been shown to be originating from Galileons, i.e. ST
models having Galilean symmetry in flat space-time [332]. “Generalized Galileon” theories
in curved space-time in any number of dimensions were studied in [131], and shown to be
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equivalent to Horndeski gravity in four dimensions in [254]. Furthermore, Horndeski gravity
can be shown to emerge from a Kaluza-Klein compactification of higher-dimensional Love-
lock gravity (see e.g. [94] for an introduction to this topic, and for a discussion of the relation
between exact solutions in Lovelock and Horndeski gravity).
The equations of motion of Horndeski gravity can be derived from the action
S =
5∑
i=2
∫
d4x
√−gLi , (9.1)
where
L2 = G2 , (9.2)
L3 = −G3φ , (9.3)
L4 = G4R +G4X
[
(φ)2 − φ2µν
]
, (9.4)
L5 = G5Gµνφµν − G5X
6
[
(φ)3 + 2φ3µν − 3φ2µνφ
]
. (9.5)
Here gµν is the metric tensor, g ≡ det(gµν), and R and Gµν are the Ricci scalar and the
Einstein tensor associated with gµν , respectively. We have introduced the functions Gi =
Gi(φ,X), which depend only on the scalar field φ and its kinetic energy X = −∂µφ∂µφ/2, and
we use units such that the reduced Planck mass m2Pl = (8piG)
−1 = 1. For brevity we have
also defined the shorthand notation φµ...ν ≡ ∇µ . . .∇νφ, φ2µν ≡ φµνφµν , φ3µν ≡ φµνφναφµα
and φ ≡ gµνφµν . Horndeski theories are an interesting phenomenological playground for
strong-field gravity because they include as special cases all dark energy and modified gravity
models with a single scalar degree of freedom:
(1) the GR limit corresponds to G4(φ,X) = 1/2, with G2 = G3 = G5 = 0;
(2) when the only nonzero term is G4(φ,X) = F (φ) we recover a ST theory with nonmin-
imal coupling of the form F (φ)R, and therefore Brans-Dicke theory and f(R) gravity
are special cases of Horndeski gravity;
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(3) Einstein-dilaton-Gauss-Bonnet (EdGB) gravity, i.e. a theory with action
S =
∫
d4x
√−g
(
1
2
R +X + ξ(φ)R2GB
)
, (9.6)
where R2GB = R
2 − 4RµνRµν +RαβγδRαβγδ is the Gauss-Bonnet invariant, corresponds
to setting
G2 = X + 8ξ
(4)X2(3− lnX) , (9.7)
G3 = 4ξ
(3)X(7− 3 lnX) , (9.8)
G4 =
1
2
+ 4ξ(2)X(2− lnX) , (9.9)
G5 = −4ξ(1) lnX , (9.10)
where Rαβγδ and Rµν are the Riemann and Ricci tensors, and we have defined ξ
(n) ≡
∂nξ/∂φn [254];
(4) a theory with nonminimal derivative coupling of the form
S =
∫
d4x
√−g [ζR + 2ηX + βGµνφµφν − 2Λ0] (9.11)
(see e.g. [466, 403, 177, 178, 190] for cosmological studies of this type of action) corre-
sponds to the following choice1 of the coupling functions [252]:
G2 = −2Λ0 + 2ηX , (9.12)
G4 = ζ + βX , (9.13)
G3 = G5 = 0 , (9.14)
where Λ0, η, ζ and β are constants;
1A coupling of the form Gµνφµφν can also be obtained by setting G5 = −φ and integrating by parts.
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(5) the Lagrangian L2 corresponds to the k-essence field [23, 22, 13] (and therefore part of
the literature uses a different notation, where G2 is denoted by K);
(6) the covariant Galileon of Ref. [132] is recovered by settingG2 = −c2X, G3 = −c3X/M3,
G4 = M
2
Pl/2− c4X2/M6 and G5 = 3c5X2/M9, where the ci (i = 2, . . . , 5) are constants
and M is a constant with dimensions of mass.
In this chapter we are interested in BH solutions in Horndeski gravity. As one of
the most striking strong-field predictions of GR, BHs are ideal astrophysical laboratories to
test gravity in the strong-field regime. Various authors explored nonrotating BH solutions
in special classes of Horndeski gravity. Rinaldi [389] studied BH solutions in theories with
a nonminimal derivative coupling to the Einstein tensor of the form Gµνφµφν . Minamit-
suji [321] and Anabalon et al. [15] found more general solutions by adding a cosmological
constant. Kobayashi and Tanahashi [252] studied BH solutions in a subclass of Horndeski
theories that is both shift symmetric (i.e., symmetric under φ→ φ+c, with c a constant) and
reflection symmetric (i.e., symmetric under φ → −φ). Under these assumptions, the only
nonzero terms in the action are L2 and L4. Theories with nonminimal derivative coupling
are both shift and reflection symmetric, and therefore they are a subclass of the theories
considered in Ref. [252].
The nonrotating BH solutions found in the works listed above either reduce to the
Schwarzschild solution or are not asymptotically flat. This is a consequence of the no hair
theorem by Hui and Nicolis [229], which states that vacuum, static, spherically symmetric,
asymptotically flat BHs have no-hair in Horndeski theories with shift symmetry. As pointed
out by Sotiriou and Zhou [446, 447] the theorem actually has a loophole: asymptotically
flat solutions can exist for theories of the EdGB type with ξ(φ) = φ (these theories are still
shift symmetric, because the Gauss-Bonnet combination is a topological invariant). The
solutions found in Refs. [446, 447] are effectively special cases of the nonrotating EdGB BH
solutions studied by Kanti et al. [243], that were subsequently generalized to slow rotation in
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Refs. [356, 28, 305] and to rapid rotation in Refs. [249, 247]. Other possibilities to violate the
no-hair theorems include adding a time dependence to the scalar (but not to the metric), as
in the solution proposed by Babichev and Charmousis [29], or considering biscalar extensions
of Horndeski gravity [97]. Reference [30] extended the solutions in [29] to the charged case,
allowing for a coupling of the derivative of the scalar field to the energy-momentum tensor of
the Maxwell field. Reference [261] argued that a phase transition to charged hairy BHs can
be realized through a nonminimal derivative coupling to the Einstein tensor; in this case,
however, the equations of motion were solved perturbatively.
The key question we address in this chapter is the following: does rotation produce
interesting violations of the no-hair theorem at leading order in a slow-rotation expansion?
In experimental terms, could we possibly observe violations of the no-hair theorem via frame-
dragging experiments? The conclusion of our analysis is that frame-dragging corrections are
exactly the same as in GR for all of the Horndeski BH solutions that we analyzed, with the
(already known) exception of BH solutions in EdGB gravity [243, 356, 446, 447, 28, 305].
We do not expect this result to hold at second order in rotation, and this will be the topic
of a follow-up study.
9.1.1 Organization of this chapter
The plan of the chapter is as follows. In Sec. 9.2 we present the equations of motion
for slowly rotating BH space-times in Horndeski gravity, and we carry out some basic sanity
checks (in particular, we check that GR and EdGB gravity are recovered in the appropriate
limits). The field equations themselves are rather lengthy, and they are listed in Appendix K
for the reader’s convenience. In Sec. 9.3 we study slowly rotating BHs in theories with a
nonminimal derivative coupling with the Einstein tensor, finding that frame-dragging cor-
rections are exactly the same as in GR. In Sec. 9.4 we provide arguments (based on the work
of Refs. [229, 446, 447]) to support this no-hair result. Finally, in Sec. 9.5 we present some
conclusions and point out directions for future work.
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9.2 The equations of motion
The equations of motion that follow from the action (9.1) can be written schematically
as Eαβ = 0 (from variations of the metric) and Eφ = 0 (from variations of the scalar field),
where
Eαβ = −gαβ
2
G2 +G2XXαβ −
[
G3XXαβφ+
1
2
gαβG3µφ
µ −G3(αφβ)
]
+GαβG4 +G4XXαβR
+G4µ
µgαβ −G4αβ +
[
G4XXXαβ − 1
2
G4Xgαβ
]
(φ2 − φ2µν) + 2φG4Xφαβ
− 2∇(α[G4Xφβ)φ] +∇µ[G4Xφµφ]gαβ + 2∇µ[G4Xφ(αφµβ)]−∇µ[G4Xφµφαβ]
− 2G4Xφβνφνα +Gµνφµν(G5XXαβ − 1
2
G5gαβ) + 2G5φ
µ
(βGα)µ −∇µ[G5φ(αGβ)µ]
+
1
2
∇µ[G5φµGαβ] + 1
2
{
RG5φαβ −RαβG5φµµ +(G5φαβ) +∇α∇β(G5φµµ)
− 2∇µ∇(α[G5φβ)µ] + gαβ[∇µ∇ν(G5φµν)−(G5φνν)]
}− 1
6
(G5XXXαβ
− 1
2
gαβG5X)[(φ)3 + 2φ3µν − 3φ2µνφ]−
1
2
{
G5X(φ)2φαβ − 2∇(α[G5X(φ)2φβ)]
+
1
2
gαβ∇µ[G5X(φ)2φµ]
}− {G5Xφµαφβσφσµ −∇σ[G5Xφ(αφµσφµβ)]
+
1
2
∇σ[G5Xφσφµαφµβ]
}
+
1
2
{
G5X(φ
2
µνφαβ + 2φφαµφµβ)−∇(β[G5Xφα)φµσφµσ]
+
1
2
gαβ∇σ[G5Xφσφµνφµν ]− 2∇µ[G5Xφφ(αφβ)µ] +∇µ[G5Xφφµφαβ]
}
, (9.15)
Eφ = G2φ +∇α(G2Xφα)−G3αα −∇α(G3Xφαφ)−φG3φ +G4φR + (φ2 − φ2µν)G4Xφ
+∇α[G4XXφα(φ2 − φ2µν)] +∇α(G4XφαR) + 2(G4Xφ)− 2∇α∇β(G4Xφαβ)
+G5φGαβφ
αβ +Gαβ5 Gαβ −
1
6
G5Xφ[(φ)3 + 2φ3µν − 3φ2µνφ] +∇α[G5XφαφµνGµν ]
− 1
6
∇α{G5XXφα[(φ)3 + 2φ3µν − 3φ2µνφ]} −
1
2
[G5X(φ)2]−∇α∇β[G5Xφµαφµβ]
+
1
2
(G5Xφ2µν) +∇α∇β(G5Xφαβφ) . (9.16)
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Here we have defined Giα ≡ ∇αGi, Xαβ ≡ δX/δgαβ, and f1(αf2β) ≡ (f1αf2β + f1βf2α)/2.
These equations apparently contain higher derivatives, but they can be shown to be of
second order using appropriate identities (cf. e.g. Appendix B of [254]).
To investigate the properties of slowly rotating BH solutions in Horndeski gravity we
follow the approach developed by Hartle [203, 204], in which rotational corrections to the
static, spherically symmetric background are introduced within a perturbative framework.
At linear order in the BH angular velocity Ω, the metric can be written in the form
ds2 = −A(r)dt2 + dr
2
B(r)
+ r2(dθ2 + sin2 θdϕ2)− 2ω(r)r2 sin2 θdtdϕ , (9.17)
where the frame-dragging function ω(r) is of order Ω.
Kobayashi et al. [250, 251] carried out a fully relativistic analysis of linear perturba-
tions around static, nonrotating, spherically symmetric backgrounds. As a preliminary step
for this perturbative analysis, they derived the equations of motion for general static, spher-
ically symmetric vacuum space-times. Here we generalize these results to the slowly rotating
case, deriving the equations of motion for the metric component ω(r). We also generalize
the analysis of Refs. [250, 251] by allowing the scalar field to depend on the radial and time
coordinates, since a nontrivial time dependence of φ allows for the existence of hairy BHs
[29]. Following Refs. [29, 252], we assume the scalar field to have the functional form:
φ = φ(t, r) = qt+ ψ(r) . (9.18)
Then the kinetic energy X is independent of t:
X = X(r) =
1
2
(
q2
A(r)
−B(r)ψ′2
)
, (9.19)
where the prime means differentiation with respect to the radial coordinate r. Then in
(9.15), Xαβ = −ψ′2δrαδrβ/2− q2/2δtαδtβ. The tt and rr components of Eq. (9.15) yield two
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equations
Ett = 0 , (9.20)
Err = 0 , (9.21)
and the scalar field equation of motion (9.16) in the background metric (9.17) is given by
Eφ = 0 , (9.22)
where the explicit form of the left-hand sides of (9.20)-(9.22) is quite lengthy, and it can
be found in Appendix K. For a static scalar field (q = 0), Eqs. (9.20)-(9.22) reproduce the
results obtained in [250, 251]; for reflection-symmetric theories, they reduce to the results
of [252].
For slowly rotating solutions at linear order in the BH angular velocity, the only
nonvanishing component of the equations of motion yields a second-order ordinary differential
equation for the variable ω(r):
Etϕ = 0 . (9.23)
Again, the explicit form of the left-hand side can be found in Appendix K.
Taken together, Eqs. (9.20)–(9.23) provide a full description of vacuum space-times at
linear order in rotation. We now consider two special cases as sanity checks of the equations
of motion.
9.2.1 General relativity
As stated in the introduction, the Einstein-Hilbert Lagrangian of GR corresponds to
setting G4 = 1/2 and all the other functions equal to zero. In this case the equation of
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motion for the function ω(r) simply reads
ω′′ +
ω′
2
(
B′
B
+
8
r
− A
′
A
)
= 0 , (9.24)
in agreement with the frame-dragging equation found by Hartle [203]. If the nonrotating
background is the Schwarzschild solution this further simplifies to
ω′′ +
4
r
ω′ = 0 . (9.25)
9.2.2 Einstein-dilaton-Gauss-Bonnet gravity
EdGB gravity [243] corresponds to the choice of Eqs. (9.7)-(9.10). If the coupling is
linear in the field – i.e. ξ(φ) = αφ as in [446, 447], so that the theory is shift symmetric –
and q = 0, we get
(8αBφ′ − r)ω′′ +
[
12αφ′B′ + 8αBφ′′ +
24α
r
Bφ′ − 4αBφ′A
′
A
+
r
2
(
A′
A
− B
′
B
)
− 4
]
ω′ = 0 .
(9.26)
If instead we use an exponential coupling of the form ξ = eφ and we set q = 0, the frame-
dragging equation becomes
ω′′
(
2
B
r2 − 2reφφ′
)
+
ω′r
B
(
8− rA
′
A
+
B′
B
r
)
− ω′eφ
[
2φ′′r + 6φ′ + rφ′
(
3
B′
B
+ 2φ′ − A
′
A
)]
= 0 , (9.27)
in agreement with the result of Ref. [356].
9.3 Nonminimal derivative coupling to the Einstein tensor
In this section we apply the formalism derived above to rotating solutions in a class
of Horndeski theories characterized by a nonminimal derivative coupling with the Einstein
tensor of the form (9.11). The theory defined by this action is invariant under both shift
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symmetry (φ→ φ+c) and reflection symmetry (φ→ −φ). Shift symmetry allows us to write
the equation of motion for the scalar field φ as a current conservation equation [29, 446, 447]:
∇µJµ = 0 . (9.28)
In particular, for the action (9.11), the conservation equation (9.28) reduces to
(ηgµν − βGµν)∇µ∂νφ = 0 . (9.29)
Moreover, following [252] we shall parametrize our solutions in terms of three auxiliary
functions:
Λ = −η
β
, (9.30)
F(X) = −−2Xβη + ζη + βΛ0
2Xβ2
, (9.31)
G(X) = 2(ζ − βX) . (9.32)
Using this parametrization, BH configurations within this theory can be easily obtained with
the following procedure. The tt component of the equations of motion, Eq. (9.20), leads to
the equation
−2A(r)
2
q2rG
d
dr
[XG(1− r2F(X))] = 0 , (9.33)
which can be integrated with the solution
XG2(X)[1− r2F(X)] = C , (9.34)
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where C is a constant. Equation (9.34) determines X(r) algebraically. Then the metric
function A(r) can be found by solving Eq. (9.21), which yields
(rA)′ =
q2
2X
1− r2Λ
1− r2F(X) . (9.35)
Finally, the metric function B(r) can be found from Eq. (9.28):
B(r) =
2X
q2
[1− r2F(X)]A(r) . (9.36)
With the choice (9.30), the frame-dragging equation for ω(r) has a particularly simple form:
Gω′′ + ω′
[
GXX + 1
2
(
8
r
− A
′
A
+
B′
B
)
G
]
= 0 . (9.37)
As an extension of Ref. [252], we now consider nonrotating BH solutions of Eqs. (9.34)-
(9.36) in different subcases and investigate the slow-rotation corrections predicted by Eq. (9.37)
for each of these solutions.
Case 1: F = 0. One possibility to satisfy Eq. (9.34) is to impose F(Xf ) = 0, where
following the notation of [252] we define Xf to be the value of X for which F(Xf ) = 0, and
C = XfG2(Xf ). In this case, the metric components and the scalar field read
A(r) =− µ
r
+
q2
2Xf
(
1 +
η
3β
r2
)
, (9.38)
B(r) =
2Xf
q2
A(r) , (9.39)
ψ′(r)2 =
q2 − 2XfA(r)
A(r)B(r)
, (9.40)
where µ is an integration constant.
With a rescaling of the time variable q2 = 2Xf , Eqs. (9.38)-(9.40) represent a BH
solution with an effective cosmological constant Λ = −η/β and a nontrivial profile for the
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scalar field. Replacing this solution into Eq. (9.37) we find that ω(r) satisfies the same
equation (9.25) as in GR. The standard solution of this equation is
ω = c1 +
c2
r3
, (9.41)
where c1 and c2 are integration constants which can be fixed by imposing appropriate bound-
ary conditions.
Case 2: G = 0. Another class of solutions of Eq. (9.34) corresponds to choosing G(XG) = 0.
In this case, from Eq. (9.37) we see that the coefficients of both ω′′ and ω′ vanish, and there
are no corrections at linear order.
Case 3: q = 0. Finally, we consider the case in which the scalar field is time independent
(q = 0). Integration of the equations of motion for A(r) and B(r) leads to [321]
A(r) =
1
12βζ2η2r
{
r(ζη − βΛ0)
[
ζη
(
9β + ηr2
)
+ βΛ0
(
3β − ηr2)]− 24βζ2η2µ}
+
√
β(βΛ0 + ζη)
2 arctan
(√
ηr√
β
)
4ζ2η5/2r
, (9.42)
B(r) =
4ζ2 (β + ηr2)
2
(2βζ − βΛ0r2 + ζηr2)2
A(r) , (9.43)
where again µ is an integration constant, while for the scalar field we obtain:
ψ′(r)2 = −(βΛ0 + ζη) [r
3(ζη − βΛ0) + 2βζr]2
4βζ2 (β + ηr2)3A(r)
. (9.44)
Replacing the former expressions into Eq. (9.37), we find that the frame-dragging function
ω(r) satisfies once again the same equation (9.25) as in GR.
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9.4 Why the baldness?
The no-hair theorems for static, spherically symmetric BHs proved in Refs. [229, 446,
447] rely crucially on shift symmetry, which allows us to write the equation of motion for
φ as the conservation equation (9.28). In this section we discuss how these theorems can
be generalized to the case where we consider first-order rotational corrections and time-
dependent scalar fields of the form (9.18). In this case, we can show that the nontrivial
components of Jµ are given by
Jr = Bψ′
[
−G2X + Bψ
′
2
(
A′
A
+
4
r
)
G3X +
2B
r
(
A′
A
+
B − 1
Br
)
G4X
−2B
2ψ′2
r
(
A′
A
+
1
r
)
G4XX − Bψ
′
2r2
A′
A
(3B − 1)G5X + A
′
A
B3ψ′3
2r2
G5XX
]
+
q2
A
Bψ′
[
2B
r
A′
A
G4XX − B
2ψ′
2r2
A′
A
G5XX
]
+
q2
A
[
−B
2
A′
A
G3X +
B
2r2
A′
A
(B − 1)G5X
]
, (9.45)
A
q
J t = G2X −
[
Bψ′′ +
B
2
(
B′
B
+
A′
A
+
4
r
)
ψ′
]
G3X − 2
r
(
B′ +
B − 1
r
)
G4X +
2B2ψ′
r
[2ψ′′
+
(
B′
B
+
A′
A
+
1
r
)
ψ′
]
G4XX +
B
r2
[
(B − 1)ψ′′ + 1
2
(
A′
A
B − B
′
B
− A
′
A
+ 3B′
)
ψ′
]
G5X
− B
3ψ′2
2r2
[
2ψ′′ +
(
A′
A
+
B′
B
)
ψ′
]
G5XX
= − J
r
Bψ′
− 2A
r
[(
G4X − Bψ
′
2r
G5X
)(
B
A
)′
+
(
2G′4X +
Bψ′
2r
G′5X −
G′5
2rψ′
)
B
A
− 1
2Aψ′
(
rG′3 +
G′5
r
)]
. (9.46)
For shift-symmetric theories, Gi = Gi(X). These expressions can be used to extend the
no-hair theorems of Refs. [229, 446, 447] to the cases considered in this chapter.
For clarity and completeness, let us begin with a short summary of the original proof
given in [229] (with the amendments of Refs. [446, 447]).
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9.4.1 The no-hair theorem for nonrotating black holes with a time-independent scalar field
The no-hair theorem of Ref. [229] applies to static, spherically symmetric, asymptot-
ically flat solutions in shift-symmetric theories. It consists of the following line of reasoning:
1. Assuming that the scalar field ψ(r) has the same symmetries as the metric (the
time-dependent scalar field of [29] obviously violates this first assumption), the only
nonvanishing component of Jµ for a spherically symmetric background is Jr, i.e.
Jµ = (Jr, 0, 0, 0).
2. Given a spherically symmetric space-time, defined by the line element (9.17) with
ω(r) = 0, we require J2 = JµJµ to remain finite at the horizon rh. Since
J2 =
(Jr)2
B
(9.47)
5 and B → 0 for r → rh, this regularity condition implies that Jr = 0 at the horizon.
3. For a spherically symmetric space-time, the conservation equation (9.28) reduces to
1√−g∂µ(
√−gJµ) = ∂rJr + 2
r
Jr = 0 , (9.48)
which can be easily integrated. The solution is Jrr2 = K, where K is an integration
constant. At the horizon the areal radius r cannot be zero. This implies that K = 0,
and therefore that
Jr = 0 ∀ r . (9.49)
4. The current Jr can be schematically written as
Jr = Bψ′F (g, g′, g′′, ψ′) , (9.50)
where F is a generic function of the metric, its first and second derivatives, and ψ′.
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At spatial infinity, asymptotic flatness implies that B → 1 and ψ′ → 0, while F tends
to a nonzero constant. This last condition is dictated by the requirement that the
scalar field’s kinetic energy should have the standard form: in the weak-field limit, the
action contains a term that is quadratic in the field derivatives and Jµ → ∂µφ, up to
an overall constant of normalization. If we now move “inward” towards the horizon,
by continuity F and B will still be nonzero, and therefore Jr 6= 0, which contradicts
Eq. (9.49). This contradiction can be avoided if ψ′ = 0 for any choice of r, which fixes
ψ = constant or (without loss of generality, since the theory is shift symmetric) ψ = 0.
Hui-Nicolis
Jr = Bφ′F (g, g′, g′′, φ′)
Jr = 0, ∀ rBabichev-Charmousis Sotiriou-Zhou
F (g, g′, g′′, φ′) = 0
φ′ 6= 0 ∀ r
To keep J2 finite
at the horizon it
must acquire a
time dependence.
φ(t, r) = qt+ ψ(r)
Jr = φ′F1(g, g′, g′′, φ′) + F2(g, g′, g′′)
r →∞, φ′ = 0, Jr = 0
r <∞, φ′ 6= 0, Jr = 0
The condition Jr = 0
yields a nontrivial
functional form for φ.
Evade No-HairEvade No-Hair
Figure 9.1: Hair (and its absence) in Horndeski gravity. A schematic representation of the
Hui-Nicolis no-hair theorem for shift-symmetric Horndeski gravity, and two possible ways of
violating it (adapted from Ref. [418]).
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Sotiriou and Zhou [446, 447] pointed out a loophole in the last step of this proof. For
Horndeski gravity theories with shift symmetry, the conserved current can be written as
Jr = −BG2Xψ′ + B
2ψ′2
2
(
A′
A
+
4
r
)
G3X +
2B2ψ′
r
(
A′
A
− 1
Br
+
1
r
)
G4X
− 2B
3ψ′3
r
(
A′
A
+
1
r
)
G4XX − B
3ψ′2
2r2
A′
A
(
3B − 1
B
)
G5X +
A′
A
B4ψ′4
2r2
G5XX . (9.51)
Depending on the particular form of the coupling functions Gi we have essentially two op-
tions:2
(a) Jr depends linearly on ψ′. This is the case considered in Ref. [229], for which F →
−G2X as r →∞.
(b) Jr contains terms which are independent of ψ′, but no negative powers of ψ′.
This second case represents a loophole for the no-hair theorem of Ref. [229]. Indeed, in this
case the asymptotic behavior of F is not trivially determined.
This is illustrated most clearly by looking at two specific examples: EdGB gravity
and theories with nonminimal derivative coupling to the Einstein tensor.
In the first case the conserved current reduces to
JrEdGB = −Bψ′ − 4α
A′B(B − 1)
Ar2
, (9.52)
where we specialized to a linear coupling function ξ(φ) = αφ in Eq. (9.6), so that the
theory becomes shift symmetric (recall that the Gauss-Bonnet combination is a topological
invariant). The current (9.52) contains a term independent of ψ′ as in case (b) above,
corresponding to the loophole pointed out in Refs. [446, 447]. The current vanishes at
infinity, but for smaller radii the choice of F is nontrivial and leads to scalar hair growth.
2A third case where Jr contains negative powers of ψ′ can be excluded because it generally corresponds to
theories that would not admit flat space with a trivial scalar configuration as a solution, leading to violations
of local Lorentz symmetry [447].
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For the nonminimal derivative coupling theory we have instead
JrGg = Bψ
′
[
−2η + 2B
r
(
A′
A
− 1
Br
+
1
r
)
β
]
. (9.53)
This expression for the current falls into case (a) above. The current depends linearly on
ψ′, F → −2η for r → ∞, and F stays finite even at finite radii by continuity, as required
by the arguments of [229], so we are forced to set ψ′ = 0 and ψ is a constant, which can be
set to zero. Asymptotic flatness was of course a key ingredient in these arguments. Hairy
solutions in theories with nonminimal derivative coupling are not asymptotically flat (see
e.g. [389, 321, 15]).
Our discussion on the argument behind the proof of the no-hair theorem and its
loopholes is summarized in Fig. 9.1.
9.4.2 Extension to slow-rotation and time-dependent scalar fields
What is crucial for the present work is that the arguments above apply also to rotating
BH solutions at linear order in rotation. This is because, as argued in Ref. [446], the scalar
field φ (like all scalar quantities) is affected by rotation only at second order, and therefore
the expression (9.45) for the current Jr remains unchanged at linear order. Similarly, Jθ is
still equal to zero at linear order. The component Jϕ acquires a nonzero value proportional
to the BH angular momentum; however Jϕ is independent of ϕ, and therefore it does not
contribute to the current conservation equation (9.28).
At first sight, the fact that no-hair theorems still hold true at linear order in rotation
even for time-dependent scalar fields may be surprising. However this no-hair property
can be proved through a simple extension of the arguments valid for static, nonrotating
solutions. Let us extend the original argument to theories with time-dependent scalar fields
of the form (9.18):
1. When φ has the form (9.18) the current has a nonzero time component, i.e. Jµ =
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(Jr, 0, 0, J t), and its norm becomes
J2 =
(Jr)2
B
− (J t)2A . (9.54)
2. By imposing regularity at the horizon, where A→ 0, B → 0, we conclude that Jr → 0
as r → rh. This is true as long as J t does not diverge in the limit r → rh, i.e., as long
as the quantity in square brackets in the last line of Eq. (9.46) is finite. For reflection-
symmetric theories (G3 = G5 = 0), this latter requirement simplifies to the condition
that (B/A)′ should be finite [252].
3. In principle, the current conservation equation (9.48) acquires an extra term because
J t 6= 0:
∂rJ
r +
2
r
Jr + ∂tJ
t = 0 . (9.55)
However Eq. (9.46) shows that in the present case J t is independent of time, so this
term vanishes: ∂tJ
t = 0. Following the reasoning below Eq. (9.48), we conclude
that Jr = 0 for all r even for scalar fields with a linear time dependence. Note that
for a time-dependent scalar field, in general, the tr component of the gravitational
equations Etr = 0 may be nontrivial, indicating the existence of an energy flux in the
radial direction. However Ref. [30] showed that, for the linear-in-time ansatz (9.18),
Etr is proportional to Jr under the assumptions of diffeomorphism invariance and shift
symmetry. Therefore the condition Jr = 0 always ensures that Etr = 0: the linear time
dependence (9.18) does not give rise to an energy flux in the radial direction.
4. The current (9.45) has the form (9.50), where F (g, g′, g′′, ψ′) is an unspecified function.
This allows us to borrow in its entirety the reasoning of Ref. [447]. We can exclude cases
where Jr contains negative powers of ψ′. When all terms in Jr contain positive powers
of ψ′, ψ′ = 0 for all r and the no-hair theorem of [229] applies. The only exception
is the case where Jr contains one or more terms with no dependence on ψ′, but no
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terms with negative powers of ψ′; and then, following Sec. IIB of [447], shift symmetry
and Lovelock’s theorem imply that the action must contain a term proportional to the
Gauss-Bonnet invariant.
This generalized no-hair theorem can be used to justify the absence of corrections
to GR at linear order that we found in Sec. 9.3. For a theory with nonminimal derivative
coupling to the Einstein tensor, the nonzero components of the current can be obtained by
specializing Eqs. (9.45)-(9.46), with the result
JrGg = Bψ
′
[
−2η + 2B
r
(
A′
A
− 1
Br
+
1
r
)
β
]
, (9.56)
A
q
J tGg = 2η +
2B
r
(
1−B
Br
− B
′
B
)
β . (9.57)
The Jr component is identical to the static case of Eq. (9.53), it does not contain any ψ′-
independent terms, and the no-hair theorem of [229] implies that asymptotically flat solutions
must be the same as GR.
In conclusion, the only no-hair violations at linear order in rotation when the scalar
field depends linearly on time and when we require asymptotic flatness can occur in one of
two cases:
(i) if the scalar field has a linear coupling to the Gauss-Bonnet invariant, or
(ii) if, as proposed in Ref. [29], the field equations of the theory guarantee that the current
vanishes identically (Jr = 0) because F (g, g′, g′′, ψ′) = 0 as a consequence of the field
equations. Note that this is only possible for special forms of the functions Gi, and
that the scalar field must then be time dependent (i.e., it must violate some of the
symmetries of the metric) in order to be regular at the horizon.
9.5 Conclusions
In this work we studied leading-order rotational corrections to a broad class of BH
solutions in Horndeski gravity. With the known exception of EdGB gravity [243, 356, 446,
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447, 28, 305], we have found that the frame-dragging function ω(r), which describes the
leading-order rotational corrections, is exactly the same as in GR for all of the Horndeski
BH solutions known in the literature. This result applies even to asymptotically flat solutions
that violate the no-hair theorems by requiring the scalar field to be time dependent (so that
the scalar field does not respect the same symmetries as the metric), as proposed in Ref. [29].
The formalism developed in this chapter can be extended in various directions. First
of all, the no-hair theorem proved in Sec. 9.4 at first order in rotation is not expected to
hold at second order, where the continuity equation will be modified. Calculations of BH
solutions at second order in rotation, along the lines of [28, 305], are already underway [304].
Even for nonrotating Horndeski BHs, studies of stability and perturbative dynamics
(as encoded in their quasinormal mode spectrum: see e.g. [50] for a review) are still in their
infancy. One of us [319] studied massless scalar field perturbations of static BH solutions
in theories with field derivative coupling to the Einstein tensor. More in general, gravita-
tional perturbations of static, nonrotating space-times can be explored using the formalism
developed in Refs. [250, 251]. The present work lays the foundations to study quasinormal
modes and look for super-radiant instabilities using the slow-rotation perturbative techniques
reviewed, e.g., in Ref. [351].
Another important extension concerns compact stars in Horndeski gravity. Slowly
rotating compact stars in EdGB gravity were studied in [355]. Cisterna et al. [104] investi-
gated compact objects in theories with a nonminimal derivative coupling of the scalar field
with the Einstein tensor. Our formalism can be extended relatively easily to study compact
stars in broader classes of Horndeski gravity, and to understand whether genuine strong-
field deviations from GR (similar to the “spontaneous scalarization” phenomena proposed
by Damour and Esposito-Fare`se [118]) can occur in some sectors of the Horndeski gravity ac-
tion, see e.g. [100] for recent work in this direction. We explore some aspects of this problem
in Chapter 10.
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CHAPTER 10
NEUTRON STARS IN HORNDESKI GRAVITY
10.1 Introduction
The most recent cosmological observations are consistent with standard cosmological
models built on general relativity (GR), but they imply the presence of a mysterious late-time
acceleration phase. The late-time acceleration can be interpreted as due to the existence of
new particle sectors beyond the Standard Model, or explained by assuming that GR itself
is modified on cosmological scales. Modified gravity models differ widely in their physical
motivations, but many of them can be reformulated in terms of ST theories of gravitation;
i.e., they are mathematically equivalent to a gravitational theory whose degrees of freedom
are the metric gµν and one or more scalar fields φ. Many of the simplest dark energy
or modified gravity models – including the standard ΛCDM model – are plagued by the
cosmological constant problem (i.e., the problem of fine-tuning the potentially huge quantum
vacuum energy against the small value of the observed cosmological constant). However
some ST theories allow for a “dynamical self-tuning mechanism” in which the effects of the
cosmological constant may be compensated within the scalar field sector, so that they do
not appear in the metric, by relaxing the assumptions of Weinberg’s no-go theorem [495].
Here we will focus on one such model, called “Fab Four” gravity in the literature, which is
a special case of Horndeski’s theory.
10.1.1 Horndeski’s theory
Realistic models of dark energy or modified gravity must at the very least pass the
stringent experimental constraints on deviations from GR [498, 51] and be theoretically vi-
able. In particular, they must be free of the so-called “Ostrogradski ghost” [505]. Several
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studies led to the conclusion that the most general models with a single additional scalar de-
gree of freedom compatible with these requirements correspond to the ST theory formulated
by Horndeski about 40 years ago, whose equations of motion contain at most second-order
derivatives [225]. It was shown [254] that Horndeski’s theory is equivalent to the gener-
alization of a scalar field theory with Galilean shift symmetry in flat spacetime to curved
spacetime [131], whose action reads
S =
5∑
i=2
∫
d4x
√−gLi , (10.1)
where
L2 = G2 , (10.2a)
L3 = −G3φ , (10.2b)
L4 = G4R +G4X
[
(φ)2 − φ2µν
]
, (10.2c)
L5 = G5Gµνφµν − G5X
6
[
(φ)3 + 2φ3µν − 3φ2µνφ
]
. (10.2d)
Here gµν is the metric tensor, and g ≡ det(gµν) its determinant. The Ricci scalar and
Einstein tensor associated with gµν are denoted by R and Gµν , respectively. The functions
Gi = Gi(φ,X) depend only on the scalar field φ and its kinetic energy X = −∂µφ∂µφ/2. We
also introduced the shorthand notations φµ...ν ≡ ∇µ . . .∇νφ, φ2µν ≡ φµνφµν , φ3µν ≡ φµνφναφµα
and φ ≡ gµνφµν .
Special cases of Horndeski’s theory correspond to well-studied models of dark energy
and modified gravity, including quintessence [384, 76], k-essence [23], the Dvali-Gabadadze-
Porrati (DGP) model [157, 332], and f(R) gravity [444, 476, 107, 333]. However it is desirable
to restrict the large number of functional degrees of freedom of the action (10.1) by additional
theoretical or phenomenological requirements. For example, it is desirable to restrict the
Horndeski action to models that allow for dynamical self-tuning of the quantum vacuum
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energy. This requirement leads to the Fab Four theory.
10.1.2 Fab Four theory
Starting from the Horndeski action (10.1), Charmousis et al. [95, 96] considered ho-
mogeneous isotropic cosmological models satisfying the following requirements:
1. The theory admits the Minkowski vacuum for any value of the vacuum energy.
2. The Minkowski vacuum persists across any phase transition where the vacuum energy
changes instantaneously by a finite amount.
3. The theory admits nontrivial cosmological evolution in the presence of matter.
These requirements lead to the Fab Four action
S =
∫
d4x
√−g
(
LG[gµν , φ] + LM[gµν ,Ψ]
)
, (10.3)
where LM[gµν ,Ψ] is the Lagrangian for matter fields, collectively represented by Ψ, and
LG[gµν , φ] = Lgeorge + Lringo + Ljohn + Lpaul , (10.4)
where
Lgeorge = Vgeorge(φ)R , (10.5a)
Lringo = Vringo(φ)RGB , (10.5b)
Ljohn = Vjohn(φ)Gµν∇µφ∇νφ , (10.5c)
Lpaul = Vpaul(φ)P µναβ∇µφ∇αφ∇ν∇βφ . (10.5d)
Here
RGB ≡ RαβµνRαβµν − 4RµνRµν +R2 (10.6)
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is the Gauss-Bonnet (GB) invariant, and the four potentials Vgeorge(φ), Vringo(φ), Vjohn(φ),
and Vpaul(φ) are functions of the scalar field. The quantity
P µναβ ≡ −14δµνγδσλαβRσλγδ , (10.7)
where
δµαργνβσδ =
∣∣∣∣∣∣∣∣∣∣∣∣∣
δµα δ
µ
β δ
µ
γ δ
µ
δ
δνα δ
ν
β δ
ν
γ δ
ν
δ
δρα δ
ρ
β δ
ρ
γ δ
ρ
δ
δσα δ
σ
β δ
σ
γ δ
σ
δ
∣∣∣∣∣∣∣∣∣∣∣∣∣
, (10.8)
is the double-dual of the Riemann tensor, which shares the symmetries of the Riemann
tensor and satisfies ∇µP µανβ = 0. We assume that gµν is the Jordan frame metric, so that
the matter fields Ψ do not couple directly to the scalar field φ.
“George” reduces to GR and “Ringo” – the Einstein-dilaton-Gauss-Bonnet (EdGB)
term – becomes trivial in four dimensions when the respective potentials are constant. Com-
pact objects in these theories (George and Ringo) have been studied in detail in the existing
literature. The “John” and “Paul” terms are more crucial for self-tuning and will be the
main focus of this chapter.
The correspondence between the Horndeski Lagrangians (10.2) and the Fab Four
Lagrangians (10.5) was presented in [96], and we report it here for completeness:
G2 = 2V
′′
john(φ)X
2 − V (3)Paul(φ)X3 + 6V ′′george(φ)X + 8V (3)ringo(φ)X2
(
3− ln(|X|)), (10.9a)
G3 = 3V
′
john(φ)X −
5
2
V ′′paul(φ)X
2 + 3V ′george(φ) + 4V
(3)
ringo(φ)X
(
7− 3 ln(|X|)), (10.9b)
G4 = Vjohn(φ)X − V ′paul(φ)X2 + Vgeorge(φ) + 4V ′′ringo(φ)X
(
2− ln(|X|)), (10.9c)
G5 = −3Vpaul(φ)X − 4V ′ringo(φ) ln(|X|). (10.9d)
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10.1.3 Cosmology and black holes in Fab Four theory
Cosmological evolution in Fab Four gravity in the presence of ordinary matter and ra-
diation has been exhaustively investigated by Copeland et al. [112]. They demonstrated that
for a specific choice of the Fab Four potentials in Eq. (10.5), even if the source is dominated
by the vacuum energy and there is no explicit matter fluid, the cosmological evolution toward
the self-tuned Minkowski attractor can mimic the matter-dominated evolution corresponding
to dark matter. Moreover, Refs. [190, 21] demonstrated the existence of a self-tuned de Sitter
(dS) attractor for a certain nonlinear combination of the canonical kinetic term to the Fab
Four. References [302, 301] presented a systematic derivation of the most general subclass
of Horndeski’s theory that can allow for a spatially flat self-tuned dS vacuum. This new
subclass of Horndeski’s theory is expected to have a deep connection to the Fab Four theory,
but it was derived in an independent way and their relation remains unclear. A specific form
of John and Paul also appears in a proxy theory to nonlinear massive gravity [128], but a
close inspection of cosmological dynamics revealed that there is no de Sitter attractor in this
model [211].
A challenge to the Fab Four model is that self-tuning has been verified only for
homogeneous, isotropic cosmological backgrounds. The presence of stars and black holes
(BHs) in the Universe implies that self-tuning should still occur in the presence of local
inhomogeneities of the spacetime, such as point masses or extended self-gravitating bodies.
Whether self-tuning occurs in inhomogeneous spacetimes is a nontrivial question.
A first step towards answering this question is the investigation of BH solutions in
Fab Four theory. Most studies of BH solutions in Horndeski’s theory and Fab Four gravity
have focused on the shift-symmetric subclass of the theories. An influential work by Hui
and Nicolis [229] proved a BH no-hair theorem in Horndeski gravity. The theorem makes
the following assumptions: (i) the spacetime is static and spherically symmetric; (ii) the
scalar field shares the same symmetries as the spacetime, i.e. φ = φ(r), where r is the radial
coordinate; (iii) the theory is shift-symmetric (i.e. it is invariant under the transformation
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φ→ φ+ c, where c is a constant); and (iv) the spacetime is asymptotically flat.
Searches for hairy BH solutions followed two main routes: they either looked for
loopholes in the Hui-Nicolis theorem, or relaxed the assumptions behind the theorem. All
BH solutions found so far in Horndeski’s theory have secondary hair, i.e. the scalar charge is
not independent of other charges, such as the mass (see e.g. [213] for a review of BH solutions
with scalar hair).
Sotiriou and Zhou found a loophole in the Hui-Nicolis no-hair theorem [446, 447].
In our language, they considered the combination George+Ringo with Vgeorge = constant
and Vringo ∝ φ in Eq. (10.5b). Other authors relaxed assumption (iv), finding asymptoti-
cally anti-de Sitter (AdS) BH solutions for actions of the John type (nonminimal coupling
to the Einstein tensor) with Vjohn = constant [389, 15, 321] (see [319, 103] for a stability
analysis of BH solutions in theories of the John subclass). BH solutions that may be more
relevant for astrophysics were found by Babichev and Charmousis [29] for theories of the
George+John type, with Vgeorge and Vjohn both constant, relaxing assumption (ii). Babichev
and Charmousis introduced a linear time dependence in the scalar field that therefore does
not possess the same symmetries as the metric. However the effective energy-momentum ten-
sor remains static because of the shift symmetry. A particularly important asymptotically
flat BH solution emerging from this analysis is a “stealth” solution in the George+John class:
a Schwarzschild BH metric supports a nontrivial, regular scalar field configuration which does
not backreact on the spacetime. By adding the canonical kinetic term for the scalar field
and the cosmological constant Λ, Babichev and Charmousis also obtained a Schwarzschild-
(A)dS solution. Interestingly, the effective cosmological constant one can read off from the
Schwarzschild-(A)dS metric does not depend on Λ, and the Λ dependence appears only in
the scalar field. Therefore this solution may be interpreted as an extension of the self-tuned
dS vacuum to an inhomogeneous spacetime.
In Ref. [306], all of the above static, spherically symmetric BH solutions were general-
ized to slow rotation at leading order in the Hartle-Thorne approximation [203, 204]. For all
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of these solutions, first-order corrections due to rotation were shown to be identical to GR.
The Hui-Nicolis no-hair theorem was extended to slowly rotating BHs for which the scalar
field is allowed to have a linear time dependence. Moreover, all the spherically symmetric
solutions obtained for the John class can be naturally extended to the shift- and reflection-
symmetric subclass of Horndeski’s theory, namely theories with G2 = G2(X), G4 = G4(X),
and G3 = G5 = 0 [252].
In summary, nontrivial BH solutions in Fab Four gravity were found for the Ringo and
John subclasses. In particular, the Schwarzschild-dS solution found in the case of nonminimal
coupling with the Einstein tensor (John) can be seen as a self-tuned BH solution. On the
other hand, to our knowledge, no analytic or numerical BH solutions have been reported for
the Paul subclass. Because of the similarity between John and Paul, one may naively expect
that Paul should also allow for self-tuned, inhomogeneous vacuum solutions. This question
was partially addressed by Appleby [20], who claimed that self-tuned BH solutions would not
exist in the Paul case. This is because in a Schwarzschild-dS spacetime the Weyl components
of P µναβ and RGB terms in the scalar field equation of motion contain an explicit dependence
on the radial coordinate, and leave no redundancy in the scalar field equation of motion.
This is in contrast to the case of “John,” where the scalar field equation of motion contains
no Weyl component that could make it redundant for a Schwarzschild-dS metric. This also
hints at the absence of similar BH solutions in the non-reflection-symmetric subclass of the
shift-symmetric Horndeski theory with nonzero G3(X) and G5(X), although there are no
detailed studies of this issue.
10.1.4 Plan of the chapter
The next natural step to test whether the Fab Four model is compatible with local
inhomogeneities is to consider self-gravitating matter configurations, and in particular static
or rotating NSs (NSs). The main goal of this chapter is precisely to investigate the existence
and properties of slowly rotating NS solutions in Fab Four gravity.
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The structure and stability of rotating NSs in GR (George) is, of course, textbook
material [412, 171, 457]. In the past few years there has been significant progress in our
understanding of slowly [355] and rapidly rotating [247, 248] NSs in Einstein-dilaton-Gauss-
Bonnet gravity (Ringo), and there are also studies of stellar stability under odd-parity (axial)
perturbations in this theory [61]. Recent investigations turned to theories with nonminimal
coupling to the Einstein tensor (John) [104, 418, 105]. Here we complete and extend the
analysis of NSs in the John subclass, and we look for solutions in theories containing the
Paul term. We were unable to obtain NS solutions in theories involving the Paul term.
Apparently, Paul does not want to be a star.
This chapter is organized as follows. In Sec. 10.2 we derive the stellar structure equa-
tions at first order in a slow-rotation expansion in generic shift-symmetric Horndeski theories.
In Sec. 10.3 we specialize our analysis to each of the Fab Four subcases. In Sec. 10.5 we
summarize our findings and point out possible directions for future research. We close with
Section 10.4 discussing the relation between the moment of inertia and the stellar compact-
ness in theories of the Ringo and John subclasses. Throughout the chapter, unless specified
otherwise, we will use geometrical units (G = c = 1).
10.2 Slowly rotating stars in Fab Four theory
In this section we will consider the shift-symmetric subclass of Horndeski’s theory
that is invariant under the transformation
φ→ φ+ c , (10.10)
where c is a constant. From Eqs. (10.9), this assumption implies that Vjohn, Vpaul, and Vgeorge
must be constant, while the Ringo (EdGB) term Vringo can be a linear function of φ. For
EdGB, a constant shift in φ only adds a trivial topological invariant to the action, and
therefore it does not affect the field equations. Equations (10.4) and (10.5) represent the
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basic building blocks of our theory, which will be described by the general action
S = SG + SM , (10.11)
where SM is the ordinary action for fluid matter and SG is a combination of the Lagrangians
(10.5c)-(10.5b).
To investigate slowly rotating solutions we follow the approach described by Hartle
and Thorne [203, 204], in which spin corrections are considered as small perturbations on an
otherwise static, spherically symmetric background. In particular, at first order in the star’s
angular velocity Ω the metric can be written as
ds2 = −A(r)dt2 + dr
2
B(r)
+ r2dθ2 + r2 sin2 θdϕ2 − 2[Ω− ω˜(r)] sin2 θdtdϕ , (10.12)
where ω˜(r) is the angular velocity of the fluid as measured by a freely falling observer.
Varying the action (10.11) with respect to the metric and the scalar field we obtain
the equations of motion for gαβ and φ, respectively:
Eαβ = Tαβ , Eφ = 0 , (10.13)
where
Tαβ = (+ p)uαuβ + pgαβ (10.14)
is the energy-momentum tensor of a perfect fluid. Here  and p are the energy density and
pressure of a fluid element with four-velocity uµ = u0(1, 0, 0,Ω). The time component u0
follows directly from the normalization condition uµuµ = −1, which leads for the metric
(10.12) to u0 = 1/
√
A. The explicit form of Eαβ and Eφ can be found in the Appendix of
[306] (see [103] for a particular study in the case of John).
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Moreover, in the Jordan frame, the energy-momentum tensor is conserved:
∇µT µν = 0 . (10.15)
To close the system of equations we need to specify the equation of state (EOS) for the NS,
i.e., a relation between the pressure and energy density:
p = p() . (10.16)
Taken together, Eqs. (10.13), (10.15), and (10.16) provide the full description of a slowly
rotating star.
In this chapter we will consider three realistic EOSs, namely, APR [10], SLy4 [155]
and GNH3 [186] in decreasing order of stiffness. To facilitate comparisons with [104, 105]
we will also consider a polytropic EOS of the form p = KρΓ, with K = 123M2 and Γ = 2.
Here ρ is the mass density, related to the energy density by
 =
( p
K
)1/Γ
+
p
Γ− 1 . (10.17)
In Table 10.1 we show the radius R and compactness C ≡ M/R of nonrotating models, as
well as the moment of inertia I, for NSs with the “canonical” mass M = 1.4M constructed
using different EOS models in GR. At fixed mass, the realistic EOSs APR, SLy4, and GNH3
(in this order) yield configurations with decreasing compactness, and therefore larger moment
of inertia.
10.3 Fab Four neutron stars
In this section we discuss NSs in the four subclasses of Fab Four gravity, starting from
the simplest Lagrangians.
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EOS R (km) C I (1045g cm 2)
APR 11.33 0.182 1.31
SLy4 11.72 0.176 1.37
GNH3 14.18 0.146 1.81
Polytrope 16.48 0.125 2.28
Table 10.1: The radius R, compactness C, and moment of inertia I for a canonical NS with
mass M = 1.4M, in GR, using three different nuclear-physics based EOS models and a
Γ = 2 polytrope.
10.3.1 George (General relativity)
The George Lagrangian for shift-symmetric theories corresponds to GR, so we refer
the reader to standard treatments of rotating stars [412, 171, 457].
10.3.2 Ringo (Einstein-dilaton-Gauss-Bonnet gravity)
Nonrotating hairy BH solutions in EdGB gravity with a dilatonic coupling of the
schematic form Vringo ∼ ζeγφ were found by Kanti et al. [243]. These solutions were then
extended to slowly and rapidly rotating BHs [355, 249]. As stated in the introduction,
Sotiriou and Zhou [446, 447] pointed out that hairy BH solutions exist in shift-symmetric
EdGB theories, in violation of the Hui-Nicolis no-hair theorem (see [306] for an extension
of these results to linear order in a slow-rotation approximation). Shift-symmetric EdGB
theories can be seen as a small-field Taylor series expansion of the dilatonic coupling
Vringo ' ζ + ζγφ , (10.18)
where the constant term ζ can be neglected since it gives rise to a topological invariant at
the level of the action.
NSs in EdGB gravity with a dilatonic coupling were studied in [355, 247, 248] (see
also [61] for axial perturbations). As it turns out, the bulk properties of NSs depend only
on the combination ζγ; cf. the discussion around Eq. (29) of [355]. This is because the
value of the scalar field is typically very small within the star, and therefore the Taylor
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expansion (10.18) is an excellent approximation. For this reason, the analysis of NSs in
Ref. [355] applies also to the shift-symmetric case of interest here, and we refer the reader
to the treatment in that paper for calculations of stellar structure and observational bounds
on the product ζγ.
10.3.3 John (Nonminimal coupling with the Einstein tensor)
A more interesting case is slowly rotating compact stars in theories with a nonmin-
imal derivative coupling with the Einstein tensor, corresponding to the John Lagrangian
(10.5c) [104, 418, 105]. These theories are described by the action
SG =
∫
d4x
√−g(Lgeorge + Ljohn + LK)
=
∫
d4x
√−g
[
κR− 1
2
(βgµν − ηGµν)∂µφ∂νφ
]
, (10.19)
where LK = βX = −(β∂µφ∂µφ)/2 is a kinetic term for the scalar field, β and η are constants,
and κ = (16pi)−1. Equation (10.19) can be obtained from the Horndeski Lagrangian by
choosing
G2 = βX, G4 = κ+
η
2
X , G3 = G5 = 0 . (10.20)
We also consider a real scalar field of the form [29]
φ(r, t) = qt+ ψ(r) , (10.21)
where q is a constant scalar charge. With this choice, the field’s kinetic energy is a function
of r only:
X =
1
2
[
q2
A(r)
−B(r)ψ′(r)2
]
. (10.22)
In vacuum, the theory described by the action (10.19) leads to asymptotically AdS
black hole solutions with a nontrivial scalar field configuration [389, 321, 15, 252, 29]. How-
ever, it has recently been shown that it is possible to construct “stealth” NS models for
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which the exterior solution is given by the Schwarzschild spacetime [104].
For β = 0, the scalar field outside the star (where Tµν = 0) does not backreact on the
metric, leading to “stealth solutions”. However inside the star (where Tµν 6= 0) the scalar
field has a nontrivial effect, and the stellar structure is different from GR.
Hereafter we will focus on these stealth solutions, fixing β = 0. We recall that the
action (10.19) is invariant under shift symmetry (φ → φ + c). This allows us to write the
equation of motion for the scalar field in terms of a conserved current Jµ:
∇µJµ = 0 , (10.23)
with nonzero components given by
J t =− qη
r2κA
(rB′ +B − 1) , (10.24)
Jr =
ηB
r2κA
[A(B − 1) + rBA′]φ′ . (10.25)
We also remark that Eq. (10.23), using the line element (10.12), admits the solution
Jr =
√
B
A
C1
r2
, (10.26)
with C1 constant. In the following we will set C1 = 0, as it has been shown that this choice
is consistent with a vanishing radial energy flux, i.e., Etr = 0 [30].
Combining Eqs. (10.15), (10.25), and the (tt) and (rr) components of Eqs. (10.13), we
obtain a set of differential equations for the spherically symmetric background. Moreover,
at linear order in the angular velocity, the (tϕ) equation Etϕ − Ttϕ = 0 yields a differen-
tial equation for ω˜. In summary, a slowly rotating NS at first order in the slow-rotation
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approximation is described by the following set of equations:
A′ =
A
r
1−B
B
, (10.27)
B′ =
3q2ηB(B − 1)− A[r2− 4κ+B(4κ+ r2(+ 6p))]
r[A(4κ+ r2p)− 3q2ηB] , (10.28)
p′ =− + p
2
A′
A
, (10.29)
ω˜′′ =
4q2ηB2 − A[4B(4κ+ r2p)− r2(+ p)]
rB[A(4κ+ r2p)− q2ηB] ω˜
′ − 4A(+ p)
B[q2ηB − A(4κ+ r2p)] ω˜ , (10.30)
(φ′)2 =
r2Ap− q2η(B − 1)
ηAB
. (10.31)
Note that q and η always appear combined in the factor q2η.
Expanding all variables in a power series around r = 0, we obtain the initial values
for (A,B, ω˜, p, φ) as
A = Ac − r
2A2c(3pc + c)
3(3q2η − 4κAc) +O(r
3) , (10.32a)
B = 1 +
2
3
r2Ac(3pc + c)
(3q2η − 4κAc) +O(r
3) , (10.32b)
p = pc +
r2Ac(pc + c)(3pc + c)
6(3q2η − 4κAc) +O(r
3) , (10.32c)
ω˜ = ω˜c − 2
5
Ac(c + pc)r
2
q2η − 4Acκ ω˜c +O(r
3) , (10.32d)
(φ′)2 =
pc
η
r2 − 2q
2(3pc + c)
3(3q2η − 4κAc)r
2 +O(r3) . (10.32e)
where the subscript “c” means that the various variables are evaluated at the center of the
star. Following [104] we set Ac = 1 and chose ω˜c = 1. Given a choice of EOS, the central
pressure pc uniquely determines a NS model.
From these expansions we can obtain constraints that must be satisfied by q2η to
obtain physically acceptable solutions. If we demand that p′′(r) < 0 [136], we obtain
q2η <
4κ
3
, (10.33)
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Figure 10.1: Mass-radius curves for different EOS models, selected values of q∞, and
η = ±1. The various panels correspond to EOS APR (top left), SLy4 (top right), GNH3
(bottom left) and a polytropic (bottom right). Configurations with radii smaller than that
identified by the orange cross do not satisfy the condition (10.34). The horizontal colored
band corresponds to M = 2.01± 0.04 M, the most massive NS mass known to date [138].
Note that the various panels have different x-axis ranges.
which is automatically satisfied when η < 0, but sets an upper bound on q2η when η > 0.
On the other hand, the requirement that the derivative of the scalar field should be real, i.e.,
(φ′)2 > 0, implies
pc
η
− 2q
2(3pc + c)
3(3q2η − 4κ) > 0 . (10.34)
For η > 0 this condition is always satisfied by virtue of Eq. (10.33). However, when η < 0
we obtain a lower bound on q2 |η|, namely,
q2 |η| > 3
4pi
pc
2c − 3pc . (10.35)
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Figure 10.2: Moment of inertia I as a function of the mass M . The various panels
correspond to EOS APR (top-left), SLy4 (top-right), GNH3 (bottom left) and a polytropic
(bottom right). Configurations with masses larger than that identified by the orange cross
do not satisfy the condition (10.34).
To construct NS models we integrate the system of equations (10.27)-(10.29), sup-
plemented by the boundary conditions (10.32a)-(10.32c), from r = 0 up to the star’s radius
r = R, which corresponds to the point where the pressure vanishes, i.e., p(R) = 0. Then we
match the interior solution to the exterior Schwarzschild metric. The NS mass is obtained
by solving the system
A(R) = A∞
(
1− 2M
R
)
, A′(R) = A∞
2M
R2
, (10.36)
where A∞ is an integration constant. Then we rescale the time variable (t→ t
√
A∞) so that
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it represents the coordinate time measured by an observer at infinity. Because of the linear
dependence of the scalar field on t, we correspondingly rescale q as
q∞ =
q√
A∞
. (10.37)
The stellar structure equations depend only on the combination q2η, so we can set η = ±1
without loss of generality. The scalar field is computed from Eq. (10.31) for families of
solutions with fixed values of q∞. To facilitate comparisons with [104], here we choose these
values to be 0, 0.032, and 0.064. To obtain the solutions we apply a shooting method,
adjusting the value q in each integration until we obtain the desired value of q∞.
We also integrate Eq. (10.30) for a given ω˜c and we compute the star’s angular velocity
Ω and its angular momentum J , requiring that at the surface
ω˜(R) = Ω− 2J
R3
, ω˜′(R) =
6J
R4
. (10.38)
The moment of inertia is computed through I = J/Ω. We note that rescaling ω˜(r) by a
constant factor does not affect Eq. (10.30). Therefore, once the solution ω˜old has been found
for given initial conditions, yielding a value Ωold, a new solution ω˜new can immediately be
found via ω˜new = ω˜oldΩnew/Ωold. The moment of inertia I is independent of the star’s angular
velocity.
In Fig. 10.1 we show the mass-radius diagram for all the EOS models used in this
chapter. The polytropic case (bottom-right panel) matches the results in [104], except for
what we believe to be a mislabeling of some curves in their Fig. 2.
As pointed out in [104], the limit q∞ → 0 does not correspond to GR, and indeed
the corresponding mass-radius curves are different from those of GR (solid black lines). For
any EOS and fixed q∞, positive (negative) values of η correspond to more (less) compact
configurations. At fixed η, larger values of the scalar charge q∞ corresponds to stellar models
with larger radii. As a reference, the horizontal colored band correspond to the most massive
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η q∞ IAPR IGNH3 ISLy4
(1045g cm2) (1045g cm2) (1045g cm2)
- GR 1.31 1.81 1.37
- 0 1.28 1.80 1.35
-1 0.032 1.39 1.96 1.47
-1 0.064 1.70 2.42 1.81
1 0.032 1.17 1.64 1.22
1 0.064 - - -
Table 10.2: Moment of inertia for a NS with M = 1.4M for selected values of q∞ and for
nuclear-physics-motivated EOS models. For q∞ = 0.064 and η = 1, none of the EOS models
considered here supports NSs with M = 1.4M.
known NS, PSR J0348+0432, with M = 2.01± 0.04M [138]. When η > 0, for all values of
q∞ and EOS models considered in this chapter such massive NSs are not supported.
In Fig. 10.2 we show the moment of inertia as a function of mass for the same stellar
models and theory parameters as in Fig. 10.1. In addition, in Table 10.2 we list the values
of I for a canonical NS with mass M = 1.4M. It is interesting that some theories with
η > 0 cannot support stars with this value of the mass. As expected, deviations with respect
to GR grow as the scalar charge increases, yielding larger (smaller) moments of inertia for
η < 0 (η > 0). The relative deviation from GR can be of order 30% for q∞ = 0.064 and
η = −1.
In GR, the dimensionless moment of inertia I¯ ≡ I/M3 was recently shown to be
related to the NS compactness C by a universal relation which is almost insensitive to the
adopted EOS [71] (see [385, 272, 36, 276] for earlier studies):
I¯fit = a1C−1 + a2C−2 + a3C−3 + a4C−4 , (10.39)
where the fitting coefficients ai, i = (1, . . . , 4), are listed in Table II of [71]. This I-C relation
reproduces numerical results with an accuracy better than 3%. The observed universality is
reminiscent of the I-Love-Q relations between the moment of inertia, tidal deformability (as
encoded in the so-called Love number) and rotational quadrupole moment Q [514, 520]. The
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extension of these near-universal relations I-C relations to theories of the Ringo and John
subclasses is discussed in the Appendix.
It is natural to ask whether these stealth NS models are stable. Vacuum, static, spher-
ically symmetric solutions where the scalar field has a linear time dependence were shown
to be free from ghost and gradient instabilities under odd-parity gravitational perturbations
as long as the following conditions are met [341]:
F > 0, G > 0, H > 0, (10.40)
where
F = 2
(
G4 − q
2
A
G4X
)
= 2
(
κ+
q2∞η
4
− q
2
∞ηA∞
2A
)
, (10.41)
G = 2
(
G4 − 2XG4X + q
2
A
G4X
)
= 2
(
κ− q
2
∞η
4
+
q2∞ηA∞
2A
)
, (10.42)
H = 2 (G4 − 2XG4X) = 2
(
κ− q
2
∞η
4
)
. (10.43)
Here we have used X = q2/(2A∞) as well as Eq. (10.37), which applies to the stealth BH
solutions of [29]. For stealth BH solutions, A → 0 in the vicinity of the event horizon;
therefore the third term on the right-hand side of Eqs. (10.41) and (10.42) is the dominant
one. As a consequence FG < 0, suggesting that these solutions are generically unstable [341].
A similar argument can be applied to our stealth NS solutions. In the exterior vacuum
spacetime of the star, the metric function A, which satisfies A < A∞, remains positive and
finite. When η is positive, G is always positive as well, and the conditions F > 0 and H > 0
everywhere outside the star translate into
q2∞η < 4κ
A(R)
2A∞ − A(R) = 4κ
(
1− 2C
1 + 2C
)
, (10.44)
q2∞η < 4κ , (10.45)
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respectively, where we have used Eq. (10.36).
We have numerically confirmed that all NS models presented in Fig. 10.1 satisfy
the conditions (10.44) and (10.45) for the largest value of q∞ = 0.064 considered in this
chapter. For a typical NS the compactness is C ≈ 0.2, and the right-hand side of Eq. (10.44)
is approximately 0.035, which is much larger than our choice q20η = 0.064
2 ≈ 0.004. The
condition (10.44) will be violated only for an unrealistically compact NS with C ≈ 0.45. This
suggests that hypothetical ultracompact objects – such as Lemaitre stars [63, 183, 520] and
gravastars [354, 81, 352] – may be unstable in the presence of a stealth scalar field.
Similarly, for negative values of η, F and H are always positive, and the condition
G > 0 is satisfied everywhere outside the star if
q2∞|η| < 4κ
A(R)
2A∞ − A(R) = 4κ
(
1− 2C
1 + 2C
)
. (10.46)
We have also checked that for q∞ = 0.064 and η = −1, all NS models presented in Fig. 10.1
satisfy (10.46). In the Newtonian limit C  1, the stealth NS spacetime is stable for
q2∞η < 4κ when η > 0, and for q
2
∞|η| < 4κ when η < 0. For NSs with larger values of q2∞|η|
the exterior spacetime becomes unstable everywhere, including the Newtonian regime.
It is interesting to consider the nonrelativistic limit of theories of the John class.
Introducing the usual mass function m(r) such that B(r) = 1 − 2m(r)/r, we see that the
pressure equation retains its standard form
dp
dr
= −mρ
r2
, (10.47)
where ρ is the mass density. However the mass equation is reduced to
dm
dr
=
4pir2ρ
1− 12piq2η . (10.48)
This behavior looks reminiscent of “beyond Horndeski” theories [188, 187], where a partial
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breakdown of the Vainshtein mechanism occurs, modifying the Newtonian limit [253]. In
fact, several authors have advocated the use of this “feature” to constrain beyond Horndeski
theories using Newtonian stars or white dwarfs [395, 394, 262, 235, 392]. While those theories
modify the pressure equation (10.47), leaving the mass equation unaltered, theories of the
John subclass seem to alter the Newtonian limit in the opposite way.
However, combining Eqs. (10.47)-(10.48) and restoring the gravitational constant G
we obtain
1
r2
d
dr
(
r2
ρ
dp
dr
)
= −4piGeffρ , (10.49)
which is equivalent to the ordinary hydrostatic equilibrium equation in Newtonian gravity
with an effective gravitational constant
Geff ≡ G
1− 12piq2η . (10.50)
Therefore the nonrelativistic limit of the “John” theories considered in this section is equiva-
lent to Newtonian gravity with an effective gravitational constant Geff . Incidentally, a similar
result was found by Cisterna et al. [105] in the context of cosmology [cf. their Eq. (38)].
10.3.4 Paul (Double-dual of the Riemann tensor)
Let us now turn to NS solutions in theories containing the Paul Lagrangian (10.5d).
We start with the simplest model, given by the combination
L = Lgeorge + Lpaul
= R− 1
3
αP µναβ∇µφ∇αφ∇ν∇βφ , (10.51)
which from Eqs. (10.9) corresponds to the following choice of the functions Gi:
G2 = G3 = 0 , G4 = 1 , G5 = αX , (10.52)
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where α is a coupling parameter. As in Sec. 10.3.3, we consider a scalar field with linear time
dependence of the form (10.21). This choice is crucial for φ(r) to have a nontrivial profile.
Indeed, the nonvanishing components of the scalar current for the action (10.51) are
Jr =
α
2r2
B
A
[
q2(B − 1) + A(1− 3B)Bφ′2] A′
A
, (10.53)
J t =
qα
2r2
B
A
{
φ′
[
A′
A
(B − 1) + B
′
B
(3B − 1)
]
+ 2(B − 1)φ′′
}
. (10.54)
From the first equation we conclude that in the limit q → 0 the condition Jr = 0 implies
φ′ = 0; i.e., the scalar field must be constant. However for q 6= 0 we obtain
(φ′)2 = q2
1−B
A(1− 3B)B . (10.55)
Replacing this relation into the (tt) and (rr) components of Eqs. (10.13), we derive two
first-order equations for the metric variables A and B:
B′ =
1−B − 8pir2
r − q3α
√
1−B[AB(1−3B)]3/2
A3(1−3B)3
, (10.56)
A′ =
A3
B
1−B + 8pir2p
A2r − q3αB
√
1−B
√
AB(1−3B)
(1−3B)2
. (10.57)
Equations (10.55)-(10.57), together with a choice of EOS and the energy-momentum conser-
vation equation (10.15), which gives
p′ = −+ p
2
A′
A
, (10.58)
form a closed system of differential equations, which can be integrated by imposing suitable
initial conditions at the center of the star. These conditions can be found through a Taylor
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expansion in r,
A(r) = Ac +
r2
q6α2
A2(pc, Ac) +O(r3) , (10.59a)
B(r) = 1 +
r2
q6α2
B2(pc, Ac) +O(r3) , (10.59b)
p(r) = pc +
r2
q6α2
p2(pc, Ac) +O(r3) , (10.59c)
φ′(r) = ±
√
B2(pc, Ac)
2Ac
r
q2α
+O(r3), (10.59d)
where A2, B2, and p2 are functions of the constant parameters Ac and pc. Unlike Eqs. (10.56)
and (10.57), which reduce to GR for α→ 0 (or q → 0), the initial conditions for the metric
functions, (φ′)2, and the pressure are ill defined.
Note that such a pathological behavior is not expected in the naive α → 0 limit
of (10.56) and (10.57), because this is a “nonperturbative” effect such that the leading
behavior
√
1−B ∝ 1/α obtained from (10.59b) cancels the α terms in (10.56) and (10.57),
making the deviation from GR evident.
To better understand this issue, let us reconsider the η → 0 limit of the John action.
In that case, as we see from Eqs. (10.32a)-(10.32e), the only divergent quantity as η → 0 is
the derivative of the scalar field φ′, while all other metric and matter quantities have a finite
limit. Since we work in the Jordan frame there is no direct coupling between the scalar field
and matter. Furthermore the scalar field does not backreact on the spacetime in the stealth
exterior, and therefore a singular behavior of the scalar field does not affect the geodesics of
particles outside the star. In contrast, for the Paul case all physical quantities diverge in the
limit α→ 0, indicating a pathological behavior in the NS interior. Furthermore, at variance
with the John case, we could not find a stealth exterior solution for Paul. Our results suggest
that exterior stealth solutions for Paul do not exist under the ansatz (10.21) for the scalar
field.
We observed a similar behavior for other Fab Four theories involving the Paul term.
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We considered the following combinations:
Lgeorge + Lpaul + LK , φ(r) , (10.60)
Lgeorge + Lpaul + Ljohn + LK , φ(t, r) , (10.61)
Lgeorge + Lpaul + Lringo + LK , φ(t, r) , (10.62)
Lgeorge + Lpaul + Ljohn + Lringo + LK , φ(t, r) . (10.63)
In all of these cases the physical variables suffer from the same divergence when the coupling
parameter α of the Paul term vanishes.
Appleby [20] found that the self-tuning mechanism is not applicable for spherically
symmetric black hole spacetimes in theories of the Paul class. Our results strengthen his con-
clusions, suggesting that the Paul term does not allow for physically well-behaved compact
object solutions.
10.4 An application: EOS-independent I − C relations in Horndeski gravity
As a short application of our results, let us discuss the existence EOS-independent
relations connecting the moment of inertia and the compactness for NSs in theories of the
John and Ringo subclasses. Our approach is very similar to what was done in Section 7.7
in the context of ST theories with disformal coupling. See also our discussion of EOS-
independent relations in Chapter 2.
10.4.1 John (Nonminimal coupling with the Einstein tensor)
The behavior of I as function of q∞ can be accurately described by a simple quadratic
fit of the form
I = p0 + p1q∞ + p2q2∞ , (10.64)
where (p0, p1, p2) are constants. In the top panel of Fig. 10.3 we compare this relation
with numerical data for η = −1 (note that for this figure we have computed models with
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additional values of q∞ that were not displayed in Figs. 10.1 and 10.2 to avoid cluttering).
The bottom panel of Fig. 10.3 shows that the relative errors between the numerical data and
the fit are typically of order 0.1% or smaller.
To understand whether these relations hold also for theories of the John subclass,
we have compared our numerical data against Eq. (10.39), computing the relative error
∆I¯/I¯ = |1− I¯fit/I¯|. The results are shown in the bottom panel of Fig. 10.4. Errors are always
larger than in GR, and they can be as high as 40% for low-compactness configurations. A
similar trend is observed for the I-Love-Q relations in GR in [419]. Deviations from the
GR relation are due to the strong dependence of the star’s bulk properties on the scalar
charge q∞, which spoils the (approximate) EOS universality of the relation proposed in [71].
Therefore we conclude that a theory-independent fit would perform poorly.
It is still possible to introduce approximately EOS-independent relations for I-C at
fixed values of the theory parameters q∞ and η using the functional form given in Eq. (10.39).
The relative errors between the numerical data and these fits are shown in Fig. 10.5, and
the corresponding fitting coefficients are listed in Table 10.3. For almost all configurations
the new relations perform better than Eq. (10.39), with relative errors that can be an order
of magnitude smaller.
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Figure 10.3: The I − q∞ relations. Top panel: The moment of inertia I versus charge
q∞ for a canonical NS with M = 1.4M and η = −1, and the realistic EOSs APR, GNH3,
and SLy4. Bottom panel: Relative percentage errors between the numerical data and the
relation (10.64).
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Figure 10.4: The I¯-C relations. Top panel: I¯-C relation for different values of the scalar
charge q∞ and the realistic EOS APR (blue), GNH3 (red), SLy4 (green). The solid curve
represents the fit given by Eq. (10.39), obtained in [71]. Bottom panel: Relative errors
between the numerical data and the analytic relation. For illustrative purposes, we show the
cases q∞ = 0 and q∞ = 0.064. For the latter, deviations from GR are more dramatic.
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q∞ η a1 a2 a3 a4
0 − 0.684 0.265 −0.0062 6.87× 10−5
0.032 1 0.666 0.240 −0.00364 −2.01× 10−6
0.032 −1 0.776 0.273 −0.00809 1.64× 10−4
0.064 1 0.0654 0.348 −0.0125 1.81× 10−4
0.064 −1 0.872 0.276 −0.00574 4.53× 10−5
Table 10.3: Numerical coefficients of the new universal I-C relations, for fixed values of q∞
and η.
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Figure 10.5: Relative errors between the improved fits and the numerical data. Top panel:
q∞ = 0. Middle panel: q∞ = 0.064 and η = 1. Lower panel: q∞ = 0.064 and η = −1.
10.4.2 Ringo (Einstein-dilaton-Gauss-Bonnet gravity)
We have also investigated the I-C relations for theories of the Ringo subclass (EdGB
gravity) using the numerical data from [355]. We found that the fit proposed in [71] works
remarkably well for EdGB, with relative percentage errors . 10% for a wide range of com-
pactness. This result is complementary to the I-Q relations in EdGB obtained in [247]. We
recall, however, that our calculations are limited to slow rotation. The question of whether
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or not rapidly rotating NSs in EdGB satisfy the same I-C relations of [71] could be addressed
following the analysis of [247, 248].
10.5 Conclusions
We have presented an exhaustive study of slowly rotating NS solutions in the shift-
symmetric class of Fab Four gravity, namely, the subclass of Horndeski’s gravity that may
allow for dynamical self-tuning of the quantum vacuum energy, and for this reason has been
the subject of intense scrutiny in a cosmological context. Our main goal was to investigate
whether Fab Four gravity is compatible with the existence of relativistic stars, such as NSs.
Among the nonminimal couplings in Fab Four gravity listed in Eqs. (10.5c)-(10.5b), we
especially focused on the John (nonminimal derivative coupling to the Einstein tensor) and
Paul (nonminimal derivative coupling to the double dual of the Riemann tensor) subclasses.
This is both because George (GR) and Ringo (EdGB gravity) have been extensively studied
in the past and because Joh and Paul are the crucial terms allowing for self-tuning of the
quantum vacuum energy in cosmological scenarios.
In the case of John, if we make the assumption that the scalar field has a linear time
dependence of the form (10.21), there is a stealth solution such that the scalar field does not
backreact on the metric in the exterior, while it introduces nontrivial modifications of the
interior stellar structure with respect to GR in the stellar interior. Our results on spherically
symmetric NSs agree with previous work [104] and extend it to slowly rotating solutions. As
pointed out in [104], in the limit of vanishing scalar charge (q∞ → 0) the mass-radius curves
differ from GR. Irrespective of the chosen EOS, positive (negative) values of the coupling
constant η in (10.19) yield more (less) compact stellar configurations. For positive values of
η this fact can be used to put mild (EOS-dependent) constraints on the maximum value of
q∞; cf. Ref. [105].
We have also shown that the approximately EOS-independent relations between the
moment of inertia I and compactness C within GR break down in this theory. Therefore,
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in principle, future measurements of I could potentially constrain the value of q∞ [263]. We
also obtained improved I-C relations that depend of the value of q∞ and are accurate within
∼ 5%.
Based on stability studies in the context of BH solutions [341], we have argued that the
NS models studied here are generically stable under odd-parity gravitational perturbations.
A systematic study of stellar perturbations within theories of the John subclass is desirable,
and it could follow in the footsteps of similar studies for ST theory [438, 439, 420, 432] and
EdGB gravity [61].
Surprisingly, we also found that in all subclasses of the Fab Four and its minimal
extensions that involve Paul, not only the scalar field, but also all metric functions and the
pressure diverge at the center of the star in the small-coupling limit. Therefore “healthy”
BH and stellar solutions do not seem to exist in the shift-symmetric Paul subclass. It will be
interesting to determine whether this conclusion still holds in the absence of shift symmetry.
As a straightforward generalization of the present study, one could search for NS
solutions in Fab Four theories where the potentials (10.5c)-(10.5b) have nontrivial functional
forms, as well as in more general (non-shift-symmetric) versions of Horndeski’s theory. The
general formalism developed in [306] can be straightforwardly applied to these cases.
Barausse and Yagi [33] have recently shown that the so-called sensitivities of compact
objects [158] vanish in shift-symmetric Horndeski gravity, which includes the Fab Four class.
Consequently the dynamics of binaries involving NSs is, to leading post-Newtonian order,
the same as in GR. It would be interesting to determine whether these conclusions hold
at higher post-Newtonian orders, and whether gravitational waves can be used at all to
constrain these theories.
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APPENDIX A
DIMENSIONAL ANALYSIS OF POST-NEWTONIAN TERMS
316
In this appendix we develop an algorithm for constructing PN terms using dimen-
sional analysis techniques. Barring PN terms involving the three potentials U , E, Ω, the
available parameters for generating PN terms are {p, ρ,m, r,Π}. From these quantities plus
the gravitational constant G and the speed of light c we can build the dimensionless combi-
nation1:
Λ = pαρβmγrδΠθGκcλ , (A.1)
for a suitable choice of integers α, β, γ, δ, κ, λ (these are not to be confused with the PPN
parameters of Section 3.2). Since Π is already dimensionless, there is no a priori dimensional
restriction on θ (apart from one coming from the PN order of Λ) and therefore that factor
can be omitted in the dimensional analysis. Using the scalings
p ∼ Gmρ
r
, m ∼ ρr3 , (A.2)
we obtain the following form for Λ in terms of mass, length and time dimensions:
Λ ∼ [M ]α+β+γ−κ[L]−α+δ−3β+λ+3κ[T ]−2α−λ−2κ . (A.3)
Since Λ is required to be dimensionless, we have the three algebraic relations:
λ = −2(α + κ), κ = α + β + γ , (A.4)
and
−α + δ − 3β + λ+ 3κ = 0 . (A.5)
The first two relations simply express λ and κ in terms of the other parameters. Using them
in (A.5) we obtain
γ + δ = 2(α + β) , (A.6)
1Note that this combination is oblivious to the presence of dimensional coupling constants that might
appear in modified theories of gravity.
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which represents the true dimensional degree of freedom. It is straightforward (if tedious) to
verify that all PN terms appearing in the PPN equations of Section 3.2 are consistent with
(A.6).
All α < 0 terms are divergent at the surface and need not be considered. As we shall
shortly see, all terms with α ≥ 4 are divergent at r = 0 in both structure equations, and
therefore should be discarded. The α = 3 terms are singular in the dp/dr equation and can
be discarded by the same argument; α = 3 terms are regular in the dm/dr equation, but they
are always dominated in magnitude by the α < 3 terms, and therefore will not be presented
in detail here. Therefore our strategy hereafter is to focus on the particular cases α = 0 (no
pressure dependence) and α = 1, 2 (linear and quadratic scaling with the pressure).
A.1 Terms with α = 0
Starting with the α = 0 case we have
γ + δ = 2β . (A.7)
The resulting form of Λ in geometric units is
Λ ∼ (r2ρ)β
(m
r
)γ
. (A.8)
Formally, this combination is of order (m/r)β+γ. Therefore, we can generate N -PN terms if
β + γ = N . These are of the form
ΛN(β) ∼ (r2ρ)β
(m
r
)N−β
, (A.9)
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with β = 0,±1,±2, .... For instance, the first few 1PN and 2PN terms of this series are (we
start from β = −1 for reasons explained below):
Λ1(−1) ∼ m
2
r4ρ
, Λ1(0) ∼ m
r
, Λ1(1) ∼ r2ρ , (A.10)
Λ2(−1) ∼ m
3
r5ρ
, Λ2(0) ∼ m
2
r2
, Λ2(1) ∼ rρm . (A.11)
A.2 Terms with α = 1
The α = 1 group of terms can be obtained with the same procedure. We have
γ + δ = 2(1 + β) , (A.12)
and this leads to terms of the form
Λ ∼ r2p(r2ρ)β
(m
r
)γ
. (A.13)
Since r2p is a 2PN term, the resulting N -PN combination should take the form:
ΛN(β) ∼ r2p(r2ρ)β
(m
r
)N−2−β
. (A.14)
The first few 1PN and 2PN terms generated from this expression are:
Λ1(−1) ∼ p
ρ
, Λ1(0) ∼ r
3p
m
, Λ1(1) ∼ r
6ρp
m2
, (A.15)
Λ2(−1) ∼ pm
ρr
, Λ2(0) ∼ r2p, Λ2(1) ∼ r
5ρp
m
. (A.16)
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A.3 Terms with α = 2
Finally, we consider the α = 2 terms. The corresponding ΛN combination is,
ΛN(β) = (r
2p)2(r2ρ)β
(m
r
)N−4−β
, (A.17)
and from this we have:
Λ1(−1) ∼ r
4p2
m2ρ
, Λ1(0) ∼ r
7p2
m3
, (A.18)
Λ2(−1) ∼ r
3p2
ρm
, Λ2(0) ∼ r
6p2
m2
. (A.19)
A.4 Generic N -PN order terms and constraints.
It is now not too difficult to see that a N -PN order term with an arbitrary pα scaling
and with Π re-introduced is given by the universal formula,
ΛN(α, β, θ) ∼ Πθ(r2p)α(r2ρ)β
(m
r
)N−2α−β−θ
. (A.20)
As discussed in Section 3.3.2, different threads of reasoning lead to the constraint β ≥ −1
The first one has to do with avoiding a divergence at the stellar surface (this already has
allowed us to filter out all α < 0 terms). An inspection of the two stellar structure equations
reveals that terms with α = θ = 0 should scale as
ρΛN(0, β, 0) ∼ ρ1+β , (A.21)
in the vicinity of the surface, and therefore we ought to take β ≥ −1 in order to avoid
a surface singularity. This argument still allows for β < −1 values in the ΛN terms with
α, θ > 0, since these terms have a smoother profile as a result of the vanishing of p and Π at
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the surface.
The second thread is no more than a heuristic argument and has to do with the
expectation that for a broad family of gravity theories the solution for the metric (and its
derivatives) should scale as ∼ ( + τp)n = ρn(1 + Π + τp/ρ)n with the fluid parameters
(where τ and n are O(1) numbers). From this it follows that negative powers of ρ will come
in the form of dimensionless PN terms ∼ ρn−1(p/ρ)k, where k = n, n − 1, . . . (note that
a factor ρ has been absorbed by the Newtonian prefactor in the structure equations). As
a consequence, ρ−1 is the only possible negative power in a PN expansion. Obviously, this
argument automatically takes care of the regularity of any ΛN(α, β, θ) term at the surface.
The exclusion of all α ≥ 4 terms comes about as a consequence of regularity at the
stellar center. Near the origin (where p, ρ,Π take finite non-zero values) a ΛN(α, β, θ) term
behaves as
ΛN(r → 0) ∼ r2(N−α−θ) . (A.22)
The corresponding terms in the stellar structure equations will behave as
dp
dr
∼ ρm
r2
ΛN ∼ r2(N−α−θ)+1 , (A.23)
dm
dr
∼ r2ρΛN ∼ r2(N−α−θ+1) . (A.24)
and therefore regularity at the center dictates the following limits for each equation:
dp
dr
: 0 ≤ α ≤ N − θ , (A.25)
dm
dr
: 0 ≤ α ≤ N + 1− θ . (A.26)
We can also see that these conditions entail the following limits for θ:
dp
dr
: 0 ≤ θ ≤ N, dm
dr
: 0 ≤ θ ≤ N + 1 . (A.27)
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For the particular case of 2PN order terms we then have:
dp
dr
: 0 ≤ θ ≤ 2, 0 ≤ α ≤ 2− θ , (A.28)
dm
dr
: 0 ≤ θ ≤ 3, 0 ≤ α ≤ 3− θ , (A.29)
which shows that all α ≥ 4 terms are to be excluded and that α = 3 terms can only appear
in the mass equation.
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APPENDIX B
THE NEWTONIAN AND RELATIVISTIC LANE-EMDEN EQUATIONS
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In this appendix we review the nonrelativistic and relativistic Lane-Emden equations.
The former equation is classic textbook material (see e.g. [90]) and therefore is just sketched
here. The somewhat less familiar relativistic extension was developed by Tooper [472, 473]
and is discussed in some more details. Our definition for the polytropic EOS, i.e. p =
Kρ1+1/n, is the same as the one adopted in [473] but is different to the one used in Tooper’s
earlier paper [472], i.e. p = K1+1/n. This subtle difference, combined with the choice
between pc/ρc or pc/c (the “c” index refers to the stellar center) for the scale of the system,
leads to slightly different Lane-Emden equations.
B.1 The Newtonian Lane-Emden equation
In Newtonian gravity, one can express the hydrostatic equilibrium equation for spher-
ical non-rotating stars in terms of dimensionless parameters for the pressure, the density and
the radial coordinate. If the EOS is polytropic (i.e., according to our definition, p = Kρ1+1/n)
the equations governing the dimensionless quantities are scale-invariant, depending only on
the polytropic index n. By writing the density and the pressure as
θn ≡ ρ
ρc
, p = Kρ1+1/nc θ
n+1, (B.1)
and introducing the dimensionless radial coordinate
r = αξ, α ≡
[
(n+ 1)K
4piG
ρ−1+1/nc
]1/2
, (B.2)
the Newtonian stellar structure equations
dp
dr
= −GmN
r2
ρ, (B.3)
dmN
dr
= 4pir2ρ, (B.4)
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lead to
1
ξ2
d
dξ
(
ξ2
dθ
dξ
)
= −θn. (B.5)
This is the famous Lane-Emden equation, and its scale-invariant solutions describe all pos-
sible fluid configurations in terms of the single parameter n.
B.2 The relativistic Lane-Emden equations
Generalizing the Lane-Emden formalism to GR is a straightforward task, but this
comes at the price of losing the scale-invariance property of the Newtonian treatment. In
relativity we can define the polytropic EOS in the same way as before, where ρ is the baryonic
rest mass density. The polytropic exponent is defined as
Γ = 1 +
1
n
=
ρ
p
dp
dρ
=
+ p
p
dp
d
. (B.6)
Then the energy density  and the internal energy Π are given by
 = ρ+ np, (B.7)
which implies
Π = n
p
ρ
. (B.8)
This observation was used in the argument leading to Eq. (3.52).
We can now introduce the relativistic version of the Lane-Emden equations. In anal-
ogy with the Newtonian case we define ρ = ρcθ
n, r = aξ, and p = Kρ
1+1/n
c θn+1. The ratio
between the central pressure and the central energy density
λ ≡ pc
c
=
Kρ
1+1/n
c
ρc + nKρ
1+1/n
c
, (B.9)
is a convenient measure of the importance of relativistic effects in the system. Note that our
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definition deviates from Tooper’s [473], who prefers to use the ratio pc/ρc.
The energy density is then 5
 = ρcθ
n + nKρ1+1/nc θ
n+1 = c [1 + nλ(θ − 1)] θn. (B.10)
We now want to derive a dimensionless form of the TOV equations (3.7). The defi-
nition of the mass function mT implies
dmT
dξ
= 4pica
3[1 + nλ(θ − 1)]θnξ2. (B.11)
In terms of the dimensionless mass
m¯ ≡ mT
a3c
, (B.12)
this becomes
dm¯
dξ
= 4pi[1 + nλ(θ − 1)]θnξ2. (B.13)
From the TOV equation for the pressure we similarly obtain, after some manipulations,
dθ
dξ
= −m¯
ξ2
(1− nλ)
[
1 + (n+ 1)
λ
1− nλθ
](
1 + λ
4piξ3θn+1
m¯
)[
1− 2(n+ 1)λm¯
ξ
]−1
. (B.14)
In the present case the characteristic length scale is
a =
[
(n+ 1)Kρ−1+1/nc (1− nλ)2
]1/2
. (B.15)
At this point we would like to define dimensionless quantities that come from the
relativistic Lane-Emden equations. The central baryonic rest-mass density is related to λ as
[see Eq. (B.9)]:
ρc = K
−n`n, ` ≡ λ
1− nλ. (B.16)
The factor K−n has units of mass density (or inverse square length in geometrical units),
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therefore the dimensionless rest-mass density is
ρ¯ ≡ ρKn = `nθn. (B.17)
Similarly, the length scale a takes the form
a = Kn/2
√
(n+ 1)`1−n (1− nλ) , (B.18)
where Kn/2 has dimensions of length. The dimensionless radius is defined as
r¯ ≡ rK−n/2 =
√
(n+ 1)`1−n (1− nλ) ξ. (B.19)
The remaining dimensionless parameters are
¯ ≡ Kn =
(
`n
1− nλ
)
[1 + nλ(θ − 1)] θn, (B.20)
µ¯ ≡ mTK−n/2 =
[√
(n+ 1)`1−n (1− nλ)
]3( `n
1− nλ
)
m¯, (B.21)
p¯ ≡ pKn = `n+1θn+1, (B.22)
Π = n
p¯
ρ¯
= n `θ. (B.23)
All of the above dimensionless profiles are functions of ξ, n and λ. At variance with the
Newtonian treatment, the relativistic Lane-Emden formalism does not allow for a simple
algebraic mass-radius relation M(R). This is also related to the fact that the system is not
scale-invariant, due to the presence of λ in the equations.
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APPENDIX C
THE PPN POTENTIALS
328
The goal of this appendix is to study the behavior of the potentials U , E and Ω appear-
ing in the PPN stellar structure equations (3.9), first derived by Ciufolini and Ruffini [106].
By means of a mass function redefinition (see Section 3.2) these potentials can be eliminated
at 1PN order, but they could still appear at 2PN order and higher.
Given the 2PN precision of our calculations we can write these potentials as:
U(r) = −
∫ r
0
dr′
mN
r′2
+ U(0), (C.1a)
E(r) = 4pi
∫ r
0
dr′r′2ρΠ, (C.1b)
Ω(r) = −4pi
∫ r
0
dr′ r′ρmN, (C.1c)
where all right-hand side quantities are computed in Newtonian theory. In Eqs. (C.1), mN(r)
denotes the Newtonian mass function
mN(r) = 4pi
∫ r
0
dr′ ρr′2 = 4pimb
∫ r
0
dr′ nbr′2, (C.2)
where nb is the baryon number density. The integral quantities U , E and Ω represent the
system’s gravitational potential energy, internal energy, and gravitational potential energy
respectively [369]. They appear as dimensionless PN terms in the form of reduced potentials:
U , E/mN, Ω/mN [see Eqs. (3.9)].
The radial profiles of the three potentials inside the star can be determined by first
integrating the Newtonian hydrostatic equilibrium equations, Eqs. (B.3) and (B.4), to find
mN and p as functions of r. Using realistic EOS data tables for p(ρ) we can subsequently
compute the internal density per unit mass Π(p) and the mass density ρ(p) = mbnb(p), and
then numerically evaluate the potentials inside the star by integration.
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Figure C.1: Integral PN potentials and 1PN terms. The radial profiles of the integral po-
tentials U , E/mN and Ω/mN are well fitted by linear functions of the non-integral potentials
p/ρ and r3p/mN. In all plots, the radial coordinate is normalized to the stellar radius R.
Some insight into the nature of these potentials can be obtained by rewriting Eqs. (C.1)
in the form
U =
mN
r
+ 4pi
∫ R
r
dr′r′ρ, (C.3a)
E
mN
= Π− 1
mN
∫ r
0
dr′mN
dΠ
dr′
, (C.3b)
Ω
mN
= −mN
2r
− 1
2mN
∫ r
0
dr′
(mN
r′
)2
= 4pi
r3p
mN
− 12pi
mN
∫ r
0
dr′ r′2 p. (C.3c)
Note that the integration constant for U has been fixed by requiring U(R) = M/R at the
stellar surface, while those for E and Ω have been set to zero in order to have regularity of
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E/mN and Ω/mN at r = 0. The values of the potentials at the stellar center are:
U(0) = 4pi
∫ R
0
dr rρ,
Ω
mN
(0) = 0,
E
mN
(0) = Πc. (C.4)
From Eqs. (C.3) we can see that E/mN and Ω/mN are (partially) expressed in terms
of the non-integral 1PN terms
mN
r
, Π,
r3p
mN
. (C.5)
This suggests the possibility that the behavior of all three potentials could be captured by
linear combinations of non-integral 1PN terms. If true, this would mean that any 2PN term
involving U,E/mN or Ω/mN is effectively accounted for by the presence of the other terms
in the post-TOV formulae. For instance, this idea can be demonstrated for U and for the
special case of a polytropic system. Starting from (C.1a) and expressing mN in terms of
dp/dr, after an integration by parts and use of (B.6) we arrive at
U = (n+ 1)
(
p
ρ
− pc
ρc
)
+ U(0). (C.6)
We know that for a polytrope Π = np/ρ, which means that we can also write
U =
(n+ 1)
n
(Π− Πc) + U(0). (C.7)
For a polytropic model, therefore, U can be written exactly as a linear function of p/ρ or Π.
We have verified that U , E/mN and Ω/mN can be approximated by similar linear
functions for the case of realistic EOSs. As an illustration, in Fig. C.1 we consider a stellar
model built using the APR EOS with central mass density of 0.58× 1015 g/cm3, Newtonian
mass mN = 1.50M and radius R = 14.8 km. For this model we plot the radial profiles
of U (top panel), E/mN (middle panel) and Ω/mN (bottom panel). The figure shows that
the profiles of the three potentials can be accurately reproduced by linear combinations of
the 1PN terms in Eq. (C.5), and that U is reasonably well fit by a linear function of p/ρ,
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as suggested by (C.6). This latter fit breaks down near the surface, but with a different
combination of 1PN terms (namely, Π and r3p/mN) one can produce a near-perfect fit.
In conclusion, the addition of the integral potentials U , E/mN and Ω/mN in the 2PN
terms is unnecessary because their behavior can be captured by linear combinations of the
non-integral PN terms which are already included in the post-TOV equations (3.1).
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APPENDIX D
INTEGRAL REPRESENTATION OF THE MOMENT OF INERTIA OF A SLOWLY
ROTATING ANISOTROPIC STAR IN SCALAR-TENSOR THEORY
333
In this Appendix we present a derivation of the integral (5.29), used to compute the
moment of inertia I of slowly rotating stars in scalar-tensor theory. We begin by noting that
dΛ
dr
=
r
r − 2µ
(
1
r
dµ
dr
− µ
r2
)
, (D.1)
where Eq. (5.15) implies that Λ = −(1/2) log (1− 2µ/r) and where dµ/dr is given by
Eq. (5.20). Introducing the auxiliary variable j ≡ e−Φ−Λ we find, using Eqs. (5.21) and
(D.1), that
dj
dr
= −j
[
4piA4(ϕ)
r2
r − 2µ(˜+ p˜) + rψ
2
]
. (D.2)
Multiplying the frame dragging equation (5.24) by j and rearranging, we obtain
1
r4
d
dr
(
r4j
dω¯
dr
)
= 16piA4(ϕ)
j r2
r − 2µ(˜+ p˜)
(
1− σ˜
˜+ p˜
)
ω¯
r
. (D.3)
If we multiply by r4, integrate from r = 0 to infinity and use the fact that
j = 1 +O(r−1), and dω¯
dr
=
6 I Ω
r4
+O(r−5). (D.4)
as r →∞, we finally get Eq. (5.29).
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APPENDIX E
A SIMPLE APPROXIMATE FORMULA FOR THE CRUST THICKNESS-TO-RADIUS
RATIO OF NEUTRON STARS IN SCALAR TENSOR THEORY
335
In this Appendix we present the derivation of Eq. (6.23). Making use of Eq. (5.21),
we rewrite Eq. (5.23) as
dp˜
dr
= −(˜+ p˜)
[
4piA4(ϕ)
r2p˜
r − 2m +
1
2
rψ2 +
m
r(r − 2m) + α(ϕ)ψ
]
. (E.1)
Let us assume that the following approximations hold true in the NS crust: (i) ms ≈ M ,
and therefore e−2Λ = 1 − 2M/rs; (ii) the pressure p˜ is negligible in comparison to ˜ [402];
(iii) ϕ ≈ ϕs and ψ ≈ ψs; (iv) A(ϕ) ≈ 1. We also assume that the EOS has the polytropic
form ˜ = kp˜1/Γ, where k and Γ are constants. Then Eq. (E.1) becomes
dp˜
dr
≈ −p˜ e2Λ M
r
− ˜
[
1
2
rψ2s + α(ϕs)ψs
]
, (E.2)
where α(ϕs) = βϕs. Integrating this equation from r = rb to r = rs and imposing p˜(rs) = 0
we obtain
0 = σ +Me2Λ
(
1
rs
− 1
rb
)
− ψ2s(r2s − r2b )− α(ϕs)ψs(rs − rb), (E.3)
where we have defined σ ≡ ξp˜b/˜b and ξ ≡ Γ/(Γ − 1) (recall that the subscript b denotes
quantities evaluated at the crust basis).
We now make the additional assumption that ψ2s(r
2
s − r2b ) is negligible compared to
α(ϕs)ψs(rs − rb). We have verified this assumption by explicitly evaluating these two terms
for different stellar models: typically α(ϕs)ψs(rs − rb) is larger than ψ2s(r2s − r2b ) by at least
a factor 10. Rewriting Eq. (E.3) in terms of R we obtain the quadratic equation
0 =
βξ
σ
R2 −
[
1 +
1
σ
(C e2Λ + βζ)]R+ 1, (E.4)
where we introduced ζ = ζ(C) ≡ ϕs ψs rs, which must be obtained by interpolation, given a
family of stellar models, as a function of C. Choosing the solution of Eq. (E.4) that reduces
to the GR result (6.22) when β → 0 and defining F ≡ 1 + ( Ce2Λ + βζ ) /σ, we finally obtain
Eq. (6.23).
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APPENDIX F
EQUIVALENCE OF THE PERTURBATION EQUATIONS IN EINSTEIN AND
JORDAN FRAMES
337
Here we show that the perturbation equation (6.38) could also be obtained by starting
with the energy-momentum conservation law in the Einstein frame,
∇∗µT µν∗ − α(ϕ)T∗∇ν∗ϕ = 0.
For odd (axial) perturbations in the Cowling approximation, the perturbed Einstein-frame
energy-momentum tensor δT∗µν satisfies
∂µδT
µ
∗ν + Γ
µ
∗σµδT
σ
∗µ − Γσ∗νµδT µ∗σ − α(ϕ)δT∗∇ν∗ϕ = 0. (F.1)
Using the relation T µ∗ν = A
4(ϕ)T˜ µν – which implies δT
µ
∗ν = A
4(ϕ)δT˜ µν – and the trace relation
T∗ = A4(ϕ)T˜ , we obtain upon substitution into Eq. (F.1) that
4A3(ϕ)
A(ϕ)
dϕ
∂µδT˜
µ
ν + A
4(ϕ)
[
∂µδT˜
µ
ν + Γ
µ
∗σµδT˜
σ
ν − Γσ∗νµδT˜ µσ − α(ϕ)∂νϕ δT˜
]
= 0. (F.2)
Dividing by A4(ϕ) we recover Eq. (6.38).
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APPENDIX G
DISFORMAL INVARIANCE
339
In this appendix, we study how the physical quantities associated with properties of
a slowly-rotating star transform under disformal transformations [cf. Eq. (7.2)] introduced
in Chapter 7:
g˜µν = A
2(ϕ)
[
gµν + ΛB
2(ϕ)ϕµϕν
]
We start by writing the line elements for slowly-rotating spacetimes in the Einstein and
Jordan frames as
ds2 = −eν(r)c2dt2 + eλ(r)dr2 + r2 (dθ2 + sin2 θdφ2)+ 2 (ω − Ω) r2 sin2 θdtdφ, (G.1)
and
ds˜2 = −eν¯(r¯)c2dt2 + eλ¯(r¯)dr¯2 + r¯2 (dθ2 + sin2 θdφ2)+ 2 (ω¯ − Ω¯) r¯2 sin2 θdtdφ. (G.2)
We can relate Eqs. (G.1) and (G.2) using the disformal relation (7.2) as
eν¯ = A2(ϕ)eν , (G.3)
e
λ¯
2 dr¯ = A(ϕ)
√
χe
λ
2 dr, (G.4)
r¯ = rA(ϕ), (G.5)
ω¯ − Ω¯ = ω − Ω, (G.6)
where we recall that due the symmetries of the problem ϕ = ϕ(r). From Eqs. (G.4) and
(G.5) we get
eλ¯ =
χ
(1 + rαϕ′)2
eλ. (G.7)
340
Introducing µ and µ¯ in the Einstein and Jordan frames by
e−λ = 1− 2µ
r
, e−λ¯ = 1− 2µ¯
r¯
, (G.8)
and using Eqs. (G.5) and (G.7) we find
µ¯ = −rA(ϕ)
2
[(
1− 2µ
r
)
(1 + rα(ϕ)ϕ′)2
χ
− 1
]
. (G.9)
As it is reasonable to set ϕ0 = 0 and ϕ
′
0 = 0 at asymptotic infinity, in the class of models
considered in the text [Eq. (7.74)], A(ϕ0) = 1, α(ϕ0) = 0 and χ(ϕ0, ϕ
′
0) = 1, we find that
the ADM mass obtained from the leading-order values of µ and µ¯ at asymptotic infinity is
disformally invariant
M¯ = M. (G.10)
The energy-momentum tensors of the matter fields in the Einstein and Jordan frames
are defined by
T(m)µν = ρc
2uµuν + prkµkν + pt (gµν + uµuν − kµkν) ,
T¯(m)µν = ρ¯c
2u¯µu¯ν + p¯r¯k¯µk¯ν + p¯t
(
g¯µν + u¯µu¯ν − k¯µk¯ν
)
, (G.11)
where uµ (u¯µ) and kµ (k¯µ) are the four-velocity and unit radial vectors in the Einstein
(Jordan) frame, respectively [417]. Within the first order of Hartle-Thorne’s slow-rotation
approximation [204], in the Einstein frame
uµ =
(
1√−gtt , 0, 0,
Ω√−gtt
)
, kµ =
(
0,
1√
grr
, 0, 0
)
,
and in the Jordan frame u¯µ and k¯µ are defined in the same way as Eq. (G.12) with an
overbar. The nonvanishing components of the energy-momentum tensors in both frames are
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then given by
T(m)t
t = −ρc2, T(m)rr = pr, T(m)θθ = T(m)φφ = pt, (G.12a)
T¯(m)t
t = −ρ¯c2, T¯(m)r¯ r¯ = p¯r˜, T¯(m)θθ = T¯(m)φφ = p¯t, (G.12b)
and
T(m)φ
t =
(
ρ+
pt
c2
)
e−νωr2 sin2 θ, (G.13a)
T¯(m)φ
t =
(
ρ¯+
p¯t
c2
)
e−ν¯ω¯r¯2 sin2 θ. (G.13b)
In the Jordan frame, we then make a coordinate transformation from x¯µ = (t, r¯, θ, φ) to
xµ = (t, r, θ, φ), such that
T˜(m)µ
ν :=
∂x¯ρ
∂xµ
∂xν
∂x¯σ
T¯(m)ρ
σ. (G.14)
Introducing the components of the energy-momentum tensor T˜(m)µν as (G.12a)-(G.12b) with
a tilde, we find
ρ¯ = ρ˜, p¯r¯ = p˜r, p¯t = p˜t, (G.15)
and consequently
T¯(m)φ
t = T˜(m)φ
t. (G.16)
The components of the energy-momentum tensor in the Einstein and Jordan frames are
related by (7.23) and
T(m)φ
t = A4(ϕ)
√
χT˜(m)φ
t. (G.17)
Now, substituting Eqs. (7.23), (G.3), (G.5), (G.13a), (G.13b), (G.15) and (G.16) into Eq.
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(G.17) we find
ω¯ = ω , (G.18)
and, therefore, from (G.6)
Ω¯ = Ω . (G.19)
The angular momenta in the Einstein and Jordan frames are given by
J =
∫
drdθdφ r2 sin θe
ν+λ
2 T(m)φ
t, (G.20)
J¯ =
∫
dr¯dθdφ r¯2 sin θe
ν¯+λ¯
2 T¯(m)φ
t. (G.21)
Using again (G.3), (G.4), (G.5), (G.16) and (G.17), we find that the angular momentum is
disformally invariant
J¯ = J. (G.22)
From Eqs. (G.19) and (G.22) we find that the moments of inertia in the Einstein and Jordan
frames, I = J/Ω and I¯ = J¯/Ω¯, are also disformally invariant
I¯ = I. (G.23)
Thus all quantities associated with rotation are disformally invariant. Our arguments in
this appendix can be applied to a generic class of the Horndeski theory connected by the
disformal transformation [57].
343
APPENDIX H
SPHERICAL AND HYPERBOLOIDAL TARGET SPACES
344
In TMS theory [117], the scalar field ϕA(xµ) is an application from the space-time
manifoldM to the target-space manifold T . This target-space manifold is Riemannian, and
its metric is denoted by γAB(ϕ
C). The dimensionality of T (i.e. the number of scalar fields)
is N . Since one-dimensional manifolds are necessarily flat, the simplest non-trivial case is
N = 2. Furthermore, the simplest two-dimensional manifolds are the maximally symmetric
ones, i.e. spherical, hyperbolic and flat spaces. In these spaces, the curvature radius rˆ > 0 is
constant; the Ricci scalar is R = 2/rˆ2 for spherical space, R = −2/rˆ2 for hyperbolic space,
and R = 0 for flat space. For convenience we define r = rˆ, irˆ for spherical and hyperbolic
spaces, respectively, so that the Ricci scalar has the form R = 2/r2 in both cases.
Here we derive the expression for the target-space line element γABdϕ
AdϕB = 2γdϕdϕ¯
in terms of the complexified scalar field ϕ = Z + iW for the spherical and hyperbolic cases;
the result is Eq. (8.16) in the main text.
H.1 Spherical target space
The 2-sphere can be defined from its embedding in a three-dimensional Euclidean
space of coordinates (x, y, z) through the equation
x2 + y2 + z2 = rˆ2 . (H.1)
It can be parametrized in polar coordinates, defining ϕA
′
= (Θ,Φ), where:
x = rˆ sin Θ cos Φ, y = rˆ sin Θ sin Φ, z = rˆ cos Θ . (H.2)
The target-space metric in these coordinates is
γA′B′ =
 rˆ2 0
0 rˆ2 sin2 Θ
 . (H.3)
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This frame has undesirable features: in the flat-space limit rˆ →∞ the metric diverges, and
the kinetic term in the action (8.40) [where for simplicity we set V (Θ,Φ) = 0]
S =
1
4piG?
∫
d4x
√−g
[
R
4
− 1
2
gµν rˆ2
(
∂µΘ∂νΘ + sin
2 Θ∂µΦ∂νΦ
)]
(H.4)
diverges as well. Moreover, the polar frame is not the most suitable for numerical imple-
mentation, because it has coordinate singularities at the boundary of the open intervals
0 < Θ < pi, 0 < Φ < 2pi where the coordinate system is defined. To fix this problem we
perform a stereographic projection from the north pole of the sphere (which is the only point
of the manifold not covered by this chart) to the plane ϕA = (Z,W ) tangent to the south
pole:
Z =
2rˆ
rˆ − zx = 2rˆ
sin Θ
1− cos Θ cos Φ , (H.5)
W =
2rˆ
rˆ − z y = 2rˆ
sin Θ
1− cos Θ sin Φ . (H.6)
With this projection the equator is mapped to the circle Z2 + W 2 = 4rˆ2; the upper and
lower hemispheres are mapped to the exterior and interior of this circle, respectively, and
the north pole is mapped to infinity. Using sin Θ/(1− cos Θ) = cot(Θ/2), the complex field
ϕ = Z + iW is written in a more compact form as
ϕ = 2rˆ cot(Θ/2)eiΦ . (H.7)
In the coordinate frame ϕA = (Z,W ) the target-space metric is
γAB =
(1− cos Θ)2
4
δAB =
rˆ4
[(Z2 +W 2)/4 + rˆ2]2
δAB; (H.8)
note that (Z2 +W 2)/4+ rˆ2 = 2rˆ2/(1−cos Θ). In terms of the complex field ϕ, δABdϕAdϕB =
dϕdϕ¯, therefore γABdϕ
AdϕB = 2γdϕdϕ¯ (note that we denote γ = γab¯, because a, b can only
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take the value 1), and
γ =
1
2
(
1 +
ϕϕ¯
4rˆ2
)−2
. (H.9)
H.2 Hyperbolic target space
The two-dimensional hyperbolic space of two sheets can also be defined from its
embedding into R1,2 with coordinates (x, y, z) through the equation
−x2 − y2 + z2 = rˆ2 . (H.10)
It can be parametrized in terms of ϕA
′
= (Θ,Φ) as
x = rˆ sinh Θ cos Φ , y = rˆ sinh Θ sin Φ , z = ±rˆ cosh Θ . (H.11)
The target-space metric in these coordinates is
γA′B′ =
 rˆ2 0
0 rˆ2 sinh2 Θ
 . (H.12)
As in the case of spherical space (see above) the metric diverges when rˆ →∞, and the kinetic
term in the action diverges as well. Therefore we perform a stereographic projection from
the point at the top of the lower branch to the plane ϕA = (Z,W ) tangent to the bottom of
the upper branch. With this projection, the upper branch is mapped to the interior of the
circle Z2 + W 2 = 4rˆ2, and the lower branch is mapped to the exterior of this circle. The
stereographic mapping reads
Z =
2rˆ
z + rˆ
x = 2rˆ
sinh Θ
cosh Θ + 1
cos Φ , (H.13)
W =
2rˆ
z + rˆ
y = 2rˆ
sinh Θ
cosh Θ + 1
sin Φ . (H.14)
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for the upper branch, and
Z =
2rˆ
−z − rˆ x = 2rˆ
sinh Θ
cosh Θ− 1 cos Φ , (H.15)
W =
2rˆ
−z − rˆ y = 2rˆ
sinh Θ
cosh Θ− 1 sin Φ (H.16)
for the lower branch. The complex field ϕ = Z + iW is then ϕ = 2rˆ tanh(Θ/2)eiΦ for the
upper branch, and ϕ = 2rˆ coth(Θ/2)eiΦ for the lower branch.
In the coordinate frame ϕA = (Z,W ) the target-space metric is
γAB =
(1± cosh Θ)2
4
δAB =
rˆ4
[−(Z2 +W 2)/4 + rˆ2]2 δAB (H.17)
where the upper (lower) sign refers to the upper (lower) branch; note that −(Z2 +W 2)/4 +
rˆ2 = 2rˆ2/(1 ± cos Θ). In terms of the complex field ϕ, then, the target-space metric is
2γdϕdϕ¯ with
γ =
1
2
(
1− ϕϕ¯
4rˆ2
)−2
. (H.18)
H.3 Field equations for two-dimensional spherical and hyperbolic spaces
In summary, the expressions (H.9), (H.18) for the target-space metric in the (two-
dimensional) spherical and hyperbolic cases can be written in the form of Eq. (8.16), i.e.
γ =
1
2
(
1 +
ϕϕ¯
4r2
)−2
, (H.19)
where r = rˆ for a spherical space, and r = irˆ for a hyperbolic space. In the coordinate frame
ϕA = (Z,W ) the target-space metric is
γAB =
r4
[(Z2 +W 2)/4 + r2]2
δAB (H.20)
for both the spherical and hyperbolic space. Therefore, Eqs. (H.19), (H.20) describe a
spherical space if r2 > 0, an hyperbolic space if r2 < 0. The limit r→∞ yields flat space. If
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r→∞ and the scalar field is restricted to real values, one recovers the single-scalar case.
The Christoffel symbols are:
γZZZ = −
2Z
r2 + Z2 +W 2
, γWZZ =
2W
r2 + Z2 +W 2
, γZZW = −
2W
r2 + Z2 +W 2
, (H.21)
γWWW = −
2W
r2 + Z2 +W 2
, γZWW =
2Z
r2 + Z2 +W 2
, γWZW = −
2Z
r2 + Z2 +W 2
. (H.22)
In terms of the complex field ϕ, writing explicitly the indices a, b in γab¯ (which can only take
the value 1) we get
γ c¯ab¯ =
1
2
∂ϕ log γ = − ϕ¯
4r2 + ϕ¯ϕ
, γcab¯ =
1
2
∂ϕ¯ log γ = − ϕ
4r2 + ϕ¯ϕ
. (H.23)
The Ricci tensor and Ricci scalar of the target space are RAB = r−2δAB and R = 2r−2,
respectively.
Replacing the expression of the metric (H.18) and of the Christoffel symbols (H.23) in
Eqs. (8.14) and (8.15) with V (ϕ) = 0 we find the field equations for a maximally symmetric
two-dimensional target space, i.e. Eqs. (8.17) and (8.18).
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APPENDIX I
SOLAR SYSTEM CONSTRAINTS ON TENSOR-MULTI-SCALAR THEORY
350
The weak-field limit of TMS theories has been worked out in [117]. Specializing these
results to the theory constructed in the body of the text, and rewriting them in complex
notation, one finds that the gravitational constant measured in a Cavendish experiment is
given by
G = G?A
2
∞(1 + κ¯∞κ∞) , (I.1)
where the subscript ∞ denotes evaluation at ϕ∞ = 0 and we defined the complex function
κ(ϕ, ϕ¯) as in Eq. (8.19). Using Eq. (8.20), one finds that κ∞ = 2α∗.
It is straightforward to show that the post-Newtonian parameter γPPN reads [117]
γPPN − 1 = − 2κ¯∞κ∞
1 + κ¯∞κ∞
= − 8|α
∗|2
1 + 4|α∗|2 , (I.2)
and therefore the Cassini bound |γPPN − 1| < 2.3 · 10−5 [56] implies the constraint
|α∗|2 < 3 · 10−6 (I.3)
on the coupling constants α∗ and α¯∗ appearing in Eq. (8.20). Crucially, the one above is a
bound on |α∗|, whereas argα∗ is completely unconstrained in the weak-field limit.
On the other hand, the post-Newtonian parameter βPPN reads [117]
βPPN − 1 = κ¯∞κ∞β∞
2(1 + κ¯∞κ∞)2
, (I.4)
where the real-valued function β(ϕ, ϕ¯) is defined by
β(ϕ, ϕ¯) ≡ 1
2
(
1 +
ϕ¯ϕ
4r2
)(
κ
∂
∂ϕ¯
+ κ¯
∂
∂ϕ
)
log(κ¯κ) . (I.5)
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Using the definitions above and Eq. (8.20) we obtain
βPPN − 1 = α
∗α∗β¯∗1 + 2α
∗α¯∗β0 + α¯∗α¯∗β∗1
(1 + 4α∗α¯∗)2
=
2|α∗|2
(1 + 4|α∗|2)2
(
β0 + |β∗1 | cos(2 argα∗ − arg β∗1)
)
. (I.6)
Finally, the bound |βPPN−1| < 1.1 ·10−4 coming from the combination of Cassini and
Lunar Laser Ranging measurements [504] implies a constraint on some combination of the
parameters β0, |β∗1 |, and argα∗ − 12 arg β∗1 . However, note that if |α∗| → 0 the observational
constraint |βPPN − 1| < 1.1 · 10−4 is satisfied for any value of β0, |β∗1 | and argα∗ − 12 arg β∗1 ,
and therefore these parameters are unconstrained by weak-field observations in this limit.
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APPENDIX J
LINEARIZED FIELD EQUATIONS AND SCALARIZATION IN
TENSOR-MULTI-SCALAR THEORY
353
Here we consider the ST theory defined by Eqs. (8.21) and (8.23) with α = 0, which
admits GR solutions with ψ ≡ 0. We will perturb these GR solutions, and linearize the field
equations in the perturbations. This is valid when the amplitudes of the scalar fields are
small and consequently the metric back-reaction on the scalar field can be neglected. This
approximation is well motivated at the onset of scalarization.
The field equations acquire a particularly simple form when linearized to first order
in Z ≡ Re[ψ] and W ≡ Im[ψ]. In this case, the tensor field equations (8.21) reduce to
Rµν = 8piG?
(
Tµν − 1
2
Tgµν
)
, (J.1)
and therefore the background geometry to O(Z,W ) is described by a GR solution. The
scalar-field equation (8.22) becomes
Z = −4piG?(β0 + β1)TZ , (J.2)
W = −4piG?(β0 − β1)TW , (J.3)
where, in this perturbative expansion, the box operator is evaluated on the GR background
solution and the trace of the perfect fluid energy-momentum tensor T attains its GR value,
i.e. T = −(8piG?)−1R = 3P − ρ. Note that the equations for Z and W decouple in this
limit, reducing to the same equation as in the single-scalar case, ϕ = −4piG?βTϕ, but with
effective coupling parameters β = β0 + β1 and β = β0 − β1, respectively.
In the case of a single scalar, the term on the right-hand side of the scalar equation
can be interpreted as an effective mass term (cf. e.g. [51])
m2eff = −4piG?βT . (J.4)
Because in typical configurations T ∼ −ρ < 0, the effective mass squared is negative when
β < 0. This signals a possible tachyonic instability which is associated with an exponentially
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growing mode and causes the growth of scalar hair in a process known as spontaneous
scalarization [118], as discussed in the main text. In the case of static compact stars, it turns
out that this instability occurs for β . −4.35, the threshold value depending only mildly on
the equation of state [198, 336, 417].
The same reasoning can be applied to Eqs. (J.2) and (J.3). Because the latter are
completely equivalent to two copies of a single-scalar equation, scalarization is expected
whenever
β0 + β1 . −4.35 or β0 − β1 . −4.35 . (J.5)
Note that these conditions were derived assuming that each scalar field acquires a
non-vanishing expectation value independently and by perturbing a static GR solution. In
particular, they do not imply that both fields scalarize when both conditions (J.5) are satis-
fied. In fact, biscalarization can be investigated in this perturbative framework by studying
the linear perturbations of (say) the scalar field W on the background of a previously scalar-
ized solution where Z has a non-trivial profile.
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APPENDIX K
THE FIELD EQUATIONS OF HORNDESKI GRAVITY
356
In this appendix we list the left-hand side of the field equations, cf. Eqs. (9.15) and
(9.16). For clarity, we split all of the left-hand sides of the field equations as a sum of two
contributions, so that the case of time-independent scalar fields can more easily be recovered
by setting q = 0:
Eαβ = E (0)αβ +
q2
A
E (t)αβ , (K.1)
Eφ = E (0)φ +
q2
A
E (t)φ . (K.2)
Let us remark that the equations of motion still depend on the specific form of the Gi’s,
which are functions of the kinetic energy (9.19), and therefore may contain q-dependent
terms; therefore we must evaluate all of the functions Gi at q = 0 to recover the time-
independent limit. The explicit forms of the various terms are
E (0)tt = G2 +Bψ′2G3φ −
Bψ′2
2
(B′ψ′ + 2Bψ′′)G3X − 2
r
(
B − 1
r
+B′
)
G4
− 2B
2ψ′
r
(
ψ′
r
+ 2
B′
B
ψ′ + 2ψ′′
)
G4X −B
(
4
r
ψ′ +
B′
B
ψ′ + 2ψ′′
)
G4φ
+
2B2ψ′3
r
(B′ψ′ + 2Bψ′′)G4XX −B2ψ′2
(
4
r
ψ′ − B
′
B
ψ′ − 2ψ′′
)
G4Xφ
− 2Bψ′2G4φφ + Bψ
′2
2r2
(
5B′Bψ′ + 6B2ψ′′ −B′ψ′ − 2Bψ′′)G5X
+
B3ψ′3
r
(
ψ′
r
− B
′
B
ψ′ − 2ψ′′
)
G5Xφ − B
3ψ′4
2r2
(B′ψ′ + 2Bψ′′)G5XX
+
Bψ′
r
(
3B′ψ′ + 4Bψ′′ +
ψ′
r
+B
ψ′
r
)
G5φ +
2B2ψ′3
r
G5φφ , (K.3)
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E (t)tt = −G2X +G3φ +
B
2
(
4
ψ′
r
+
B′
B
ψ′ + 2ψ′′
)
G3X +
2
r
(
B − 1
r
+B′
)
G4X
−
(
4B
r
ψ′ +B′ψ′ + 2Bψ′′
)
G4Xφ − 2Bψ
′
r
(
B′ψ′ + 2Bψ′′ +
B
r
ψ′
)
G4XX
− 1
2r2
(
3B′Bψ′ −B′ψ′ − 2Bψ′′ + 2B2ψ′′)G5X − 1
r
(
B − 1
r
+B′
)
G5φ
+
Bψ′
r
(
B′ψ′ + 2Bψ′′ +
B
r
ψ′
)
G5Xφ +
B2ψ′2
2r2
(B′ψ′ + 2Bψ′′)G5 XX , (K.4)
E (0)rr = G2 +Bψ′2G2X −Bψ′2G3φ −
B2ψ′3
2
(
4
r
+
A′
A
)
G3X − 2
r
(
B
A′
A
+
B − 1
r
)
G4
−Bψ′
(
4
r
+
A′
A
)
G4φ − 2Bψ
′2
r
(
2B
A′
A
+
2B − 1
r
)
G4X +B
2ψ′3
(
4
r
+
A′
A
)
G4Xφ
+
2B3ψ′4
r
(
A′
A
+
1
r
)
G4XX +
Bψ′2
r
(
3B
A′
A
+
3B − 1
r
)
G5φ +
B2ψ′3
2r2
A′
A
(5B − 1)G5X
− B
3ψ′4
r
(
A′
A
+
1
r
)
G5Xφ − B
4ψ′5
2r2
A′
A
G5XX , (K.5)
E (t)rr = −G3φ +
Bψ′
2
A′
A
G3X +
2B
r
A′
A
G4X + 2G4φφ − 2B
2ψ′2
r
A′
A
G4XX +Bψ
′
(
4
r
− A
′
A
)
G4Xφ
− 2Bψ
′
r
G5φφ − Bψ
′
2r2
A′
A
(3B − 1)G5X + B
2ψ′2
r
(
A′
A
− 1
r
)
G5Xφ +
B3ψ′3
2r2
G5XX
+
1
r
(
B − 1
r
−BA
′
A
)
G5φ , (K.6)
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E (0)tϕ = ωG2 +Bψ′2ωG3φ −
Bψ′2
2
ω (B′ψ′ + 2Bψ′′)G3X
+
B
2
[
−
(
2
r
B′
B
+ 2
A′′
A
+
B′
B
A′
A
− A
′2
A2
+
2
r
A′
A
)
ω +
(
B′
B
+
8
r
− A
′
A
)
ω′ + 2ω′′
]
G4
−
[(
A′
A
Bψ′ +B′ψ′ + 2Bψ′′ +
2
r
Bψ′
)
ω − ω′Bψ′
]
G4φ
+
B2ψ′
2
[
−
(
2
r
A′
A
ψ′ +
4
r
B′
B
ψ′ + 2
A′′
A
ψ′ − A
′2
A2
ψ′ + 2
B′
B
A′
A
ψ′ + 2
A′
A
ψ′′ +
4
r
ψ′′
)
ω
+2ψ′ω′′ +
(
8ψ′
r
+
2B′
B
ψ′ + 2ψ′′ − A
′
A
ψ′
)
ω′
]
G4X
+B2ψ′2
[(
B′
B
ψ′ − A
′
A
ψ′ + 2ψ′′ − 2
r
ψ′
)
ω + ψ′ω′′
]
G4Xφ − 2Bψ′2ωG4φφ
+
B2ψ′3
2
[(
2
r
ψ′B′ + ψ′B′
A′
A
+
4
r
Bψ′ψ′′ + 2B
A′
A
ψ′′
)
ω − (ψ′B′ + 2Bψ′′)ω′
]
G4XX
+
B3ψ′2
4r
[
−
(
5
B′
B
ψ′ − A
′
A
ψ′ + 6ψ′′ +
6
r
ψ′
)
ω′ +
(
5
B′
B
A′
A
ψ′ − A
′2
A2
ψ′ + 6
A′
A
ψ′′ + 2
A′′
A
ψ′
)
ω
− 2ψ′ω′′
]
G5X +
B2ψ′3
4
[(
ψ′B′ + 2Bψ′′ − 2B
r
ψ′
)
ω′ −
(
ψ′B′
A′
A
+ 2B
A′
A
ψ′′
−2
r
Bψ′
A′
A
+
2
r
ψ′B′ +
4
r
Bψ′′
)
ω
]
G5Xφ
+
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′
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]
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+
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4
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A
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)
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A
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6
r
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8
r
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)
ω
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]
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2
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2
r
+
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A
)
ω − ω′
]
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Bψ′
2
A′
A
ωG3X − ωG3φ
+
[(
2B
r
A′
A
+ 2B
A′′
A
− 2BA
′2
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+B′
A′
A
)
ω
2
−
(
B′ +
8B
r
− 2BA
′
A
)
ω′
2
−Bω′′
]
G4X
+
[(
3
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A
Bψ′ +
2B
r
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)
ω − ω′Bψ′
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+
B
2
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(
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B
ψ′ + 2ψ′′ − ψ′A
′
A
)
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′
A
Bψ′
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B
ψ′ − A
′
A
ψ′ + 2ψ′′ − 2
r
ψ′
)
ω
]
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+
[
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4r
(
6ψ′
r
− 3A
′
A
ψ′ + 3
B′
B
ψ′ + 2ψ′′
)
ω′
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3
B′
B
A′
A
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A′
A
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A′′
A
ψ′ − 3A
′2
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)
ω +
B2ψ′
2r
ω′′
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G5X
+
[
B2ψ′
4
(
A′
A
ψ′ − B
′
B
ψ′ − 2ψ′′ + 2
r
ψ′
)
ω′
−B
2ψ′
4
(
A′2
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ψ′ − B
′
B
A′
A
ψ′ − 2A
′
A
ψ′′ +
6
r
A′
A
ψ′ +
2
r
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B
ψ′ +
4
r
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)
ω
]
G5Xφ
+
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A
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′
A′B
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ψ′′
)
ω′ +
(
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B
− A
′ψ′
A
+ 2ψ′′
)
ω
]
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+
B
4
[(
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r
A′
A
+ 3
A′2
A2
− 2A
′′
A
+
2
r
B′
B
− B
′
B
A′
A
)
ω +
(
8
r
+
B′
B
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′
A
)
ω′ + 2ω′′
]
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+
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2
[
−
(
2
A′
A
ψ′ +
B′
B
ψ′ + 2ψ′′ +
2
r
ψ′
)
ω + ψ′ω′
]
G5φφ
+
q2
A
B
4
A′
A
(
A′
A
ω − ω′
)(
G5Xφ − 2G4XX + Bψ
′
r
G5XX
)
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E (0)φ = G2φ +Bψ′
(
A′
2A
+
B′
2B
+
2
r
+
ψ′′
ψ′
)
G2X +Bψ
′2G2Xφ −Bψ′3
(
B′
2
+
Bψ′′
ψ′
)
G2XX
−Bψ′
(
B′
B
+
A′
A
+
4
r
+
2ψ′′
ψ′
)
G3φ −B2ψ′2
(
3A′B′
4AB
+
3B′
Br
+
A′ψ′′
Aψ′
+
4ψ′′
ψ′r
+
A′′
2A
− A
′2
4A2
+
2A′
Ar
+
2
r2
)
G3X +B
2ψ′3
(
ψ′′
ψ′
− A
′
2A
+
B′
2B
− 2
r
)
G3Xφ +B
3ψ′4
(
B′
Br
+
A′B′
4AB
+
2ψ′′
rψ′
+
A′ψ′′
2Aψ′
)
G3XX −Bψ′2G3φφ +B
(
A′2
2A2
− A
′′
A
− A
′B′
2AB
− 2A
′
Ar
− 2B
′
Br
− 2
r2
+
2
Br2
)
G4φ
+B2ψ′
(
A′2
A2r
− 2A
′′
Ar
− 3A
′B′
ABr
− 3A
′
Ar2
− 3B
′
Br2
+
A′
ABr2
− 2A
′ψ′′
Aψ′r
− 2ψ
′′
ψ′r2
+
B′
B2r2
+
2ψ′′
Bψ′r2
)
G4X
+B3ψ′3
(
2A′′
Ar
− A
′2
A2r
+
6A′B′
ABr
+
3A′
Ar2
+
6B′
Br2
+
8A′ψ′′
Aψ′r
+
8ψ′′
ψ′r2
− B
′
B2r2
− 2ψ
′′
Bψ′r2
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G4XX
+B2ψ′2
(
A′′
A
− A
′2
2A2
+
2A′B′
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+
4A′
Ar
+
8B′
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+
4
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+
2
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+
3A′ψ′′
Aψ′
+
12ψ′′
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)
G4Xφ
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(
A′
A
+
4
r
)
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(
2A′
Ar
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′
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′B′
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′ψ′′
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+
2
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)
G4XXφ
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(
A′B′
Ar
+
B′
r2
+
2A′Bψ′′
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+
2Bψ′′
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2ψ′
(
2A′′
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− A
′2
A2r
+
3A′
Ar2
+
3A′B′
ABr
+
3B′
Br2
− A
′
ABr2
+
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+
2ψ′′
ψ′r2
− B
′
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− 2ψ
′′
ψ′Br2
)
G5φ
+B3ψ′2
(
3A′′
2Ar2
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′2
4A2r2
+
15A′B′
4ABr2
+
A′2
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− A
′′
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′B′
4AB2r2
+
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− A
′ψ′′
ABψ′r2
)
G5X
+B4ψ′4
(
A′2
4A2r2
− A
′′
2Ar2
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′B′
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′ψ′′
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+
A′B′
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+
A′ψ′′
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)
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(
A′2
2A2r
− A
′′
Ar
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′B′
2ABr
− A
′
2Ar2
− 7B
′
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′
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′ψ′′
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+
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+
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)
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A′Bψ′
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(
BA′
Ar
− 3BA
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4A2
+
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+
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)
G3X
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′
(
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+
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+
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+
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+
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Ar
+
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(
3A′2
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− A
′′
2Ar2
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′B′
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+
A′′
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+
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)
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2Ar2
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+
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+
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+
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+
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′
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+
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)
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2A′
Ar
+
B′
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+
2ψ′′
ψ′r
+
1
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(
3A′
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′B′
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′ψ′′
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+
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+
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+
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